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Numerical Simulation of Turbulent Pollution Transport in
Thermally Stratified Atmosphere

Ualikhan Abdibekov and Kairzhan Karzhaubayev

Al-Farabi Kazakh National University, al-Farabi av. 71, Almaty, Kazakhstan
ualil@mail.ru, kairzhan.k@gmail.com

Abstract. This paper presents numerical simulations of pollutant transport in urban area
including effects of developed turbulence, buoyancy and stratification. To incorporate the effect
of stratification in the incompressible flow solver Boussinesq approximation to the density variation
was used. To properly model vertical turbulent heat and concentration fluxes Algrebraic Flux Model
was used. The results presented in this paper have demonstrated that the inversion layer creates
strong capping region, disallowing polluted air to mix with fresh air in the upper layer of the
atmosphere.

Keywords: Atmospheric Boundary Layer, turbulence, pollution transport

1 Introduction

As a result of human activity most of the urban areas contains various heat and pollution sources
like a power plants, transport, agriculture etc. Asphalt and other buildings may store and reflect
sun radiation leading to high surface heating. This processes causes urban territories to become
heat and pollution sources in the environment. City topography with hight buildings and complex
street net creates complex configuration that affects air flow and pollution dispersion.

At the moment simulation of the pollution transport at large scales is based on semi empirical
and simple integral methods which takes into account wind intensity and direction [1,2]. However
such approaches cannot be applied to simulate micro and mesoscale processes in the atmosphere.

In recent year, a growing interest has been found in applying Computational Fluid Dynamics
(CFD) techniques to simulate complex environmental flows, like air flow in urban areas, over
complex topography [3]. Numerical simulation of the atmospheric flows hardened by the fact
that this kind of flows contains different spatial scales, ranging from the small scale typically
used in engineering to the large scale used in meteorology.

2 Physical problem and model description

In the work we considered 24 hour temperature change of the atmosphere of the Almaty city. The
city atmosphere is a complex configuration where air flow was influenced by city topography and
high repeating factor of the windless situation. Presence of the strong temperature inversions [2]
also influences city atmosphere.

Simulation of the air flow includes the following equations: continuity, mean momentum
conservation (Reynolds equations), energy conservation and passive scalar transport.

o)
81’1‘ =0 (1)
af?% +(U;) 88<:[v];> B 3?5]’ <”aa<2> - m’) - ;5(<P>({9—$5P7«6f>) +B9: ((T) = (Trep))  (2)
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Reynolds stresses were modeled using standard Eddy Viscosity Model (EVM) framework
adopting additional equations for the kinetic energy of the turbulence and its dissipation.

Simplified approaches exists to model temperature and concentration fluxes, where, for
example, temperature flux is modelled using Simple Gradient Diffusion Hypothesis (SGDH) or
itB’s further improvement - Generalized Gradient Diffusion Hypothesis (GGDH). But as it has
been shown by [4,5] that both SGDH and GGDH lacks of proper modeling of the vertical heat
flux in buoyancy affected flows when gravitation vector is parallel to main heat flux direction.

That is why turbulent temperature and concentration fluxes were modeled using Algebraic Flux
Model (AFM).

Tij = —l4 <88<3:U;> + 8;:?) + § (k) dsj (5)
Toi = —C¢g (Tij(yg + &7, 8(;Z> +nBgi <92>> (6)

_ (k) (_ 9(C) 0(Uy)
Te = _Cqbg <T” Ox; G Ox; >

Periodic boundary conditions for all variables were used in both of the horizontal directions,
while the symmetry boundary condition was used for all variables in the upper top of the domain
except for temperature for which the prescribed value of 22 C was used. Because of the high
Ralaygh number describing the problem it is impossible to properly resolve near wall viscous
sublayer. That restriction lead us to use the so called wall function approach on the bottom
of the domain. Numerical solution of the equations (1)-(4) were based on a Finite Volume
Method (FVM) [6]. Convective terms were discretized by 2nd order upwind and SMART schemes,
diffusive terms were discretized by 2nd order central scheme, unsteady terms were discretized
by 2nd order three time level approach. Velocity-pressure coupling was taken into account with
iterative SIMPLE algorithm. Rhie-Chow interpolation technique [7] was used to get oscillation
free pressure and velocity fields on a collocated grid. SIP solver [8] was used to solve all fields
except for a pressure, for which Incomplete Cholesky Conjugate Gradient method was applied.

3 Results

Simplified scenario of the ground heating and pollution dispersion was used to simulate diurnal
change of the air temperature and pollution transport. Satellite images of the city were used to
mark main city ground areas that can be a main source of the heat and pollution. Diurnal heat
source intensity were modeled as a sin dependence from the time changing in the interval 18-22
C (Fig. 1). Other city ground heating were modeled as a sin dependence from the time in the
interval 19-21 C. Pollution was treated as a passive scalar, for which we used non dimensional
value of 1 at the pollution source. Initial temperature was set to create temperature inversion on
a height of 1 km (Fig. 2). The study case corresponds to a horizontal domain of 54x36 km and
4 km height. The results shown correspond to a mesh of 100x80x70 grid points with small mesh
refinement up to the wall. City topography was created using available SRTM digital elevation
data with a space resolution 90 m.
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Figures 2-3 shows presence of temperature inversion that blocks vertical air flow, disallowing
polluted air to enter into the upper layers of the atmosphere, where it can be mixed with a fresh
air or moved by upper layer wind. Blocked by capping region polluted air stays in the lower layer
of the city atmosphere. This leads to accumulation of the polluted air on a top of the city.

4 Conclusions

Numerical simulation of turbulent pollution transport in thermally stratified atmosphere of the
city was performed with algebraic turbulent flux model for the heat flux and the concentration.
Density variation was treated by Boussinesq approach allowing to properly model buoyant flow
under small temperature gradients. Finite volume method with realistic digital elevation data
from SRTM project allowed to use non orthogonal mesh. Diurnal windless scenario used to
investigate the influence of strong temperature inversion. Inverse layers creates strong capping
regions making the polluted air to stay in the lower atmosphere of the city, causing accumulation
of pollutants in the air.
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Abstract. The work is devoted to modeling of flows of the charged particles in an electrostatic
field arising in the course of electrolysis between a surface of the cathode and the anode. The mixed
method of particles adapted for modeling of the migratory diffusion of a stream of ions in the course
of electrolytic refinement is given in the article. At the Eulerian stage potentials of an electrostatic
field are modelled by means of Maxwell’s equations. At the Lagrangian stage the motion laws and
trajectories of ions are developed in the form of the square-law splines . The results of computer
modeling for the electrolytic refinement of copper are given.

Keywords: method of particles, Maxwell’s equations, electrolytic refinement, square-law spline,
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1 Introduction

The investigation of ions streams in the electrostatic fields is rather actual problem in the science
and technology. Such studies are of great importance for the rise in the effectiveness of the
metallurgical manufacture, in particular, the electrolytic refining of copper and other metals.
Besides, modelling of electric fields allowed to study electric and magnetic fluxes, and also the
streams of the charged particles (a dust, gases), which is useful in the design of the industrial
filters, and systems of pipeline airing of the deep open-cast mines.

The transfer of substance in the course of the electrolytic refining is carried out by three
mechanisms: the molecular diffusion, the migration and the convection. According to this the
streams of the diffusion, migration and convection are considered. The total stream involves all
of these streams [6].

This paper is devoted to the modeling of the migratory ions stream in the electrostatic field
of electrodes as applied to the electrolytic refining and the gas purification.

The algorithms collectively known as "methods of particles"[7]-[9] find increasing applications
in the current mathematical modeling. The distinctive feature of these methods is the special
mode of discretization wherein the set of discrete objects or the model particles is introduced
as a grid of the mobile points. The methods of particles are applied to the problems where
the evolution of some medium in a time or the result of such evolution is investigated (see, for
example, [4], [7]-]9] and references therein). Initially the methods of particles were gotten the
greatest development in the fields of applied research where the wide intellectual and computing
resources were concentrated for the large-scale computing experiments. As examples works in
the fields of the computing physics of plasma [3], gas dynamics [1]-[2], [7]-[9] and other areas
[3,6] can serve as examples of such areas of study.

Among the methods of particles the purely Lagrangian and mixed algorithms are
distinguished. The algorithms of the first group are reduced to a numerical integration of dynamic
systems of differential equations [4] which describe the trajectories of the interacting particles.
The mixed algorithms are characterized by that the evolution of the particle system is modeled in
two steps on each temporal interval. In one of the steps, under the fix position of the particles the
result of their interaction and (or) collective action on a medium is calculated. The calculation
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are carried out on a stationary ("Euler") grid. Therefore this step is called as the Euler stage.
Another step, called the Lagrange stage, consists of solving the dynamic system on the next
temporal interval provided that the right term of this system was calculated at the Euler stage.

The methods of particles, as a rule, are characterized by rather poor precision. Usually the
relative error is as much as few percents. This resulted from the established compromise between
the reasonable volume of computations and the possibility to model complicated phenomena.
Such approach effects an essential economy of the machine time.

Unlike the problems of physics solving by the methods of particles where the processes run
with the high velocity in a short time, the above technological processes are slowly current and
takes much time. This determines the choice of the methods of particles-in-meshes for modeling
of the technological processes because they feature a large supply of stability and allows for
rather fast proceeding through an evolutionary variable. However the methods of calculation
of the field potential used in the works mentioned above (for instance, the method of the fast
Fourier transformation) are not suitable for the technological processes because of the essential
error accumulation with time.

The paper is organized as follows. Section 2 is devoted to the mathematical model of the
stream of the ions. The mixed method of particles is adapted for modeling of the migratory
diffusion of a stream of ions in the course of electrolytic refining. At the Eulerian stage potentials
of an electrostatic field are modelled by means of Maxwell’s equations. At the Lagrangian stage
the motion laws and the trajectories of ions are modeled in the form of the square-law splines.
In Section 3 the results of the computer modelling of the ions stream are discussed.

2 Mathematical model of the ions stream

As a basic mathematical model of driving the charged particle we take the laws of driving of an
ion under the electric force. It is supposed that particles are distributed uniformly at the plane
anode. For every portion of a trajectory the separate equations of driving ions are constructed
which allows to find the coordinates and the velocity of a particle at any moment t. We consider
driving in the normal direction to the surface of electrodes. The real trajectory of driving is
casual because the velocity and the acceleration of the charged particle at each point of the
trajectories depends on casual collisions with other charged particles or a wall of the dielectric
capacity. Therefore the vector of acceleration defined by the electric field strength is found and
used for calculation of a velocity at each point.

The strength of the electrostatic field is defined as an antigradient of a potential f of a field
(see [7])

E = —gradf.
In accordance with Maxwell’s equations
2 2
—divE = divgradf = (‘899;]; Zyé =0. (1)

Hence the potential f satisfies the Laplace equation in the domain D = {z € (—d/2,d/2),y €
(0,11)} and the boundary conditions

f(=d/2,y) =q, [f(d/2,y) =qa, f(z,0)=f(x,)=0 (2)

where ¢4 — the charge at the anode.
Let the particle reach the second electrode over the period T, i. e. t ranges from 0 to 7.
We consider so small time interval At that the strength £ = (E,, E,) can be taken as being
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approximately constant on a portion of the particle trajectory from the point (x(t),y(t)) to the
point (z(t + At),y(t + At)). Then the model of the motion law for the charged particle can be
represented in the form of a vector function S = (Sy(t),Sy(t)) where S;(t) and Sy(t) are the
square splines constructed on the grid: w : t; = iAt, i = 1,2,...,n, n = T/At. On every segment
[ti, tiv1] the vector S is defined by functions [7]

i qu( - z')2 et i—1(y
S ( ) m 9 + U:m(t tl) + S:c (t1)7 (3)
i qE’i t—1; 2 G—
Sy (t) = my (2) + vyt — i) + Sy (k). (4)
where
Eyi = Em(si_l(ti),sé_l(ti))v
Eyi = Ey(S;_l(ti), S;_l(tz))

In the case of a collision between two particles flying with the velocities o1 (t*) and v (t*) at
the moment t* € [t;,t;11] the trajectory of the first particle changed with respect to the following
law:

Bei (C0)° i () + STTV(E),  t <t <t

m
i — Ey; (t— t " B (85 —t;)2
to(t) = 4 4 7 o (1 — 1) 4 4 (00 (5)
ol (7 — 1) + Si; (L), tr <t <tip1;
Eyi - .
P 1" i (1) + S5 (), ti<t<i,
3 )
iy(t) = qfnvyl (t t ) + Uly( t*) + % (t Qtz) (6)
+ol, (= t) + 7, (), <t < tign;

In a similar manner, the trajectory of a second particle is changed by the law

0Bai U |0 (b)) + S (1), ti <t <t

m
7 _ E; (t—t " Eyi (" —t; 2
ng(t) N qm g_*_’UQm( —t )+qﬁ% (7)
+ub, (8 — i) + S5, (1), <t <t
T Q8 by (1= 1) + 83,1 (1), ti<t<ir,
3 (%42
S5y (t) = qlrz;yz (t=t*)* t) +Ugy( t*)+%(t 2tz) (8)
g, (8 — 1) + S5, (8:) (), <t <t

When striking the bottom of the electrolytic bath the angle of incidence of the particle is
equal to the angle of reflection from the bottom. In this case the trajectory of a particle is
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modeled as follows:

0B Ut 4 i (p— 1) + SEN(H), <t <t

Su(t) = ) 2P i (p ) 4 2 ©)
o (t* — ) + S (1), <t <t
(Wi (b i (b — 1) + SN k), <t <t
3 . _4%)2 . . *__4\2
Sy(t) = § i O 4 i (g 2P (C2R) (10)
\ +’Ué(t* —t;)+ S;fl(ti), t* <t <t

In all of the described situations the coordinate z is constant, that is z = z0.

The above model could be used for modeling of the streams of both cations of metal and
anions of acid residual. Unlike cations of metal, anions of acid residual migrate freely in the
electrolytic bath without the deposition at the electrodes.

3 The computer modeling of a stream of charged particles

The ions of copper are the charged particles of the same type and had the same mass. The mass
of such particles is taken to be equal to 1 for all particles. In the initial moment the charged
particle resides at a point (0,0, 20). The trajectories of particles are formed by laws (3)-(10)
with m = 1.

In the electrolysis bath electrodes are parallel to each other. At such disposition of electrodes
of vp, = 0. Initial coordinates yg, 2o of the charged particle is modeled by the Monte-Carlo method
as random variables obeys the uniform distribution law. In view of the kinematic equations (6),
(7) of the plane motion the first portion of a spline is defined by the formulae (3), (4) for i =1
under the constant strength of an electrostatic field.

Further, the coordinates of the particle (z1,y1,20) at the moment ¢ = ¢; and the average
velocity of the transfer of the particle to the point with these coordinates is modeled by means of
(3)—(10). The process proceeds until the particle reaches the boundary of the area of modeling.
When the particle reaches the lower horizontal boundary of area, the impact of the particle with
a bottom of capacity is modeled. If the coordinates of two various particles are coincided at
some moment of time, the collision of particles is modeled. In case of nce of the coordinates of a
particle are coincident with the coordinates of a point at the cathode, then the deposition takes
place.

The area of modelning represents the electrolyte-filled space between the alternating cathodes
and anodes. The space is surrounded are by the dielectric walls and bottom of the bath. The
area is parallelepiped in form.

The charge on electrodes is taken to be uniformly distributed, as well as in [7]-]|9]. The
potentials of electrodes does not depend on their width z and are modeled in the plane of
coordinates and y. For the five-point difference scheme is used for calculation of the potential
from the problem (1), (2). The difference scheme is constructed on a grid with the same mesh
width h with respect to  and y.

The mathematical model of a stream of particles (1) - (10) can be applied to modelling of
gas purification and airing with the only difference that the mass of the charged particles can
vary. The computer experiments on modeling of gas purification were pursued for the electrofilter
EGAV 1-40-9-6-4 used at Open Company "Krasnoyarsk cement"for refining of depart gases.
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4 Conclusion

The proposed algorithm allows to apply the method of particles-in-meshes to modeling a stream
of ions between the anode and the cathode is created at electrolytic refinement. The method is
applied to modelling of streams of ions of metal and acid residual in the laboratory equipment
for. The numerical and computer experiments on were made for modeling the streams of the
charged particles in the electrolytic copper refining and gas purification.
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Abstract. This paper devotes to controllability of nonlinear dynamical systems. Main result of
this work is controllability criteria, received on the basic of application of the interval analysis.
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1 Introduction

Currently, increased requirements for the design, operation of complex technical objects and
technological processes, as well as management. In connection with this circumstance developed
new mathematical models of dynamic processes described by nonlinear differential equations.
Thus there is a need for further development of the theory of nonlinear dynamical systems,
improve understanding of the goals of management. Many technical problems of the structure
of controlled dynamic systems and its parameters are known with some error. Application of
interval analysis will take into account such errors.

2 Formulation of the Problem

Consider a system of control described by nonlinear ordinary differential equations

&= f(x,u,t) (1)

where - m-n-vector, elements of which are the continuously differentiable functions by their
arguments, x - n-dimensional system state vector, u -u - scalar control.
There given the limitations for control

u(t) €U =u(t) : —L < u(t) < Lt € [to, t1]. 2)

Investigating the problem of the existence of control, which satisfies to constraints (2) and
transfers the system from the initial state

(to) = o (3)
to the specified final state
x(t1) = 21 (4)

in a fixed time t; — to [1].

By the properties imposed on the right side of the system of equations of the Cauchy problem
(1) - (3) for a fixed control u(t) € U followed the conditions of theorems of existence and
uniqueness of solution z(t),t € [to, t1] [2].

Rewrite the Cauchy problem (1) - (3) in the form of integral recurrence

Tpao(t) = x0 + t flzr(r),u(r), 7)dr (5)
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By the properties imposed on the right-hand side of equation (1), and limitations on the
function u(t) in [1] it is proved that the method of successive approximations (5) converges to
the solution absolutely and uniformly for any fixed control.

Then the problem of control is reduced to the investigation of the following problem: whether
there is at least one control u(t) € U, in which the solution of the integral equation (5) at the
time t; satisfies the condition (4).

To solve this problem we apply the results of the interval analysis [4]. We denote by [f]; =
(fi,0) - the interval with center f; and with radius 0, by [v] = (0, L) - the interval from - L to L.

Substituting in equation (5) interval [v] = (0, L) instead of function u(t) we obtain the interval

integral equation
t

[#]k41(2) = 2o +/ f1([2]k(7), [V, m)dr (6)

to
Theorem. In order for the investigating system was managed, there is necessary and sufficient
that the given vector 1 of the right-hand side of (4) belonged to interval vector [z]xy1(t) .
As an example, consider the problem of Zermelo [5]. Managed process is described by the
following system of differential equations
fl = COS(mg), 1:2 == sin(:cg), 353 = u. (7)

There given the limitations for control

u(t) e U =wu(t): —0.5 < wu(t) <0.5,t € [to, t1]. (8)

As an initial state given the coordinates

1
z(0)= 1|1
1
As a final state given the coordinates
3
z(10) = | 4
0

In [6] there are the calculations that the optimal speed time for the sample is in the range
3.5-5 seconds.

3 Program Code

For a numerical calculation with using of library of the interval mathematics [6] there developed
a program in Delphi, and the main text of which is given below:

Const n=3;m=100;h=0.05;izik=10;kt=10;
Type Interval=record
med,rad:real;
end;
MatIntr=array[1l..n,1..n] of Interval;
VecIntr=array[0..n] of Interval;
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TForml = class(TForm);

var
Forml: TFormil;

x,xk,

xn:array[l..m] of VecIntr;

rr,rm,u:Interval;
i,j,k,ij:integer;
rl,r2,r3,r4,r5,r6,x1t,x2t,x3t,hl:real;

ch:string;

fotl:TextFile;
odin_p_int,odin_m_int,null_int:Interval;
begin

odin_p_int.med:=1.0; odin_p_int.rad:=0.0;

odin_m_int.med:=-1.0; odin_m_int.rad:=0.0;

null_int.med:=0.0; null_int.rad:=0.0;

AssignFile(fotl,’d:\yprav.txt’); rewrite(fotl);

xlt:=

3.0; x2T:=4.0; x3t:=0.0;

u.med:=0.0; u.rad:=0.5;

for

i:=1 to m do begin

for j:=1 to 3 do xk[i,j].rad:=0.0;
xk[i,1] .med:=(i-1)*x1t/m;
xk[1,2] .med:=(i-1)*x2t/m;
xk[i,3] .med:=(i-1)*x3t/m;

end;

for k:=1 to izik do begin

for j:=1 to 3 do begin xn[1,j].med:=1.0; =xn[1,j].rad:=0.0; end;
{ xn[1,3] .med:=0.0;%}
for i:=1 to m-1 do begin
rm:=xn[i,1];
r5:=xk[1i,3] .med-xk([i,3].rad; 13:=cos(xr5);
r6:=xk[i,3] .med+xk[i,3].rad; r4:=cos(r6);
rl:=r3;
r2:=r4;
if (ri1>r4) then ril:=r4;
if (r2<r3) then r2:=r3;
h1l:=(r6-r5) /kt;
for ij:=1 to kt-1 do begin
r5:=r5+h1; r3:=cos(r5);
if (r1>r3) then ri1:=r3;
if (r2<r3) then r2:=r3;
end;
r3:=0.5%(r1+r2); r4:=0.5%abs(r2-rl1);
rr.med:=h*r3; rr.rad:=h*xr4;
AddInN(rm,rr,xn[i+1,1]);
ch:=’r1=’+FormatFloat (’######0.00° ,r1)+’ ’;
ch:=ch+’r2=’+FormatFloat O’ ######0.00° ,r2)+’ ’;

21
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ch:=ch+’rr=C+FormatFloat O’ ######0.00° ,rr.med)+’ ’;
ch:=ch+FormatFloat O’ ######0.00° ,rr.rad)+’) ’;
ch:=ch+’rm=(’+FormatFloat (’######0.00° ,rm.med)+’ ’;
ch:=ch+FormatFloat O’ ######0.00° ,rm.rad)+’) ’;
ch:=ch+’xn=(’+FormatFloat O’ ######0.00° ,xn[i+1,1] .med)+’> ’;
ch:=ch+FormatFloat (’######0.00° ,xn[i+1,1] .rad)+’) ’;

{ Writeln(fotl,ch);}
rm:=xn[i,2];

r5:=xk[i,3] .med-xk[i,3].rad; 1r3:=sin(rb);
r6:=xk[i,3] .med+xk([i,3].rad; r4:=sin(xr6);
rl:=r3;

r2:=r4,

if (ri1>r4) then ri:=r4;

if (r2<r3) then r2:=r3;
h1:=(r6-r5) /kt;
for ij:=1 to kt-1 do begin

r5:=r5+h1; r3:=sin(r5);

if (r1>r3) then ri1:=r3;

if (r2<r3) then r2:=r3;

end;
r3:=0.5%(r1+r2); rd4:=0.5*abs(r2-r1);
rr.med:=h*r3; rr.rad:=h*xr4;

AddInN(rm,rr,xnl[i+1,2]);
rm:=xn[i,3];

rr.med:=h*u.med; rr.rad:=h*u.rad;

AddInN(rm,rr,xn[i+1,3]);

ch:="k="+IntToStr(k)+’ i=’+IntToStr(i)+’ ’;
ch:=ch+’t="+FormatFloat (’ ######0.007 ,ixh)+> 7;
r1:=xn[i+1,1] .med;r2:=xn[i+1,1] .rad;
ch:=ch+’ (’+FormatFloat (’ ######0.00° ,r1)+’> ’;
ch:=ch+FormatFloat (’ ######0.00° ,r2)+’) 7;
rl:=xn[i+1,2] .med;r2:=xn[i+1,2] .rad;
ch:=ch+’ (’+FormatFloat O’ ######0.00° ,r1)+’> ’;
ch:=ch+FormatFloat (’######0.00° ,r2)+’) 7;
ri:=xn[i+1,3] .med;r2:=xn[i+1,3] .rad;
ch:=ch+’ (’+FormatFloat (’ ######0.00° ,r1)+’> ’;
ch:=ch+FormatFloat (’ ######0.00° ,r2)+’) 7;
Writeln(fotl,ch);
end;
for i:=1 to m do for j:=1 to 3 do xk[i,j]:=xn[i,j];

ShowMessage (ch) ;
end;
CloseFile(fotl);

end.
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The software has an iterative linearization to compute the values of interval nonlinear equations.
Integrals were considered in step 0.05. Results are presented in Table

1 0.5/ (1,50 0,00)] (1,00 0,00)] (1,00 0,08)
1 1.0 (2,00 0,00)] (1,00 0,00) (1,00 0,11)
1 15| (2,50 0,00)| (1,00 0,00)] (1,00 0,14)
1 2.0/ (3,00 0,00)] (1,00 0,00)] (1,00 0,16)
1 2.5 (3,50 0,00)] (1,00 0,00)| (1,00 0,18)
1 3.0] (4,00 0,00) (1,00 0,00)] (1,00 0,19)
1 35| (4,50 0,00)] (1,00 0,00)] (1,00 0,21)
1 40 (5,00 0,00)] (1,00 0,00)] (1,00 0,22)
1 45 (5,40 0,00)] (1,00 0,00)] (1,00 0,23)
1 | 495 (5,950,00) (1,000,00)] (1,00 0,25)
2 0.5 (1,27 0,01)] (1,420,00)] (1,00 0,08)
2 1.0 (1,54 0,01) (1,840,01) (1,00 0,11)
2 15| (1,81 0,02)] (2,26 0,01) (1,00 0,14)
2 2.0 (2,070,03)] (2,670,02)] (1,000,16)
2 25 (2,340,04)] (3,090,02)] (1,00 0,18)
2 30| (2,610,04) (3,500,03)] (1,00 0,19)
2 35| (2,87 0,05) (3,910,03)] (1,00 0,21)
2 10 (3,130,06)] (4,320,04)] (1,00 0,22)
2 45 (3,40 0,07)] (4,730,04)] (1,00 0,24)
2 | 4.95 (3,630,07) (5100,05) (1,00 0,25)
3 0.5 (1,27 0,01)] (1,420,00)] (1,00 0,08)
3 1.0] (1,54 0,01)] (1,840,01)] (1,00 0,11)
3 1.5 (1,81 0,02) (2,26 0,01)] (1,00 0,14)
3 2.0 (2,070,03)] (2,670,02) (1,000,16)
3 25 (2,340,04) (3,090,02)] (1,00 0,18)
3 3.0 (2,610,04) (3,500,03)] (1,00 0,19)
3 35| (2,870,05) (3,910,03) (1,000,21)
3 40 (3,130,06)] (4,320,04)] (1,00 0,22)
3 45 (3,40 0,07)] (4,73 0,04)] (1,00 0,24)
3 | 495 (3,630,07) (5,100,05)] (1,00 0,25)

The numerical results presented in the table, have shown the effectiveness of the proposed

criterion of control and the possibility of their use in practical applications.
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Abstract. The behavior thermocouple in a solid medium is an interesting opportunity problem for
accuracy of temperature measurement.This work considers interaction of thermocouple embedded
in the solid substance pyrolyzed by external heat source with heat wave propagating inside
the substance from the surface of its pyrolysis. Numerical simulation has shown that significant
difference in the values of thermal conductivity coefficients of solid substance and thermocouple
material results in the heat flow along thermocouple wires inside the substance that substantially
changes thermo junction temperature thus misrepresenting thermocouple data.

Keywords: numerical simulation, heat transfer in solids, finite-difference methods, thermocouple
measurement

1 Introduction

Subsurface thermocouple sensors are widely applied in various technical apparat used for heat
flux measurement in complex heat-stressed structures [1] and in various heat transfer devices
[1] as well as at combustion of unitary solid fuels [2,3,4]. The evaluation of the consistency of
values determined on the basis of thermocouple data becomes a problem. Errors result from the
difference of thermophysical properties of thermocouple material and studied substance. At large
temperature gradients in the heated substance, as a rule, heat outflow from the surface increases
since thermal conductivity of metal thermocouples turns out to be substantially higher than
thermal conductivity of the studied object substance. Extra difficulties are caused by variability
of distance to the heat transfer surface conditioned by pyrolysis (carry-over) of the substance. In
axisymmetrical statement, this problem was considered earlier in the work [5].

2 Mathematical Model Of Heat Wave Interaction With Thermocouple

Consider the process of temperature profile measurement in condensed substance pyrolyzed under
the influence of external heat source. Formulate three-dimensional non-stationary problem of heat
transfer between the solid and the embedded thermocouple (Fig. 1) assuming that substance
pyrolysis rate and its surface temperature are constant. The thermocouple head is a sphere with
radius R,, intersected at some angle 2a¢ by two cylindrical conductors each with radius r,. In
this case, there are two planes of symmetry which allow reducing the size of the calculated area to
a quarter from the full one. The view of solution area is shown in (Fig. la). Values of the angle o
changed from 0 to 60°. It was assumed that at o — 0 the wires were located so close to each other

* The work was financially supported by the Russian Foundation for Basic Research (Grant No. 09-01-120230fi),
and Project nr IIT 44006 financially supported by Ministry of Edication, Science and Tecnology, Republic of
Serbia, period 2010-2015.
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that they could be replaced by one wire with double section area. In Cartesian coordinate system,
this area is D{xs(y,2,t) < & < Tmax, 0 < ¥ < Ymax, 0 < 2 < Zmax, t > 0}, which external
borders are selected at rather large distance from the thermocouple head to avoid the influence
of heat transfer between the substance and the thermocouple on temperature distribution. Left
boundary of the area is a plane surface of pyrolysis moving inside the substance with constant
velocity 75, and its position is determined by the correlation zs(y,z,t) = zs(y,2,0) + rpt.
Coordinate origin is in the geometry center of the thermocouple spherical head. Equation of
thermal conductivity in the area D is written in divergence form

d(pCT) 0 ( oT 0 (. 0T 0 (. 0T
W (205 SOE) + 20%) |
aT oz oz ) Ty Moy ) T\ M)
where C, p and \ are specific heat capacity, density, and coefficient of heat conductivity.
These values are assumed constant but different in the areas occupied by the substance and
thermocouple at which boundaries they change unevenly.
Recording of the equation (1) in divergence form provides correct calculation of heat fluxes

in the case of discontinuous values of thermophysical parameters.
For equation (1), the following boundary conditions were set:

T(xs’ Y, Z,t) =1Ts;
T (x,y, 2, 1)

=0
61’ T=Tmax ’
T (z,y,z,t) ‘ 0T (z,y,2,t) ‘
Jy Y=Ymax dy y=yo’
T (z,y,z,t) ol (z,y,z,t)
S5 S SEALIL2) )
8,2 2Z=Zmax 82’ 2=z
a )
A
- 1}205

=
0 Ry Z

Fig. 1. Thermocouple arrangement scheme (a) and area of solution (b).

Initial conditions were set from the known Michelson solution describing temperature
distribution in the plane heat wave moving along the OX axis with constant velocity ry:

T(z,y,2,0) =Ty + (Ts — To) exp(—rp(z — 25(0))Cppp/Ap),
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where index p relates to the substance parameters, Ty and Tj are the pyrolysis temperature
and initial temperature that were assumed constant. Initial position of the left boundary z =
x5(0) is selected rather far from the thermocouple head top so that temperature distribution in
thermocouple becomes close to Tjp.

3 Numerical Method Of Solution

For numerical solution of equation (1), the finite volume method was applied to carry out
calculations on random finite-difference grid. The equation was written in in-tegral form for

arbitrary fixed volume V:
/ ;de + 7{ Fds =0, 2)
|4 s

where Q = CpT, ﬁ = —AVT is heat flux through the normal-oriented element d§ of the
surface S limiting the volume V. In the area D, let us build arbitrary difference grid with
each cell topologically equivalent to parallelepiped. Designate the volume of such cell as V; ;
and the average value ) on the n-th layer in time related to the center of such cell via Q?’j’k.
Then equation (2) is approximated by the following difference relation with the second order of
accuracy in time and space:

VY0 L . T LN g Lot
ok TP TRy (S, - (B8, (3
H(E Sy, - (R Sy, (B S, - (F S, =0

where 7 is the step in time. Scalar productions in square brackets are heat fluxes through
respective areas of the volume facets V; ; ; multiplied by single normal to them. Method of their
calculation is described in the work [6]. The obtained difference scheme is implicit, and for its
solution we may apply the following iteration scheme based on the introduction of pseudo-time
on each time layer in time:

Qupr™ —Qigy”  AQNL — 30 + Qi

[ n - Vs (1)

T1
+ [(F Sl - (F Syl + (F -8yl

i+1/2 i—1/2 Jj+1/2

(RS (F St - (F i) =0

j—1/2 k+1/2 k—1/2

where 7 is the step in pseudo-time and s is the number of iteration in pseudo-time. For realization
(4), the scheme of splitting in spatial variables is used [7] (the subscripts are partially omitted):

) 5 nt+ls n n—1
w% gk — A 65T1/3 = 4Qi,j:k igu Qid,k] Vijk
- Js 2T s
HE Sl - (Sl (F Syl - (B8
F S (F 9 o)

§5+2/3 _ 5s+1/37_1

+ M558 = 0,
Vv ik 2

§st1 _ 55—}—2/3

41 _ Tlstl _  ntl, 41
o Vije +A36°7 =0, Q" =¢""T Q7.



Computational Technologies, Vol 20, 2015 The Bulletin of KazNU, Ne 3(86), 2015 27

Here 6° are the corrections to the value Q; Ay, As, As are the difference operators considering
only the second derivatives in respective directions. After iteration convergence on pseudo-time
6% = 0, exact approximation of complete initial equation takes place. The boundary conditions
for 9° are preset as follows. On the left boundary §° = 0, on the other ones, "soft"boundary
conditions are set. To calculate the value @ at the first step in time (n = 0) in in the scheme (5),
time approximation of the first order of accuracy was used since the values of the grid function
Qi_’jl’ ;; are not known.

To build the curvilinear spatial difference grid we used the method based on numerical solution
(scheme of stabilizing correction) of inverted two-dimensional Beltrami equations or diffusion in
relation to the control metric [8]. The advantage of this method is possibility to build adaptive
difference grids with preset properties. In particular, using the control metric we may control
thickening of the grid nodes. This technology served to build the curvilinear block difference
grid in the area D; it thickened towards the area boundaries occupied by thermocouple. The
grid was quasi-orthogonal in the vicinity of the section boundaries between the substance and
the thermocouple. Such grid provided acceptable accuracy of calculations at small number of its
nodes.

In the area between the left boundary and the thermocouple head, uneven rectangular
difference grid was built that served to use the method of pyrolysis surface "trap-ping"in the grid
node. The essence of the method is that the step in time was selected in such a way that at each
further step in time, a position of the left boundary z4(t + At) = x5(t) + rp At coincided with the
right closest vertical line of the difference grid. Then, a grid transformation during solution is
not needed. Positions of the upper and right boundaries were selected to avoid significant effect
on temperature distribution in the area occupied by thermocouple. The difference grid did not
match the area boundaries occupied by thermocouple. Therefore, values of thermal conductivity
coefficient at the cell boundaries were calculated as geometrical mean between its values at the
centers of the adjacent cells. The values of C' - p were calculated at the cell centers considering
shares of these values for thermocouple and substance in the cell volume.

Accuracy of numerical solution was evaluated by calculations on progressively thickening
grids. As a result, it was ascertained that the difference scheme with the number of grids in
the area D 110 x 110 x 110 over the coordinate axes provided relative accuracy of temperature
calculations of approximately 0.1%.

4 Calculation Results

The calculations were performed for various radii of thermocouple head R,,, the wires’ radii
rm were determined from the correlations ry, /R, = 0.2 and 0.75. The following values of
thermophysical parameters were used:

pp = L16lg/em?], p, = 8lg/em?], C, = 03cal/(gK)], C, = 0.2]cal/(g:K)], A, =
0.00072|cal/(cm-s-K)|, A = 0.16[cal/(cm-s-K)],

where index m stands for thermocouple material and index p for substance material. Temperature
of pyrolysis surface Ts = 650K, initial temperature Ty = 300K.

Calculations were carried out up to the moment of time when the pyrolysis surface contacted
the thermocouple head. Values of thermocouple geometry parameters varied. Since spatial
distribution of metal contacts forming thermocouple head and its voltage in seal is not clear
we took the geometry center as a point for determination of thermocouple head temperature.
Temperature at this point was determined by averaging over the volume of thermocouple head
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Ty = / / / T(z,y, 2, t)dvdydz/ / / / dadydz.
Vv Vv

The relative error of thermocouple temperature measurement was determined from the

expression

5= W100%,
where Ty = T'(0, Ymax, Zmax, t) is the temperature at the point on the outer boundary of solution
area rather remote from the thermocouple.

Two series of calculations were carried out, the first — at the pyrolysis rate 7, = 0, lem/s,
the second — at 7, = lem/s. Results of calculations are presented as dependence of relative
error of temperature measurement §(§) on dimensionless distance between pyrolysis surface and
thermocouple head { = R, — z4(t)/A, where A = X\, /Cpppry is the width of the heat front of
pyrolysis wave. Hatches designate variation of the relations of heat flux values from pyrolysis
surface into solid

9 0
1= |(-») ;8]/[< ) yz_y;:]

at the points on symmetry axis and outer boundary. Width of heat front was A = 150um at
pyrolysis rate 7, = 0.1cm/s and A = 15um — at r, = lem/s, respectively. Behavior of the 6(€)
value at r, = 0.1cm/s is shown in (Fig. 2, 3, 4, 5). It is seen that wire configuration determined
by the angle « significantly influences the value of the measurement error. The least measurement
error is provided by the thermocouple with the least head radius. Presence of maximum on the
curves is bound with the fact that when the pyrolysis front approaches the thermocouple head
the heat outflow over the wires inside the solid substance increases, however, further at small
distances £ the thermocouple head heating sharply increases that results in the decrease of the

value 0(§).

5, % log(q)

£ 175

4_
£ 1.50

3 .
; F1.25
2 E1.00
I ] E0.75
h 234 £ 0.50
0 f1\ F0.25

%2, 3,4
71 ~= 1 § T | | 0
0 1 2 3 &

Fig. 2. Variation of 6(¢) for R, = 12um (rm/Rm = 0.2). =Figure 6 o = 0° (1), 15° (2),45° (3), 60° (4).

In (Fig. 6, 7, 8, 9) there are results of analogous calculations at pyrolysis rate r, = lem/s.
It is seen that along with the increase in a thermocouple head radius the measurement error
decreases, and at Ry, > 40um it even becomes negative. This is bound with the fact that at
larger dimensions of thermocouple head, the width of the heat wave becomes lesser than the head
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Fig. 3. Variation of 6(¢) for R, = 20um (rm/Rm = 0.2). =Figure 7 o = 0° (1), 15° (2),45° (3), 60° (4).
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Fig. 4. Variation of §(¢) for R, = 45um (rm/Rm = 0.2). =Figure 8 « =0° (1), 15° (2),45° (3), 60° (4).
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Fig. 5. Variation of 6(&) for R, = 120um (rm/Rm = 0.2). =Figure 9 a = 0° (1), 15° (2),45° (3), 60° (4).
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Fig. 6. Variation of 6(¢) for R, = 12um (rm/Rm = 0.2). =Figure 2 a = 0° (1), 15° (2),45° (3), 60° (4).
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Fig. 7. Variation of §(¢) for R, = 20um (rm/Rm = 0.2). =Figure 3 a =0° (1), 15° (2),45° (3), 60° (4).

- 1.0

- 0.5

Fig. 8. Variation of 6(¢) for R, = 45um (rm/Rm = 0.2). =Figure 4 o = 0° (1), 15° (2),45° (3), 60° (4).
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Fig. 9. Variation of 6(&) for R, = 120um (rm/Rm = 0.2). =Figure 5 a = 0° (1), 15° (2),45° (3), 60° (4).

diameter. Therefore, in this case the head simply has insufficient time for heating that influences
the error value.

Absolutely analogous behavior of the value § shown in (Fig. 10), takes place at small pyrolysis
rate for rather large dimensions of thermocouple head as well. For thermocouples with relatively
large radii of wires with correlation r,,/R,, = 0.75, the measurement error turns out to be much
higher (Fig. 11), that is bound with the increase in heat flux in the wires because of the increase
in the areas of their transverse sections.

8 %

0.5+
104 [

—1.54

—2.0 4

Fig. 10. Variation of §(¢) for R,, = 400um (r» = 0.1cm, 7 /Ry = 0.2). a = 0° (1), 15° (2),45° (3), 60° (4).

The obtained results prove that accuracy of information on temperature distribution in near-
surface layer of solid substance which thickness is comparable with the front width of pyrolysis
hear-wave may be rather unreliable. Moreover, heat sink into thermocouple results in significant
increase of heat outflow from pyrolysis surface at its approaching a thermocouple that may result
in significant change of pyrolysis rate in the vicinity of thermocouple head. Values ¢(«) in the
moment of pyrolysis surface approach to thermocouple head are given in the table for two rates
of pyrolysis. It is seen that the behavior of this value at the increase of the angle « significantly
depends on thermocouple head size and pyrolysis rate determinant for heat overflows between
the head and wires. This fact may serve an additional source for inaccuracy at thermocouple
temperature measurement in the near-surface layer.

5 Conclusions
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Fig. 11. Variation of 6(§) for 7m/Rm = 120um (r» = 0.1lcm/s, a = 60°). o = 0° (1), 15° (2),45° (3), 60° (4).

Table 1. Dependencies of heat flux values on the angle «

rp = 0.1cm/s ry = 1.0cm/s
Rppum| 0° | 15° | 45° | 60° | 0° | 15° | 45° | 60°
12 153.4123.8]19.8]19.8(123.8/120.7(131.8|145.3
20 |94.4|56.6|44.3|43.9]91.0(105.2{121.7{137.7
45 ]137.5(110.9|101.8{105.7| 59.8 | 61.5 | 73.2 | 84.1
120 |128.8|125.8|138.6/153.9| 27.4 | 28.2 | 33.8 | 40.0
400 |64.2|66.0|77.7|88.4

1. Numerical simulation has revealed significant error at thermocouple temperature

measurement in solid at its pyrolysis, and the error value depends both on pyrolysis rate
and geometry dimensions of thermocouple.

2. The obtained results may be used to correct the error of temperature measurement with the

use of thermocouples at experimental investigations of solids pyrolysis.
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Abstract. The third order finite-difference shock-capturing essentially non-oscillatory (ENO)
scheme for a non-uniform grid has been developed. The design of the ENO scheme is based on
the methodology for uniform grids. The efficiency of the developed algorithm is demonstrated by
the numerical experiments on the simulation of the three-dimensional turbulent steady flowfield
generated by the transverse hydrogen injection into the supersonic air cross-flow. The analysis of
the different variations of the limiter functions for the developed algorithm is provided to define the
optimal function producing the smallest spread of the solution. The effect of the limiter choice on the
mixing layer dynamics is studied for the non-uniform grid. The numerical experiments revealed that
the nonoptimal choice of limiter can result in the overgrowth of the mixing layer, that is important
for the numerical modeling of the combustion.

Keywords: ENO scheme, non-uniform grid, slope limiters, supersonic flow, transverse injection,
multispecies gas

1 Introduction

The study of the transverse injection into a supersonic flow is an important issue in the modeling
of the supersonic combustion in scramjets. The mixing flowfield is very complex, the Fig. 1
shows the general structure of the supersonic freestream with the transverse injected jet [1,2]. A
three-dimensional bow shock forms ahead the injection and interacts with the boundary layer,
producing the separation shock. The separated region results in a smaller weak shock, and these
three shocks create the lambda shock structure. The underexpanded jet jet emerges from the
orifice and expands to the freestream pressure at the jet boundary, the barrel shock occurs.
Acceleration of the jet flow continues until a normal shock (Mach disk) forms, behind which
the flow becomes subsonic and accelerates then downstream to the mainflow velocity value.
Further downstream the jet boundary takes the form of a pair of the counter rotating vortices.
The horseshoe-vortex wraps around the jet and forms the wake vortices. Also there is another
recirculation zone downstream of the jet due to the rarefaction behind the jet.

To capture these complex structures, in the regions of the large gradients (in the boundary
layer, near the wall and on the jet exit) condensation of the grid is introduced and schemes
of the high order of accuracy are used. At the present, TVD (Total Variation Diminishing),
ENO (essentially non-oscillatory) and WENO (weighted ENO) schemes are successful tools for
numerical simulations of supersonic flows. Traditionally these schemes have been derived for a
uniform grid with a coordinate system transformation [3,4,5]. Recently, a number of authors
[6,7] have investigated applications of TVD schemes to non-uniform grids and analyzed the slope
limiters on non-uniform grids.

The objective of the present paper is development of the third order finite-difference shock-
capturing ENO scheme for a non-uniform grid. The design of the ENO scheme is based on the
methodology for uniform grids proposed by the authors in [8]. Here, the Newton interpolant
of the third order degree was adapted for the non-uniform grid to construct the essentially
non-oscillatory piecewise polynomial. The efficiency of the developed algorithm is demonstrated
by the numerical simulation of the three-dimensional turbulent steady flowfield generated by
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the transverse hydrogen injection into the supersonic air cross-flow by solving the Reynolds-
averaged Navier-Stokes equations closed by the k —w turbulent model. Additionally, the effective
adiabatic parameter of the gas mixture is introduced. It allows one to calculate the derivatives
of the pressure with respect to independent variables for determining the Jacobian matrices,
and thus to construct an efficient implicit algorithm of the solution. The analysis of the effect
of the modified limiter choice on the solution is provided for the numerical simulation of the
three-dimensional supersonic air flow with the perpendicular injected hydrogen.

Mach Disk &
Barrel Shock

\ ;'; ’ Average > Bow Shock
/ﬁf \ Jet Bmm':i:lrs M.>1 \
Wy Barrel Shock /@)
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3D Bow Shock
Vortex Pair

\ \ Boundary Layer l
! .\ Counter-Rotating __d_-jﬂ

Horseshoe Vortex " "
Side Jot  Recirculation Zone

Horseshoe-Voriex Region Recirculation Zone

a b

Fig. 1. Schematic diagram of the flowfield [1] (a), in the symmetry section xz [2] (b)

1.1 Governing Equations

Basic equations for the problem are the system of the three-dimensional Reynolds averaged
Navier-Stokes equations for the compressible turbulent multispecies gas in the Cartesian
coordinate system written in the conservative form as

a£+a(E_Ev) a(F_Fv) 8(G_G’U)

a1 P M P (1)

Vectors U, E, F', G are defined by

U = (p, pu, pv, pw, Ey, pYi)"
E = (pu, pu® + p, puv, puw, (Ey + p) u, pqu)T ,
F = (pv, puv, pv* + p, pvw, (E; + p) v, vak)T :
G = (pw, puw, pow, pw? + p, (B, + p) w, pw¥s)"
and vectors FE,, F,, G, are associated with viscous stress
Ey = (0, Tags Tay, Tazs UTaa + VTay + WTaz — o, Jha)
)

)

F,= (07 Tays Tyys Tyz, UTzy + VUTyy + WTyz — Gy, Jky
)T

)

G, = (07 Tazy Tyzs Tzz, UWTpz T VUTyz + WTaz — Qs Jkz

The components of the viscous stress tensor are

2 2
Tog = 3—]'56(2?130—1)3,—102) Ty = 3—}':6(2% Uy — Wy)
2
TZZ—?)T/;@wz—ux—vy) ,Txy:’ryx:%(uy—FUx) ,
sz:sz:i(uz"i‘wz) y Tyz = Tzy = a (Uz+wy) .

Re Re
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The heat flux is defined by
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o or 1
r = a0 h J:c )
%= PrRe oz Yoo M2, ; Wk
w or 1
= — hiJ,
Oy PrRe dy + Yoo M2 ; kyk s
N
w 0T 1
z = a_ h zk >
%= PrRe 0z + Yoo M2, k:zl ke
and the diffusion flux is determined by
) R N S A B AL
M T ScRe Ox ™ T ScRe 0y "™ ScRe 0z

The pressure and the total energy are

pT Yy
I E'_
p= Mgoklw

1
M2 ZYkhk—p—l—Qp(u +v? +w?),
k=1

The specific enthalpy and the specific heat at constant pressure of the kth species are

T
hk:h2+/ cprdT ot = Cp; (Z k) :

Ty

where the molar specific heat is written in the polinomial form as

5
Cpk:§ ap T,
i1

the coefficients ay; are taken from the thermodynamic tables JANAF [9].

35

The viscosity coefficient is defined as a sum of the laminar and turbulent viscosity coefficients:
=y + e, where iy is determined by Wilke formula, and g, is determined by k& — w turbulent

model [10].

In the system (1) u, v, w, p, T represent the components of the velocity vector, the density
and the temperature, respectively. Yy and W} are the mass fraction and the molecular weight
of the kth species, where Y] stands for the mass fraction of Ha, Ys for the mass fraction of Os,
Y3 for the mass fraction of No. v is the adiabatic parameter, M is the Mach number. Index 0

indicates jet parameters and index oo indicates parameters of the main flow.

The system (1) is written in a nondimensional form. Constitutive parameters are parameters
of the main flow at the inlet (too, Poo, To). The injector diameter d is chosen as the characteristic

length.

1.2 Boundary Conditions

On the flow field entrance, the parameters of the free stream are given
fYooROToo

We
r=0 0<y<H,, 0<z<H..

D=DPoos I' =T, u= My v=w=0, Yy = Yie, Wi = Wi,
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Also boundary layer is given near the wall, the longitudinal velocity component is approximated
by the 1/7th power law.
On the injector, the parameters of the jet are given

YoLRoTo
Wo

p:npoo,T:Tg,u:U:(),w:Mo 7Yk:Yk07 Wk:Wk()?

z2=0, [2? + | <R,

where n = po/pso is the pressure ratio.

The non-reflecting boundary conditions are adopted on the flow field exit [11]. The adiabatic
no-slip boundary condition on the wall and the symmetry boundary condition on the symmetry
faces are specified. Here H,, H, and H, are the length, width and height of the computational
domain, respectively. R is the injector radius.

2 Method of Solution

The problem is solved by the implicit method. The methodology is similar to that on a uniform
grid and can be found in [8,12]. Numerical solution is performed in two steps. At the first step
the thermodynamic parameters and at the second step the mass fractions are resolved. The
conservation equations are discretized using a first-order forward difference operator for the
time derivative. The upwind differences of the first order of accuracy have been used for the
approximation of the first derivatives, and the central differences of the first order of accuracy
have been used for the second derivatives. For the approximation of the convective terms, the
ENO scheme of the third order is applied, which will be described below. The obtaining system
of equations is solved by the factorization using the matrix sweep method for the vector of the
thermodynamic parameters and the tridiagonal inversion for the vector of the mass fractions.

Finite Difference ENO Scheme on Non-Uniform Grid. For numerical solution of (1), the
ENO scheme of the third order is applied for the inviscid convective fluxes, where the Newton
interpolant of the third order degree was adapted for the non-uniform grid to construct the
essentially non-oscillatory piecewise polynomial. After that, the reconstruction procedure via
primitive function is applied. In accordance with the principle of the ENO scheme, the inviscid
convective fluxes are presented as

E™ =E""' + (E,+ D,)" . (2)

In (2), E™ is the modified flux at the node point (4, j, k), which consists of the original convective
vector E and additional terms of the high order of accuracy E., D,:

Eil = +limiterl (Em,i—1/2a Ez,i+1/2) s (3)
.. =4 = . A_U A_U
oo Jlmiter2@Dr, . diaDE )i A (2:9)| < |a+ (55Y)]
% Limi AL Ay . AU A_U
zmzterZ(diHDx7i+1/2di+2Dx’i+3/2),1f A_ ” > AL <

L. A~ ~— . AU ALU
_ lzmzter2(dli,i_3/2,diHDm_l/Q),lf‘A, ( 8;1 )‘ < ‘AJF ( 5;1 ‘
1 .. =_ = . ALU ALU
lzmzter?(di_Hiji_l/Qdi_s_ng’i_H/Q),1f‘A_ ( 5;1 > > ‘A+ ( 5;1 )’
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where
_ _ At A_E;
Ey i 1/2="h; <I 5 |Ai—1/2‘) —
. . At ALE,
Eyiv1/2 = hi (I - |Ai+1/2\> Sj+1 ,
At At A_E;
D1y = hic <I . }Az—l/z\) -7 !Az_1/2}> Ar=
= - At At ALE;
Dii+1/2 = hiOéi <I - 0477/ }Ai+1/2‘> I- 7 ‘Az+1/2‘> A:F 8;:_1

ALE;

Si+1

HE — h.h
Dr,i+1/2 = hihiz1

Here, A U; = + (Uip1 — U;), A* = RA*R™' = R (AiT'A') R™'. A = 9E/8U is the Jacobi
matrix. 7 is the identity matrix. R and R~! are the left and right eigenvectors, A is the matrix
of eigenvalues. o; = s; for AT and o; = s;1 for A=, s; = hj + hi_1, d; = 1/(h; + hi_1 + hi_2),
hi = (hi +hi—1)/2, hi = xip1 — ;.

In (3), the limiter functions limiterl(a,b) and limiter2(a,b) are associated with terms of the
second and third order of the accuracy, respectively. As limiters, functions m(a,b), minmod(a,b)
or superbee(a,b) are chosen, where

s-man(|al, |b]), if sign(a) = sign(b) = s
0, else

minmod(2a,b), if|a] < |b]
minmod(a,2b), if|a| > |b]

1/2 a, if]a| < |b]

1/2 b, if|a| > |b|

limiterl(a,b) = minmod(a,b) = {
limiterl(a,b) = superbee(a,b) = {
limiter2(a,b) = m(a,b) = {
The expressions for the fluxes F"* and G™ are written similarly to E™.

3 Results

The numerical computations of the problem are made on the staggered spatial grid with the
number of cells 241 x 201 x 201, and the time step is At = 0.01. The computational domain is
H, = 20, H, = 15 and H, = 10 calibers. The injector is located in the center of the bottom.
The initial parameters of the main flow and the jet are: Pr = 0.9, My =1, M, =4, Ty = 800K,
Tro = 1000K, Re = 10*, the pressure ratio n = 11.72.

Since the study focuses on the application of the scheme to the non-uniform grid, the
comparison of the computation on the uniform grid with the use of the coordinate system
transformation and on the non-uniform grid was preliminarily done in [13|. It was obtained
that the behaviour of the flowfield on the non-uniform grid agrees with that on the uniform grid.
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As the limiter functions are used in the ENO scheme and there are many different forms of
the limiters in the literature [6], for the numerical solution of the (1) the following two kind of
the limiters from (4) are selected to investigate its influence on the physics:

limiter1(a,b) = minmod(a,b), limiter2(a,b) = m(a,b); (5)
limiter1(a,b) = 1.1superbee(a,b), limiter2(a,b) = m(a,b). (6)

The choice of these functions is determined by the test performed on the uniform grid by the
authors in [14], where the transfer of the hydrogen cube problem was solved to choose the optimal
limiter. It was shown there that the use of (1) considerably spreads the original solution while
the slight change of the second order limiter (6) gives the significant reduce of the dissipative
effects.

The numerical calculations of (1) with the different limiter functions (1), (6) on the non-
uniform grid confirm the known dynamics of the transverse sonic jet injection into the supersonic
cross-flow, including the shock wave and vortical structures [1,2]. On Fig. 2, the isobars (Fig. 2a,b)
and the local Mach number isolines in the supersonic region (M > 2) (Fig. 2c,d) are represented
in the symmetry section zz as this plane best demonstrates the distinction between the solutions.
The results for the limiters (1) are shown on the left and the results for the limiters (6) are shown
on the right. The choice of the limiters has almost no effect on the distribution of the isobars,
but more noticeable effect of that on the Mach number distribution can be seen in the supersonic
region (M > 2).
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Fig. 2. Distribution of the pressure (a,b) and the local Mach number in the supersonic region (M > 2) (c, d) in
the symmetry section xz for the limiters (1) (a, ¢) and for the limiters (6) (b, d), n = 11.72

Despite the slight difference in the dynamic parameters for the limiters (1) and (6), the isolines
of the mass fraction clearly show this discrepancy. The distribution of the hydrogen mass fraction
in the symmetry section zz is shown on Fig. 3. Here, the results obtained with the limiters (1)
are shown on the left (Fig. 3a), and the results for the limiters (6) are represented on the right
(Fig. 3b). It is visible that using limiters (1) considerably increases the upper mixing layer in
comparison with the other limiter functions (6). Thus, the maximum value of the height for the
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0.3% hydrogen concentration is 2y, = 4.94 for the (1) and 2,4, = 4.902 for the (6). However,
it should be noted that the use of the limiters (6) results in the slight spread of the solution in
the region behind the jet.

z
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Fig. 3. Distribution of the hydrogen mass fraction in the symmetry section xz for the limiters (1) (a) and for the
limiters (6) (b), n =11.72

Figure 4 shows the distribution of the hydrogen mass fraction in the different sections yz for
the limiters (1) (on the left, Fig. 4a) and for the limiters (6) (on the right, Fig. 4b). According
to the comparison of Figs. 3 and 4, the jet expansion in the xz section is considerably less than
that in the yz sections. Obviously, it occurs because of the great drift of the injected substance
by the main flow.

Figure 4 at the z = 8.92 shows that the hydrogen penetration in the region in front of the
jet spreads insignificantly near the wall, i.e. in the subsonic region. The noticeable lateral jet
expansion in the injector center (Fig. 4, x = 10) is explained by the presence of the lateral
vortices which lead to the mainflow velocity reduce. Behind the jet, the accumulation of the
injected substance occurs (Fig. 4, = 14.87), then it decreases downstream. In the transverse
sections, the significant solution spreading is also can be seen for (1) in comparison with the
results for (6).

The effect of the dynamic pressure ratio ¢ = (pV)o/(pV )oo on the jet penetration is shown on
the Fig. 5. Numerical experiments were done with parameters of the experiment [15]: 4 < ¢ < 16
that corresponds to 7 < n < 24, Re = 9.47 - 10* for n = 7.81 and n = 11.72, Re = 6.31 - 10*
for n = 15.61 and n = 23.356. The upper curves mark the hydrogen penetration (Y7 = 0.0003),
and the lower curves are for the maximum values of the mass fraction of Hs. Figure 5 shows the
noticeable spread of the solution obtained with the limiters (1).

4 Summary

In the present paper the third order finite-difference shock-capturing essentially non-oscillatory
(ENO) scheme for a non-uniform grid has been developed. Main advantage of the algorithm
is that the modification of it from uniform to non-uniform mesh can be done by simple way.
The steps of the ENO scheme correspond to the method on the uniform grid written in [12].
The methodology developed here is applied to the numerical simulation of the three-dimensional
turbulent steady flowfield generated by the transverse hydrogen injection into the supersonic air
cross-flow by solving the RANS equations closed by the k& — w turbulent model. The different
slope limiters were revised and adapted on the non-uniform meshes. The analysis of the different
variations of the limiter functions has been done for the non-uniform ENO scheme. The effect of
the limiters on the mixing layer was studied numerically. It was obtained that the unsuccessful
choice of some limiters can result in the overgrowth of the mixing layer. The results of the
numerical computations show good agreement with the experimental data.
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Fig. 4. Distribution of the hydrogen mass fraction in the different sections yz for the limiters (1) (a) and for the
limiters (6) (b), n = 11.72

Fig. 5. Effect of the dynamic pressure ratio ¢ on the jet penetration at x = 17: curve 1 - Y1 = 0.0003 for the
limiters (1); curve 2 - Y3 = 0.0003 for the limiters (6); curve 3 - maximum value of Y7 for the limiters (1)
(Y1 = 0.541 for n = 7.81, Y1 = 0.693 for n = 11.72, Y1 = 0.817 for n = 15.61, Y1 = 0.93 for n = 23.356 ); curve
4 - maximum value of Y7 for the limiters (6) (Y1 = 0.297 for n = 7.81, Y1 = 0.382 for n = 11.72, Y73 = 0.476 for
n =15.61, Y1 = 0.61 for n = 23.356 ); O , O - experiment [15]



Computational Technologies, Vol 20, 2015 The Bulletin of KazNU, Ne 3(86), 2015 41

References

10.

11.

12.

13.

14.

15.

. Gruber, M.R., Nejad, A.S., Chen, T.H., Dutton, J.C.: Transverse Injection from Circular and Elliptic Nozzles

into a Supersonic Crossflow. J. Propulsion and Power. 16 (3), 449-457 (2000)

Ben-Yakar, A., Mungal, M. G., Hanson, R. K.: Time evolution and mixing characteristics of hydrogen and
ethylene transverse jets in supersonic crossfows. Physics of Fluids, 18, 026101 (2006)

Adams, N.A., Shariff, K.: A High-Resolution Hybrid Compact-ENO Scheme for Shock-Turbulence Interaction
Problems. J. Comp. Phys. 127 (1), 27-51 (1996)

Sun, D., Hu, Ch., Cai, T.: Computation of Supersonic Turbulent Flowfield with Transverse Injection. App.
Math. Mech. English Edition. 23 (1), 107-113 (2002)

Amano, R.S.; Sun, D.: Numerical Simulation of Supersonic Flowfield with Secondary Injection. In: 24th
Congress of ICAS, Yokohama (2004)

Berger, M.J., Aftosmis, M.J., Murman, S.E.: Analysis of slope limiters on irregular grids.In: 43rd AIAA
Aerospace Sciences Meeting, 2005-0490, Reno, NV (2005)

Zeng, X.: A General Approach to Enhance Slope Limiters on Non-Uniform Rectilinear grids. Submitted to
SIAM J. Sci. Comput. (2014)

Bruel, P., Naimanova, A.: Computation of the normal injection of a hydrogen jet into a supersonic air flow.
Thermophysics and Aeromechanics, 17 (4), 531-542 (2010)

Kee, R.J., Rupley, F.M., Miller, J.A.: CHEMKIN-II: a Fortran chemical kinetic package for the analysis of
gas-phase chemical kinetics. SANDIA Report SAND89-8009 (1989)

Rumsey, C L.: Compressibility considerations for k — w turbulence models in hypersonic boundary layer
applications. NASA /TM-2009-215705 (2009)

Poinsot, T.J., Lele, S.K.: Boundary Conditions for Direct Simulation of Compressible Viscous Flows. J. Comp.
Phys. 101, 104-129 (1992)

Moisseeva, Ye., Naimanova, A.: Supersonic flow of multicomponent gaseous mixture with jet injection.
Computational technologies, vol. 19, B~ 5, 51-66 (2014)

Moisseyeva, Ye., Naimanova, A., Belyayev, Ye., Shakhan, N.: Third order ENO Scheme on Non-uniform Grid
for Supersonic Flows. Submitted to Applied Mechanics and Materials (2015)

Moisseyeva, Ye., Naimanova, A.: Numerical simulation of the transverse hydrogen injection into a supersonic
turbulent airstream. In: Proceedings of Advanced Problems of Mechanics (APM) 2014, pp. 358-365. St.-
Petersburg, Russia (2014)

Rogers, R. C.: A study of the mixing of hydrogen injected normal to a supersonic airstream. NASA TN
D-6114 (1971)



The Simulation Modeling Technology of Warehouse Logistics
Processes in Distributed Computing Environment

I.V. Bychkov, G.A. Oparin, A.G. Feoktistov, V.G. Bogdanova, A.A. Pashinin

Matrosov Institute for System Dynamics and Control Theory of Siberian Branch of RAS, Lermontov str., 134,
664033, Irkutsk, Russia
idstu@icc.ru

Abstract. The problem of analysis of functional and organizational structure of logistics warehouse
is considered in this article and a new technology for performing such analysis is offered. The
technology is based on simulation modeling. In detail this technology includes methods and tools for
development of simulation models, for creating problem-oriented services of the simulation modeling,
for intelligent management of computing in a distributed environment. The aim of research is to
develop and realize high-level methods and tools of formulating and solving non-traditional (for
conventionally used warehouse management systems) tasks using problem-oriented knowledge. The
example of methods and tools realization to automate the simulation modeling of the logistics
warehouse is presented here. Experiments results for some tasks of the simulation modeling of the
logistics warehouse are discussed.

Keywords: simulation modeling, warehouse logistics, distributed computing environment, service-
oriented programming

1 Introduction

A mathematical modeling of technological processes plays important role in the research and
optimization of enterprises. Currently, the enterprises, that are focused on an ultimate consumer
and integrated in logistics chains, are most effective. The warehouse logistics, oriented to the
management of material flows, makes the significant contribution to indicators of functioning of
enterprises. The particular attention is paid to regional warehouses. This situation is due to the
fact, that today the significant number of large Russian production companies and retailers are
choosing an expansion of sales in regions as the main direction of their development. Therefore,
enterprises sharply need high-quality large-scale warehouse logistics servicing.

Modern logistics warehouses are rather difficult economic systems oriented to the management
of cargo traffic of the large capacity, including the distribution of goods, and, therefore, play
important role in the economic sphere. In this regard, the most important tasks of warehouse
management are the analysis and optimization of a functional and organizational structure as
the exploited and designed logistics warehouses. The development trend of modern logistics
warehouses is the constant improvement of technologies and communication systems, expanding
the set of warehouse and logistics operations and it increases their level of complexity, the
emergence of many alternatives to the adoption of logistics solutions.

One of the most effective approaches to an analysis of functioning of a logistics warehouse
as a queuing system is simulation modeling [1|. Imitation modeling is a modern tool which
simplifies the development and the optimization of warehouse operations. Simulating a warehouse
implies developing a simulation program and testing it by executing experiments with different
combinations of warehouse parameters. These experiments provide a low-cost method to
determine the optimal parameter set for a warehouse.

A process of building a simulation program adequately reflects the system of study which is
largely non-trivial task and requires from its developer the high mathematical and programming
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skills [2], especially when it comes to parallel or distributed program [3|.Thus, there is a need for
high-level tools to automate the process that will maximize the potential of high-performance
computing and provide the building of complex technological chain: from formulating task to
creating model, then to developing program and to carrying out experiment in a distributed
computing environment.

In this paper the simulation modeling technology of warehouse logistics processes in a
distributed computing environment is proposed. This technology includes methods and tools
for developing simulation model, for creating services of simulation modeling, for intelligent
management of computing in a distributed environment. The example of realization of methods
and tools to automate simulation modeling of the logistics warehouse is presented. Experiment
results for some tasks of the logistics warehouse simulation modeling are presented in this article.

2 Material and Information Flows Management in a Modern Logistics
Warehouse

Warehouse performs logistics operations with material and information flows: transportation,
loading /unloading, packaging, warehousing, packaging, cargo processing, collection of returnable
waste, distribution, pricing and other operations. Fig. 1 shows the information and logical
interconnections of some basic logistics operations in the warehouse. Material and information
flows define the relations between the logistics operations. Management of material and
information flows in modern logistics warehouse is carried out by the warehouse management

system (WMS).
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Fig. 1. Operations of logistics warehouse.

In Russia, WMS is presented with large range of software systems. They include such systems
as 1C-Logisticss WMS [4], GESTORI Pro [5], Solvo.WMS [6] and others systems [7]. Such
software systems include some modeling tools of warehouse processes. But they are usually
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highly specialized and not suitable for the simulation of many logistics processes encountered in
the implementation of the joint operations of warehousing, transportation and trade. Systems
for enterprise resource planning (ERP) [8], for example, the Oracle E-Business Suite [9], SAP
ERP [10], Microsoft Dynamics AX [11] or Infor ERP LN (BAAN) [12], are powerful tools
for management of enterprise processes, including the warehouse processes. However, such
commercial systems are oriented mainly to the large enterprises. Generally these systems use
analytical modeling techniques which do not take into account all details of additional logistics
operations and do not analyze these details in dynamics, unlike the simulation modeling.

Moreover, in solving of practical tasks it is often necessary to implement additional logistics
operations (Fig. 1) and to process specific information about events, phenomena, processes and
their relationships that do not fit the model of problem. Additional logistics operations apply to
information flows. For example, scheduling logistics operations, predicting equipment failures,
transformation external constraints into internal constraints, allocation of resources for the
implementation of logistics operations, an analysis of the operations implementation efficiency.

Thus, the aim of research is to develop and realize high-level methods and tools of formulating
and solving non-traditional (for conventionally used WMS) tasks using specific problem-oriented
knowledge. The main problem is the development the simulation modeling system with the
service-oriented interface and technology of implementation to support the manager of the
logistics warehouse in making decisions.

3 Simulation Modeling Technology of Warehouse Logistics Processes

The authors developed software to support the experimental simulation modeling. Simulation
models are implemented in the language of General Purpose Simulation System (GPSS) [13]. This
software includes the tools of developing simulation models on the base of templates for typical
objects (modules) of the researched systems and tools to support the experimental simulation
modeling with the developed models. The modular approach provides a number of important
advantages. Firstly, it is the flexible modification and development of mathematical support and
software of the basis for modeling the researched systems. The modification and development
of mathematical support and software is carried out with the help of extension or replacement
of modules of this basis by new modules, including the modules from the developed libraries of
templates for objects of researched systems. Secondly, it is the rapid point implementation of
additional capabilities of system processes modeling, not represented in the used WMS.

The considered software focuses firstly on PC-based clusters that are created on the base
of computing resources of corporate, educational or scientific organizations. The clusters must
function under the control of the local resource manager Condor [14]. This system has the
following advantages. Firstly, the creation PC-based cluster is based on any available network
that requires minimal cost and time; it operates under a variety of operating systems, including
OS Windows; it is the open source of software.

The technology of simulation modeling with the help of the developed software and cluster
under the control of the Condor includes a number of stages.

The stage of experiment planning includes: the determination of the runs number of the
model before moving to operating mode and in operating mode; selection of the main factors
and observable variables of the model; carrying out of the factorial analysis. Some specialized tools
are realized in software for simulation modeling. These tools provide abilities to use unlimited
number of factors and levels (unlike tools of GPSS World [15]), to implement the factorial analysis
in parallel and to automate the processes of planning and execution of experiments.
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The stage of input data preparation for experiment includes: selection GPSS-model, files with
additional model fragments and files with variants of input data.

The stage of specifying of job for model run in distributed computing environment includes
description of instructions set for computing system in terms of Condor. The job is a specification
of the process of solving the problem, including information about the required computational
resources, software, variants of the input/output data, quality criteria of the job execution, as
well as other necessary information.

The stage of job execution planning includes the choice of nodes of distributed computing
environment in which this job may be executed. The logical-and-probabilistic algorithm for
multilevel scheduling of job flow with defined criteria (reliability, time and cost) of quality of
their execution is used to the nodes choice. The planning process is carried out in four steps by a
special system of program agents representing the cluster nodes. The planning process includes:
forming of set of available nodes; specialization of formed set by way of removing of overloaded
nodes (relative to the current average loading nodes, taking into account existing job queues)
from this set; creating polyvariant plan of job execution in nodes; creating specialized plan,
that satisfy the defined criteria of quality of job execution and current state of the computing
environment, by way selection from polyvariant plan; allocation of cluster nodes for job execution
in accordance with the specialized plan. The specialized plan is formed on the basis of economical
regulation mechanism of demand and supply for computing resources [16].

The stage of job ezxecution includes job run in allocated node of cluster and sending
calculations results to the main node of cluster. In case of the node failure a new allocation
of node for the job run is carried out.

The stage of output data processing includes reports collection and the extraction from the
reports relevant data for further analysis.

The stage of data analysis includes the of multi-criteria selection problem solving parameters
optimal values of the researched. The lexicographic and majority methods of choice are used
to solve this problem. These methods are chosen for their ease of use by specialists of problem
domain and program implementation as compared with other similar methods.

The all considered above stages are fully or partially automated and presented as a Grid-
services. Now, there is a wide range of tools [19] for service creation. The technologies Web
Services Resource Framework (WSRF) [18] and using of templates for interconnection with local
resource managers of distributed computing environment are used in the paper. The system High-
performance computing Service-oriented Multiagent System (HpcSoMaS) Framework, developed
by authors, is used for service creation based on these technologies.

4 High-Performance Computing Service-Oriented Multiagent System
Framework

This framework is designed for implementation the agent-based approach to automate the
creation of software systems to solve large-scale scientific problems in a service-oriented Cluster
Grid with computing nodes which can have complex hybrid structure.

With this approach, computing management is implemented with the help of the multiagent
system (MAS) The organizational structure is shown in Figure 2. Coordination of agents is
implemented with the help of general rules of group behavior. Agents operate in accordance
with the specified roles and their rules of behavior in the virtual agents’ community, which
are defined for each role. The MAS includes agents of users, computing planning, monitoring
and distributing the resources, classifying, specializing and running the jobs. The agents can
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coordinate their actions through cooperation or competition in different virtual communities
arising in the MAS. In details this MAS is described in [16].
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Fig. 2. The multiagent system structure.

Unlike some well-known scheduling systems, this toolkit provides the ability to management
of distributed computing both at collective level and at problem-oriented software (application)
level. The main functional and system features of the application level implemented in the form
of services. Agents at the application level are implemented as services too. The user’s requests
to services of application are implemented into jobs for resource managers of environment nodes.

Additional tools for computing scheduling and resource management at application level
represent a virtual community (VC) of agents created to organize parallel execution of user
application in distributed computing environment. Main purpose of VC is to provide the choice
of the least loaded resource (cluster) to execute a parallel application and the monitoring to send
results to the user. VC agents include a user agent, scheduling and classifying agents, a manager-
agent and dynamic set of local agents. First three agents are used to receive and classify user
requests and problem solving plan composition. A task formed after cooperative agent actions
are transferred to the manager-agent who distributes the task at local agents by cooperation with
a resource monitoring agent. The manager-agent is also used for: partition task into subtasks;
automatic restart of task running with new parameters; management; user task monitoring. Local
agents are used to send tasks into a cluster resource management system.

Framework includes a set of system components (standard agents) to be controlled by
developed agents and the library of standard classes for Java programs. This library supports
implementation of software tools to manage the agents, information and message exchange
between agents and other functions. Library of standard classes provides classes for all types
of VC agents. Agents-managers are the main components in HpcSoMaS Framework. These
agents produce most of the work on the distribution of tasks, selection of the best computing
environment for a specific task, interaction with resource-manager of cluster, reallocation of tasks,
and their decomposition.
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Unlike other similar tools, such as [19],[20],[21], using HpcSoMas Framework agents may be
presented in the form of services. The access to user application may also be issued in the form of
services. Agents-managers are presented as rest-services. Agents-managers use the soap-services
to perform different functions, depending of the configuration of the VC, and should have the
ability to dynamically connect these services without recompiling.

This framework provides the possibility of building web services and interfaces for the
conversion of users’ requests to the VC in the combined flows of tasks and the distribution
of these flows tasks in a computing environment. Therefore, in addition to the main library the
HpcSoMaS Framework includes:

— the library for development of services based on REST and SOAP standarts;

— the ready-made services that implement system functions of VC agents basing on library
classes and require for their use only configuration setting;

— tools for graphical design of services;

— the documentation, describing the format of service configuration file.

This framework was used for creating problem-oriented services of the simulation modeling service
and VC of agents for intelligent management of computing in a distributed environment at the
application level.

5 Experiments

Service-oriented system simulation provides the following features that are supported by
HpcSoMas Framework:

— Web-service interface for generating and editing the list of observable parameters Observable
Parameter List Edit (OPLE). This list then is used during the simulation.

— Web-interface for the user’s request to simulations. Setting parameters for computing
experiment: the input and output of the program, the list of observable output parameters.

— Parallel solution through multivariant calculations for different input parameters in a
distributed computing environment.

— Information of the user about the completion of the solution. Integrating and visualization
of the solution results.

Service simulation contains the following input parameters (Fig. 3):

— The model name.

— Number of model runs for transition to the operating mode.

— Number of model runs in the operating mode.

— List of variant of input data.

— A list of observable parameters. This list is generated by a web-interface of OPLE.
— Choose the method of analysis of statistics.

Some problems of warehouse logistics, solved with the help of cold-store Co Ltd s BmIrkutsk
Khladokombinats Bk using the researched technology, are given below. Co Ltd sBmlIrkutsk
Khladokombinats Bk has the following characteristics: total storage volume 20000 t; 42 storages;
several temperature regimes of storages; four floors and several freight elevators; ramps for road
and rail transport; eight commodity groups; different categories of customers; many areas for
office, back offices, garages, processing of goods.

Modeling of loading/unloading processes. The warehouse under study operates with input
and output material flows, on base of both scheduled and random requests. The generated
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Parallel and distributed computing systems laboratory,
ISDCT SB RAS, 20142015

Fig. 3. Web-interface of the simulation service.

daily scheduled requests contain information about the time of arrival/departure of the goods,
the servicing time of request, the volume of goods, and the required resources to carry out
the logistics operations. The intensity of the random requests varies in different times. The
processes of arrival/departure of the goods have different characteristics and correspond to
the different probability distributions. For servicing applications using following technical and
human resources: electric loaders, electric loader drivers, storekeepers, loaders, elevator operator,
dispatchers and others resources.

The problem was to determine the optimal distribution of resources for logistics operation in
loading /unloading processes. The specific features of this problem are availability of elevators and
temperature regimes of storages. These features are usually not taken into account in WMS. The
problem was solved by multivariate calculations with followed multi-criteria choice of variants of
initial data (the optimal distribution of recourses).

The modeling results were used in the management divisions of the cold-store for following
works: developing of method for forming of scheduled requests and accounting random requests;
forming teams of electric loader drivers, storekeepers and loaders; scheduling of these teams work;
planning of servicing and renewal of technical resources.

Modeling of customer servicing level. On the cold-store the loading/unloading processes are
carried out for the road and rail transport of different carrying capacity. There are standards of
the loading/unloading processes for the type of freight transport, type and category of cargo.
Failure to comply with the standards entails penalties.

The problem was to determine the distribution of resources for the preferred customer
servicing level [1] .

The problem was solved by multivariate calculations with followed choice of variants of initial
data, corresponding to the values of the observable variables that satisfy the given constraints.

The modeling results were used in the management divisions of the cold-store for following
works: developing and optimization of standards of loading/unloading processes; determining of
categories of loyal customers.

The simulation models are designed in the system GPSS World. The simulation modeling was
carried out on the cluster of 20 heterogeneous PCs (40 cores) and the cluster of 12 homogeneous
PCs (24 cores). The both clusters are functioning under the control of the OS Windows and local
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resource manager Condor. In experiments the number of data variants for models ranged from
100 to 10000. One task for Condor was generated by agents for the one run of model. The one job
was executed on a one core. Estimations of time spent on different stages of the experiment with
one data variant for automated and non-automated simulation modeling are showed on Fig. 4.

180
160
140
120
100
80
60
40
20

Data preparation Job preparation Data collection
Stages of the experiment

O Non-automated modeling B Automated modeling

Fig. 4. Estimations of time spent on different stages of the experiment with one data variant.

Figure 5 illustrates the scalability of multivariant calculations in distributed computing
environment (the acceleration of performance is near to linear) for tasks of simulation modeling
of customer servicing level and loading/unloading process. On figure 5: T1 8'H* the time of
task solving using one core, Tn BB the time of task solving using n core. The modeling of
the developed service for simulation using the resources (over 3700 cores) of the supercomputer
center at the IDSTU SB RAS showed similar results scalability.

40.00
30.00
g 20.00 -
=
10.00 |
ﬂm T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T 1
123 456 7 8 910111213 141516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
Cores
Linear acceleration — — — - Modeling of customer senice level

-------- Modeling of loading/unloading process
Fig. 5. Scalability of multivariant calculations in distributed computing envinronment.
Based on estimations, obtained in the process of solving practical problems and scalability

of multivariant calculations in distributed computing environment, we can conclude about high
efficiency of service for simulation.
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6 Conclusions.

In this paper the some initial results of a study that focus simulation modeling of warehouse
with non-typical logistics operations are showed. The automation of simulation modeling and
the use of distributed computing have provided the rapid modeling results, needed for making
management decisions. The principles of work, the technology of application, means and ways
of implementing the above mentioned methods and tools are provides their widespread use to
simulation modeling of complex systems in different spheres of human activity.
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Abstract. A system of nonlinear partial differential equations is considered that models
perturbations in a layer of an ideal electrically conducting rotating fluid bounded by spatially and
temporally varying surfaces with allowance for inertial forces and diffusions of magnetic field. The
system is reduced to a scalar equation. The solvability of initial boundary value problems arising
in the theory of waves in conducting rotating fluids can be established by analyzing this equation.
Solutions to the scalar equation are constructed that describe small-amplitude wave propagation in
an infinite horizontal layer and a long narrow channel.

Keywords: Ideal fluid dynamic problems, magnetohydrodynamic equations, reduction of vector
equations to scalar equations, analytical method, diffusions of magnetic field.

1 Introduction

The system of nonlinear partial differential equations describing the dynamics of a rotating
layer of an ideal conducting incompressible fluid is difficult to investigate because of its vector
character. Therefore, it is natural to try to reduce it to equivalent scalar equations for auxiliary
functions.

We consider the nonlinear system of partial differential equations that model perturbations
in a layer of an ideal conducting rotating fluid bounded by spatially and temporally varying
surfaces with allowance for inertial forces and diffusions of magnetic field. The purpose of this
study is to reduce this system to a scalar equation and to construct analytical solutions to the
corresponding boundary value problems.

The accounting of diffusive members is necessary when studying dynamics of waves of more
local character, i.e., when the horizontal scale of change of hydromagnetic sizes much less than
a radius of a considered layer, and also at very great time scales. It would be desirable to see
influence of diffusion of a magnetic field on its generation. Whether there will be able to be a
magnetic field as much as long time and whether it will exist at shutdown of an inoculating field.

The motion of a conducting fluid in a magnetic field causes electric currents. These currents
change the magnetic field. At the same time, the forces acting on the currents in the magnetic field
can change the character of the fluid motion. Hence, hydrodynamic motion and electromagnetic
phenomena are interrelated. This relation is described by the joint system of field equations and
the equations of motion of a fluid. According to the works by the well-known Swedish physicist
and astrophysicist G. Alfven, the interrelation between electromagnetic and hydrodynamic
phenomena strengthens as the linear scale of a phenomenon increases. For large-scale phenomena,
this interrelation can be rather strong. For example, this is true of star interiors and the Earth’s
liquid core [1] .

Large-scale motions of an electrically conducting fluid have been intensively studied. In
particular, we note |2]-[6], which investigate a model constructed in the approximation of fast
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rotation. Within the framework of this theory, the inertial force is ignored in the equation of
motion. As a result, the inertial, Alfven, and Rossby waves are filtered out. Furthermore, in
the limit of fast rotation, the velocity v is not determined uniquely but rather up to a term
representing the geostrophic velocity. The reason for this is that the geostrophic velocity does not
satisfy the magnetostrophic equation. To overcome these difficulties, viscous forces are invoked
and the viscosity is neglected when possible.

In [7], [8], large-scale motions of a conducting fluid in a layer between the planes z = 0 and
z = d were studied in the magnetostrophic approximation taking into account viscous forces.

In this study, we assume that the boundaries of the layer are not stationary but vary in space
and time. Furthermore, the inertial forces are taken into account in the equation of motion.

2 Dynamics of a thin rotating layer of an ideal electrically conducting
incompressible fluid

Consider a thin layer of an ideal conducting incompressible fluid rotating at an angular velocity
w. The layer is bounded from below by a moving bottom specified by z = hp(z;y;t), where
hp(x;y;t) is an unknown function and z = 0 is the reference level. The layer is bounded from
above by a known surface Z(z;y). The axis of fluid rotation coincides with the z-axis.

2.1 Governing equations of a horizontal structure of an electrically conducting
rotation fluid

The governing magnetohydrodynamic equations for the problem under consideration are written
in projections onto the coordinate axes [1], [9]-[12]:

divv =0, (1)
ov Vp 1
— 4+ (v-V)v=———-2wxVv—gz+ —rotb x B, 2
5 TV V) p g2+ (2)
0B 1
— = B)+ —A
T rot (v x B) + - b, (3)
divb =0, (4)

where v, v, and v, are the velocity components of the fluid; p is the pressure; g is the acceleration
of gravity; p is the density; b;, b, and b, are the magnetic induction components; y is the magnetic
permeability; o is the electrically conduction of the medium; and w is the angular velocity of the
Earth.

Consider the following characteristic scales of the variables in (1)—(4): D for vertical motion
(where D is the average depth of the fluid layer hp(x;y;t) — Z(x;y)), L for horizontal motion, U
for the horizontal velocity component, b for the horizontal field components, H for the vertical
field component, T for time, and P for the pressure field.
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The basic equations of magnetohydrodynamics (1)—(4) of the problem in projections on the

coordinate axes are of the form
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(10)

(1)

(12)

We pass from the system (5)—(12) to the corresponding system in dimensionless variables.
Previously we introduce the characteristic scales of the variables system. Let D — characteristic
vertical scale equal characteristic value of the average depth of the liquid layer —Z(X,y) +
hp(xz,y,t) and L — the characteristic scale of the horizontal movement. We assume that

D
0=—<x1

L

We introduce further in consideration of the characteristic scale: U is scale of horizontal speed;
W is scale of vertical speed; B is value b, by; H is value of b,; T' is value of time ¢; P is value of

the fields of pressure.

In the equation (11) first and second terms of the order O <g), so the order third term

O (g) no more than O (g) Therefore, using the

equation (11), we obtain

W < O(3U).

Similarly, using the equation (12), we obtain

H < O(SB).



54 Beraucnurenbuble Texaosiornu, T.20, 2015 Becruuk KasHY, Ne 3(86), 2015

Given the extent of the connection, we have system (5)—(10) to dimensionless variables. The
a result we obtain a system
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Hereinafter dimensionless variables denote the same symbols.
From equations (13) and (14), it follows that scale dynamic pressure P and the magnetic
2

pressure — is equal to the highest value set of parameters

UL
pT , pU?, 2wpU L, otherwise the
acceleration of the flow of traffic will be zero.

Let us turn to a simplified version of the studied system of differential equations.
Leaving equation (15) principal terms, we obtain

O (LN
9. \P o) =09

2

D+ @ = —pgz + C(x7y7t)'

Here and in what follows, we retain the same notation for dimensionless variables as for
dimensional ones.

All the terms in (13) and (14) are used unchanged in the subsequent study.

The ratio of convective member in equations of induction (16)—(16) to diffusion member
expressed through the characteristic velocity of liquid U and the characteristic length L is a

or, after integration in z
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LU
dimensionless parameter —, which is called the magnetic number of Reynolds. It characterizes

the relationship between a plasma flow and a magnetic field. Under laboratory conditions usually
R,, < 1, and this relationship is weak, whereas in astrophysics usually R,, > 1, and this
relationship is strong [1]. Equation of induction determines the behavior of the magnetic field
given the velocity, and this behavior depends significantly on the value of Reynolds magnetic
number R,,. In the general case, the magnetic power lines are partially transferred by the plasma
flow, and partially diffuse through it.

We will consider this general case. Thus we let R,, = 1, and assume that the diffusion
members have the same order us the convection members.

Accounting for diffusion members is required when studying the dynamics of waves of more
local nature, i.e. when L is much less than the radius of the layer, and at very large time scale T'.
It would like to examine the influence of diffusion of a magnetic field on its generation. Can such
a field exist for an arbitrarily long time, and will it exist after switching the inoculating field off.

Define the total depth function H = hp”Z. Assume that the thickness of the fluid layer at rest
is Ho(x,y). The function H(z,y,t) is represented in the form H(x,y,t) = Ho(z,y) + n(z,y,t),
where (x,y,t) is a small perturbation such that n < Hy. To describe the propagation of small
perturbations, we use the standard linearization method applied in continuum mechanics to
systems of differential equations describing the behavior of a medium. A solution to system is
sought in the form

v:v0+v’(x,y,t), b:bo-i‘b/(%y,t)’ (17)

assuming that the small perturbations of the horizontal velocity v/ and horizontal magnetic field
b’ propagate against a certain steady-state uniform background described by the constants v
and bg. Consider the case vg = 0. We obtain the new system of equations

Wy =990+ ,j,) (box X oy %b ) (18)
% + avy = ggz + ulp <b0:z %b + boy %b > (19)
G+ g (Hove) + 3 (Hou,) =0, (20)

Ho (%‘; +3; >+bgo>< ) = baol, 1) = 0, (21)
B 2y, aay oAb, (22)

%bf - bOx?;; boy %’;y - leAby (23)

where a = 2w.
Substituting, we obtain the following equation for &(z,y,t):

A D bz b(e)

The above reasoning implies the following result.

Theorem Any solution v(z,y,t), b(x,y,t), and n(z,y,t) to the small perturbation problem
n a layer of an ideal incompressible homogeneous conducting rotating fluid with allowance effects
of diffusions of magnetic field satisfying the necessary smoothness conditions can be represented
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i the form
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where £(z,y,t) is a solution to (24).

The converse is also valid: any solution to (24) generates a solution to system (18)—(22),
which governs small perturbations in a thin layer of ideal incompressible homogeneous conducting
rotating fluid, if the functions v, b, and 3 defined by formulas (25)-(28) satisfy the smoothness
conditions in the domain under consideration.

Consider free linear oscillations of a conducting rotating fluid layer; that is, investigate small-
amplitude wave propagation in an infinite horizontal layer and a long narrow channel.

Assume that Hy = const and b, — bi%) = Re Bellkz +1ly —at), Then, (24) has the solution
C = Re Aez(kx + ly - O't),

if the dispersion relation
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We have two strong different branches for frequencies o. The first type of oscillations is inertial
waves. Inertia and Coriolis forces play main role here. Inertial waves have real frequencies and
they are stable. The second type of oscillations is magnetic waves with complex frequencies.
These magnetic waves are not stable, because they have negative imaginary part of frequencies
.

In case by = 0, we obtain

R+ (B4 ) R+ (R4
4R2, 2R,, 2R, 2R, Ry
(k2 +12) (K2 +12)

(=ReAexpi(ks +ly +ip —t) = Aexp —p —tcos(kz + ly).

o=+
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The diffusion of magnetic field causes damping of the field. We have the stationary process for
infinite value of Reynolds magnetic number. It means that the induced magnetic field can exist
for an arbitrarily long time.

We obtain the well-known dispersion relation for Alfvens wave with R, — oo.
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Abstract. In this paper we demonstrate the possibilities of the self-similar and approximately
self-similar approaches for studying solutions of a nonlinear mutual reaction-diffusion system. The
asymptotic behaviour of compactly supported solutions and free boundary is studied. Based on
established qualitative properties of solutions numerical computation is carried out. The solutions
are presented in visualization form with animation, which allows observing evolution of the studied
process in time.

Keywords: reaction, diffusion, self-similar, asymptotic, compactly supported solutions, free
boundary, numerical computation visualization.

1 Introduction

Let’s consider properties of the Cauchy problem for following system of mutual reaction-diffusion
equations with double nonlinearity in the domain Q = {(t, x):t>0,x¢€ RN}

% = div (|af "™~ Va2 Vu) +y(tulot,
% = div (\x|kvm2_1|Vv\p72Vv) + () vP2ud,

(1)

u (0,2) = ug (z) >0,
”(OJ):UO(CU)OZO, x € RN, (2)

where k € R, mi,me > 1, p > 2 by, b, qi, go— positive numbers, V(:) = grad(-), and

x
up () >0, wvo(x) >0, 0<~(t) e C(0,+00).

System (1) describes different physical process in two componential inhomogeneous nonlinear
environment, for example the processes of the reaction-diffusion, heat conductivity, polytrophic
filtration of liquid and gas with a source power of which is equal y(t)ubtv®,  ~(t)v*2u®.
Particular cases, when k = 0, p = 2, mj; = mgy =0 were considered in works [1,3]. In the
work [4] was investigated estimates of the different type solution, the asymptotes of the self-
similar and approximately self-similar weak solutions and the front, of the problem Cauchy to
the one equation of system (1).

Since the system (1) in the domain where u = v = 0 is degenerate, then it is in the
area of degeneration may not have classical solutions. Therefore, we study the generalized
solution of the system has the properties: 0 < w,v € C(Q) u |x]kum1*1\Vu]p_2Vu,
|z|Fom2 1 VP2V € C(Q).

Constructed on the basis of self-similar approaches system self-similar solutions, estimates for
the free boundary, properties of solutions of the system are obtained. On the basis of qualitative
research tasks developed a set of programs for reaction- diffusion systems with double nonlinearity
and numerical calculations and visualization of the reaction-diffusion system describing (1). For
the numerical solution of the problem have been applied by the racing method, the method of
alternating directions in the multidimensional case [1,3].
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2 Approximate self-similar and self-similar equations

For construction of the self-similar and approximately self-similar system for the system (1) the
solutions of the system wu(t,x), v(t,x) we will search in the form

{U(t,x)z Ow ((t), (|2])),
o(t,z) = v(t)z (7(1), ¢(|2])),

where u(t), v(t) are the solutions of following equations

Sl

(3)

=1

~—

.
d? = y(t)u" o,
g

o =yt

Integrating the equations, when ~(¢) = 1 we got

= A(T + t) 7,
k

0= B(T+t) -ttt

TR e Pt -1
where A = {(_bl —lg +1) (%) 7b2+q1+1] b1 zz11+17 B = Al (%) “htaFl | | = :Z;iigfﬂ.

Substituting of the (3) to the equation (1) reduced it to the following system of the equations

p—2
ow _ 1-s 0 s—1,m—1|0w Ow | _ mZbi—(mi+p—2)5q1 _ b1 .01
ar — ¥ e \¥P O F ’&p 3@) u v (“’ wz )

4)
p—2 (
0z 1-s 0 s—1, m—1 3;) — gh2—(ma+p—2) a2 (Z _ szqu)

0
=9 Tl w :

dp

The functions 7(t), ¢(x) are chosen as following

7(t) =

o o

t
a™P3 () dn = [P (n) dn,
0

5
if mij+p—3#0, i=1,2, (5)
=T+t if m;i+p—-3=0, 1=1,2,

7(t)
1(,.IP y 2 —k N
@(T):Hv‘lu ’T|: axiv b1 = p Szpp_k7 k <p.
1=

The system (4) we will make a replacement a kind

w(Ta 90) = f(§)7 Z(T, 90) = ¢(§)a (6)

where £ = fl(;?, and the functions (), (&) satisfied to the approximately self - similar system
equations

1-s d s—1 pmi1—1 df P2 df gdf —b1—(m14+p—2)~q1 by 1

£ d§<§ f dé d£>+pd§_7u tp—2)pe <f—f ¢q>:0,
1—s d s—1,, mo—1 dw P2 dw 5 d?/) —by—(ma+p—2) ~q2 ba r£qo

3 € <§ (0 €& d§> + D dE — TV P2 (d}—lﬁ 1 ) =0.
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It is easy to calculate that
Tt (M 2gn = 1,

T@bg —(ma +p*2)ﬁ<12 =1.

In this case for the functions f(§), ¥(§) we have the following self-similar system of equation
in "radial"form

et (e ) 5 (7 - ) o -
ged 55—1«#’"2—1]% )+§,‘j;§—a (¥ — ¢ f2) =0,
where

a; = Abr—(mitp=2) par
ay = Bb2—(ma+p-2) g2

Next we will study asymptotes of the finite solutions of the system (7).

3 Asymptotes of the self - similar solutions

Now we will study asymptotes of weak compactly supported solutions (c.s.) of system (7) when
y(t) = 1.

Consider system of equations (7) with the following boundary condition

f(O) =c 20, f(dl):()a (8)
Y(0) = c2 20, Y(dz) =0,

where di,dy < 400 .

The existence of a self-similar weak solution to problem (7)-(8) for one equation, in the case
v(t) =0, n=1=0, p=2 was studied in [5] and conditions for the existence of c.s. solutions
were obtained. In the [4] was studied the principal terms of the asymptotic behavior of solutions
of self and self-approximation equations, the behavior of the front (free boundary), depending
on the setting, the condition of the global solvability of the Cauchy problem for one equation.

We will transform the system (7) to convenient for investigating form using replacement

1) = F(©yi (), )
4O = IOm, n=-n(c—¢rr), (9)

and F(€) = A (c - 5?31) L D(E) = Ay (c . bgrfl> >0, 4;,>0,i=1,2
+ +
Here we have following theorem

Theorem Let m; = 3, b; + ¢; = 1 @ = 1,2. Then the finite solution of the system (7) at

p—1
&E—c > have asymptotes

FOy(1 + o(1)), (10)
$(€) = P(E)ya (1 +o(1)),
where 0 < 3 < +o00 (i = 1,2),

1

2 ba +(ma4p—3) | F1G2=DFaz
—(p— k1(1—b2)— 2+p—3)

y? = |a, N agsT M9y (r—1)g1 411( 2)—q2 42 (q1 ) :

_a, A, b (f3-1)+0m RaGr=TFar (11)

1 201~ q1
ko(1—b +(m1+p-3)

Yy = [(12 2502192~ (P 1)92A 2(1=b1)—aq1 7
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where g; = 1+qzq2b3 ( ki = *bz+(7;LZ+P 2), T p—1
Proof. In order to prove Theorem we use transformation (9). Transformations (9) reduces
self-similar system (7) to the following form
d p \ 7 (P+1) 1 P
CTnLl(yl»?/Z) + (m) Ll(ylay2) + A 1 (
_ -
+A " (,%) e My1 —y1) + a Ay (2
—(p+1)+b Pem b
+G1A1 P+ 1Aq1 (ﬁ) (cieiﬂ)yllygl - 07 (12)
+1 P _
+(52) 7 Lalwnwm) + 40001 (G2) e — v+
p \7? —n( A p P e
—1 e y2 — yy) + a2 1 Ta—e 2t
(p+1)+b P em b —
A 2AQQ (p 1) ((;Ee_n)yQQyi]2 — 07

o) e -yt
A
1) et

(e 7)

'ﬁ'ﬁ

d%la(yh Yy2)
+A,7 2 o1

where Ly (y1,52) = v (Jya — 1 1)P"2(s1 — wh),

Loy, y2) = v5  (ly2 — v4)P 2 (y2 — vh),

Such transformation (9) allows us to reduce studying of the asymptotes of solutions to system
(7) as 7 — oo to studying those solutions of system (12), which in some neighborhood of +oco
satisfy the inequalities

dy,
- S A0 wiln) >0, =12

The system (12) when 1 — oo have following system of algebraic equations

1 b1—(p+1 Po_p-ly
SyzloJr —ay A1 (p )Aql (ﬁ) cp yllyglzo’

+1 ba—(p+1 P el oy
= 1395 — Ay ( )Aq2 (ﬁ) ¢ r 922y(112 =0,

We have solved the system of algebraic equations and obtain
bo—qq b 3) | kF1(b2—=1)+a2
Y = [01 " agsqlcvgw—(p—l)glAfl(lbe)*q2A2 (ql )+(m2+p )]

—(p— ko (1=b
Y= lay, @ 1526924~ 1)92A22( )= T A,

[ gy ) b1 (1) -4 3)] Rl Ty

On the basis of qualitative research tasks developed a set of programs for reaction-diffusion
systems with double nonlinearity and numerical calculations and visualization of the reaction-
diffusion system describing (1). For the numerical solution of the problem have been applied by
the racing method, the method of alternating directions in the multidimensional case. Iterative
processes are based on Picard’s method, Newton and special method. Many experiments were
carried out in different values of the parameters of the system. The results of computational
experiments show that all of these iterative methods are effective for solving nonlinear problems
and give non-linear effects, if selected as the initial approximation approximate self-similar
solutions of the equation, constructed above method of nonlinear splitting method and standard
equations [1,2,3]. As expected, the application of Newton’s method was with the smallest number
of iterations than the methods of Picard and a special method, the correct choice of the initial
approximation.

The results of numerical experiments are presented in visual form and with animation. In the
multidimensional case for the approximation of the problem, the method of alternating directions.
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Were held set of numerical experiments based on the asymptotic behavior of solutions obtained
above.
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Abstract. We consider the method of regularization of two dimensional (2D) inverse coefficient
problems based on the projection method and the approach of I.M. Gelfand, B.M. Levitan, M.G.
Krein and V.A. Marchenko. We propose a method of reconstruction of the potential, density and
velocity in 2D inverse coefficient problems. The 2D analogies of the I.M. Gelfand, B.M. Levitan and
M.G. Krein method are established. The 2D analog of the V.A. Marchenko equation is considered
for the Kadomtsev-Petviashvili equation. This approach can be easily applied to corresponding
multidimensional inverse problems. The results of numerical calculations are presented.

Keywords: Gelfand-Levitan equation, Krein equation, Marchenko equation, inverse coefficient
problem, inverse scattering problem

We consider the method of regularization of 2D inverse coefficient problems based on the
projection method and the approach of I. M. Gelfand, B. M. Levitan, M.G. Krein and V.A.
Marchenko.

In 1951 I. M. Gelfand and B.M. Levitan [8| established a method of reconstructing the
Sturm-Liouville operator from a spectral function and gave the sufficient conditions for a given
monotonic function to be a spectrum function of the operator. In 1951 and 1954 M. G. Krein
[11,12] considered the physical statement of the inverse boundary value problem and proved
solvability. In 1950 and 1952 V.A. Marchenko [13,14] applied the transformation operators for
investigation of the inverse problems and proved that spectral function of the Sturm-Liouville
operator defines the operator uniquely.

In 1967 C.S. Gardner, J. M. Greene, M. D. Kruskal and R. M. Miura |7] developed the Inverse
Scattering Transform method. The idea is to solve an initial-value problem for the The Korteweg—
de Vries (KdV) equation within a class of initial conditions. Later generalised to many other
completely integrable equations such as the nonlinear Schréodinger equation, the Sine-Gordon
equation etc. The availability of the travelling wave (and, in particular, solitary wave) solutions
for the KdV equation does not constitute its integrability. The practical implication of complete
integrability is the ability to integrate the KdV equation for a reasonably broad class of initial or
boundary conditions. The Kadomtsev-Petviashvili (KP) equation is the 2D analog of the KdV
equation.

One of the advantages of our approach (for 1D inverse coefficient problems see also [27,6,26])
is that it allows one to avoid multiple solution of 2D direct problem (see also the boundary
control method proposed by M.I. Belishev |2,3] and the globally convergent method proposed by

* This work was supported by the Russian Foundation for Basic Research (project No. 15-01-09230), the Ministry
of Education and Science of the Russian Federation and the Ministry of Education and Science of the Republic
of Kazakhstan, grant 1760/GF, project NTP 04.03.02 "Creating methodological basis of geological-geophysical
studies of focal zones UNE in igneous rocks".
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M. V. Klibanov [4,5]). In [16] we proved that boundary control method and the method by M.G.

Krein are equivalent in 1D case.

1 2D analogy of Gelfand-Levitan equation
Let us consider the sequence of direct problems (k = 0,4+1,+2,...)
ugf) = ug;) + ug;) — q(:v,y)u(k), z€R, yeR, t>0;
uPlco =0, o = b(a)e™,

& ly=r = ut® ly=—r-

Inverse problem 1: find function ¢(z,y) using additional information
k)|a2:0 = f(k) (y7 t)7 u‘(zk)|x:0 = 07 k= 07 ZIIl, :I:27 s

The uniqueness of the inverse problem 1 can be proved using the technique in [28,29]
Let us consider the sequence of the auxilary problems (m = 0,41, £2,...) [18,21]

wt(tm) = w;(v’?) + wZ(JZL) — q(a:,y)w(m), x>0, yeR, teR;
w™ g = ™6(),  w™|,—o = 0.

It was proved in [18,21] that the solution to the problem (1), (2) has the form

x4+t x—t

xm2+/ ’ q(€,y)d€+/0 C g6 y)de| +

0

/ /:H T )+ a(a,y) ™€y, 7)dédr.

t+7

) ,9,1) = 7e™0(x — |

Therefore . N
w(m) (ZL‘,y,l’ - 0) = Zeimy |}Em2 + / Q(é.v y)d£:| .
0

The inverse problem 1 can be reduced to the system of integral equations (k = 0,£1,£2,...) o

the first
/}:f“ 8™ @y, 5)ds = —3 {0y - ) + Oy, 0+2)]

or the second kind

(@,y,t) /Zf ™ (x,y,5)ds =

= [Pwt-n+ Pwiro)

()

Here |t| < x, y € R. The system of equations (4) and (5) are 2D analogy of the Gelfand-Levitan

equation.
Note that according to (3) ¢(x,y) can be calculated as follows

d
—4— 50 —0).
q(z,y) e (z,y,2 —0)
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2 2D analogy of M.G. Krein equation
Let us consider the sequence of direct problems (k =0, +1,£2,...):

ugf) =) —l—ué’;) —Vinp(z,y) Vu®, >0, yeR, t>0;

uMo=0,  uP(+0,y,1) = ¥ (1)

ul®) ly=r = ut®) ly=—-

Inverse problem 2: find function p(z,y) using additional information
uB(+0,y,0) = fP(y,1),  k=0,£1,£2,...

The inverse problem 2 can be reduced to the 2D analogy of M.G. Krein equation [18,21]
k=0,41,42,. .

T ™ ey
20F (2,t) + > / FO (¢ — 51 (g, s)ds = — / pfo y)dy, It| < . (6)
The inverse problem solution p(z,y) can be calculated by the formula
o) =~ | S 50,0 0)e ] (7)
’ p(0,y) L~ ’ '

For finding inverse problem solution p(z,y) in point xg > 0 we have to solve the system (6)
with = xo and calculate p(zg,y) by formula (7). For numerical calculations (see figures 1-4)
we use N—approximation [17,22] of M.G. Krein equation [21] e.g. we cut the system (6) putting
@k (z,t) =0 for all N < |k| [23].

Discrete analogies of the Gelfand—Levitan equation were considered in [9,25,19,20].

3 2D analogy of M.G. Marchenko equation

The Kadomtsev-Petviashvili equation (the KP equation) is a nonlinear partial differential
equation in two spatial and one temporal coordinate which describes the evolution of nonlinear,
long waves of small amplitude with slow dependence on the transverse coordinate. There are two
distinct versions of the KP equation, which can be written in normalized form as follows:

(ug + 6uty + Ugpy ) s + 302uyy =0. (8)

Here u = u(z,y, t) is a scalar function, = and y are respectively the longitudinal and transverse
spatial coordinates, and 02 = +1.

The case 0 = 1 is known as the KPII equation, and models, for instance, water waves
with small surface tension. The case ¢ = i is known as the KPI equation, and may be used to
model waves in thin films with high surface tension. The equation is often written with different
coefficients in front of the various terms, but the particular values are inessential, since they can
be modified by appropriately rescaling the dependent and independent variables.

The KP equation is a universal integrable system in two spatial dimensions in the same way
that the Korteweg-de Vries (the KdV) equation can be regarded as a universal integrable system
in one spatial dimension, since many other integrable systems can be obtained as reductions. As
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such, the KP equation has been extensively studied in the mathematical community in the last
forty years. The KP equation is also one of the most universal models in nonlinear wave theory,
which arises as a reduction of system with quadratic nonlinearity which admit weakly dispersive
waves, in a paraxial wave approximation. The equation naturally emerges as a distinguished limit
in the asymptotic description of such systems in which only the leading order terms are retained
and an asymptotic balance between weak dispersion, quadratic nonlinearity and diffraction is
assumed. The different role played by the two spatial variables accounts for the asymmetric way
in which they appear in the equation.

The KP equation originates from a 1970 paper by B.B. Kadomtsev and V.I. Petviashvili
[24]. They derived the equation as a model to study the evolution of long ion-acoustic waves
of small amplitude propagating in plasmas under the effect of long transverse perturbations. In
the absence of transverse dynamics, this problem is described by the KdV equation. The KP
equation was soon widely accepted as a natural extension of the classical KdV equation to two
spatial dimensions, and was later derived as a model for surface and internal water waves [1],
and in nonlinear optics [15], as well as in other physical settings.

As shown in [10], the KP equation

ur + 6UUy + Uppy + 302wy =0, (9)
Wy = Uy, (10)

on the half-plane x € R, y > 0 with the boundary condition
Uz + owly—o =0, (11)

is compatible with such characteristic signs of integrability as higher symmetries and the
Backlund transformation.
The problem can be reduced to the following Gelfand-Levitan—Marchenko equation

K@%%®+F@%%ﬂ+/KWIwﬁF@%%WK:Q (12)

where the kernel F(z, z,y,t) solves the system of partial-differential equations
UFy_sz+Fzz =0,
Ft+4(F:c:r;a:+Fzzz) =0.

Therefore, the solution of nonlinear equation can be found by formula

0
—92° K .
u(x,y,t) 5 (x,2,y,1)

4 Reconstruction of the velocity c(z, y)
Inverse problem 3: find the velocity ¢(z,y) from the sequence of relations (k = 0,+1,4+2,...):

_ k
¢, y)ufy) = ull) +uff),

reR, yeR, t>0;
U(k)|t=0 =0, ng)h:o = ek o(x).

u®(0,y,t) = fB(y,1),  uP(+0,y,t) = 0.
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Let 7(x,y) be a solution of Cauchy problem for the eikonal equation
24l =c2(x ;
x y ay)a x>0, yekR; (13)
7-|£L':0 = 07 Tw|x=0 = C_l(oa y)v Yy e R. (14)
Let us introduce new variables z = 7(x,y), y = y and new functions
v (2, 8) =uP (@, y,1),  bz,y) = c(z,y). (15)

Since the velocity is supposed to be strictly positive this change of variables is not degenerate
at least in some interval x € (0, h).
Let us consider the sequence of the auxiliary problems (m = 0,+1,+2,...) [18,7]:

wt(zn) = wg’?) + waz(/T;) + qwén;) +pwgm), z>0, yeR, teR; (16)
w™(0,y,t) =™ 6(t),  wi™(0,y,t) =0. (17)

Here
Q(Z, y) = 2b2Ty7 p(zv y) = b2(za y)(Txx + TZZ)' (18)

We suppose that ¢(0,y) = b(0,y) is known and for simplicity b(0,y) = 1 for y € R.
In the neighborhood of the plane ¢ = z the solution of the direct problem (16), (17) has the
form [18,7]:

w™ (z,y,t) = ST (t,9)8(z — t) + QU (t,9)0(z — t) + &™) (2, y,1). (19)

Here w(™ is continuous function and functions S and QU™ solve the following problems:

25 4 qS(™ 4 pSt™ =0, t>0, yeR; (20)
)L imy

S |t:0 = ie . (21)

20" = 53" — [qQim + 82500 +pQM|, >0, yeR; (22)

QU|4—g = 0. (23)

The 2D analogy of M.G. Krein equation follows from (19) (m = 0,£1,£2,...):
DS (¢ 2) + i) + 3 [ A= i s =0, <z (21

So for solving the inverse problem 3 we can solve the system (20)—(24), using the projection
method and then find ¢(z,y) from the following iterative algorithm.

First, we introduce N-approximation of the system (20)(24), e.g. let @), §(™) and Q(™) be
equal to 0 for all |m| > N. Let us suppose that ¢, (x,y) is known. Then we calculate 7,(x, y) from
(13), (14), by (z,y) from (15) and ¢, (z,y) and p,(z,y) from (18). Function sim) (t,y) is calculated
from (20), (21). Then solving the 2D analogy of M.G. Krein equation (24) we find u}%m)(z,y,t)
for [m| < N. It follows from (19) that Q,(@m) (t,y) = ™ (t+0,y,t). Then from equations (20) and
(22) we find function b,11(z,y) and after that new value ¢,4+1(z,y) = bny1(2,y) is calculated.
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In numerical experiments (see figures 1-4) 2D inverse problem 2 is approximated by the finite
system of one dimensional inverse acoustic problems [21,22,23|. The inverse problem 2 is solved
in the domain z € (0,1), y € (—m,7) and t € (0,2). The number N is equal to 5 for figure 2 and
the number N is equal to 10 for figures 3 and 4. The noisy data is taken as

fg(t) = f(t) + 50£(t)(fmax - fmin)-

Here ¢ is the level of noise, a(t) is white noise for fixed ¢, fmax and fuin are maximum and
minimum values of exact data. The dimension of the space grid is equal to 100 x 100.

N

A {
N\

Fig. 1. The exact solution of the inverse Fig. 2. The approximate solution of the
problem 2. inverse problem 2, N =5, ¢ = 0.

11111

N\
N

Fig. 3. The approximate solution of the Fig. 4. The approximate solution of the
inverse problem 2, N = 10, ¢ = 0. inverse problem 2, N = 10, ¢ = 0.05.
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Mathematical Modelling of Radiating Processes in the Solids
Irradiated by Heavy lons

Sh.E. Jeleunova®, T.A.Shmygaleva, A.I.Kupchishin, E.V.Shmygalev, A.A.Kupchishin,
L.Sh.Cherikbayeva, [.D.Masyrova, and B.B.Alirakymov

Al-Farabi Kazakh National University,
Al-Farabi 71, 050040 Almaty, Kazakhstan
{Shmyg1953}@mail.ru

Abstract. In this work the modelling of the processes of radiation defect formation in solids
irradiated by heavy ions within the cascade-probabilistic method (CPM), which is analytic. All the
mathematical models describing these processes are received both from physical reasons, and from
Kolmogorov-Chapman equations. Essence of CPM consists in reception and further use cascade-
probabilistic functions (CPF), CPF makes sense of the fact that the particle generated on depth h’
will reach depth h after N number of impacts.Mathematical models are received in such a way that
in them are considered energy losses to ionization and excitation of the electron envelopes of the
atoms of medium with interaction of heavy ions with solid.

Keywords: modeling,defect formation, cascade-probabilistic, ion, target, recurrence relation,
approximation, concentration, vacancies cluster, spectrum of primarily knocked-on atoms.

Introduction

Charged particle along the path of its motion continuously loses its energy for the ionization and
excitation (the energy losses of dE/dz for each type of particles depending on energy they are
known and described by analytical expressions, in particular, by Bethe-Bloch formula).Collisions
with the atoms, the nuclei occur discretely. After collisions, primary particles preserve direction
of their motion.During the motion of the charged ions through the substance their run depends
on the energy through the section interaction of \(E)=1/0(E)*n, where n - number of atoms
in the cubic centimeter of medium.The mathematical model of cascade-probabilistic functions
taking into account energy losses for the ions with the use of recurrence relations in accordance
with this physical modelis developed.

Further the analysis of CPF calculations is carried out in the dependence on the number of
interactions and depth of penetration of particles and the new regularities are obtained, appearing
with interaction of heavy ions with solids. The features of these functions are analyzed.It is shown
that, in spite of apparent simplicity, their calculation on PC it is often difficult, it is necessary to
have recourse to different mathematical devices, to use special methods, to select the real region
of finding the result.The detailed analysis of behavior of these functions depending on energy
of flying particles, atom number of a target, depth of generation and registration, number of
interactions is carried out also.

The successfully selected approximated formulas for a number of the parameters contributed
to obtaining of CPF in the analytical form, which made it possible considerably to more deeply
understand general regularities of the processes. The received CP - functions were used for
calculating of PKA spectra and concentration of vacancies clusters, formed during irradiation
solids by heavy ions (1-1000 keV).New regularities are revealed during calculations, for the
concentration of vacancies clusters it is also necessary to match the real region of finding the
result.As show calculations, these results sufficiently well will agree with existing experimental
data.Work was carried out in the context of CPF [1-6].
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Passage of ions through substance is a complex task as at creation physical and mathematical
models. The set of types of flying particles and targets of Periodic system of Mendeleyev
represents huge quantity of elements. Thus it is possible to consider various situations when
the mass number of flying particles less than atomic number of a target, is commensurable with
atomic number of a target and a case when the atomic weight of a flying particle is more or
much more than atomic number of a target. Elements are classified by us on easy and heavy on
the density of element.

Recurrence relations from which in cascade-probabilistic functions are deduced, turn out from
Kolmogorov-Chapman equation for Markov process, which has a following form [7]:

pin(Ta t) = Zin(Tv 3)pun(37t) ) (1)

where 7 < 5 < t.
From (1) it is received

Yin(h hoo0) =Y Wi (W B, ag)tbun (B b, ag) - (2)

As process of interaction of ions with the solid is continuous on time and consequently, and
on depth of penetration, the sum sign in expression (2) is replaced with integral. The following
recurrence relation turns out:

h
(B h, Ey) = /h/ Yn_1(W B, Eo)o(h", h, Eg) * o(h)dh" . (3)

As the integral isn’t taken analytically as section Rezerford entering into sub-integral
expression, has a complex form, the values calculated under formula Rezerford, are approximated

by following expression [3]:
1
o(h) = oo <a(E0 i 1> , (4)

then the recurrence relation will look as follows:

h
wn(h/7 ha EO) = y wn—l(h/7 hfllv E0)¢0(h//7 h7 EO) *

Y (L PV 5
"o \a(Bo —kn") ~ ’ ®)

where 09, a, Ep, k- coefficient of approximation,A\g = 1/0y.

From the given recurrence relation, we receive cascade-probabilistic functions in view of
losses of energy as during interaction process of ions with the solid, there are losses of energy
on ionization and excitation, which are necessary for considering turn out. The approximation
expression includes energy that is constantly decreasing due to losses, run on the interaction also
changes.Approximation is selected in such a way that the integral would be taken analytically,
and so that the theoretical correlation ratio would be as close as possible to 1.Calculations were
made in an interval of energy 100-1000 keV. Results of approximation are resulted in tables (1,
2) and in pictures 1, 2.

From charts and tables it is visible, that picked up approximation curves are described very
well by rated data.
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Table 1. Approximation parameters for gold in silicon

Eo oo x 100 Ja E} k n
1000 3,3583 0,61385 [0,91438 [828.,6 0,998
800 4,6131 0,86956  |0,66608 |735,34 0,994
500 6,0731 1,2172 0,41475  [697,21 0,997
200 12,332 2,1647 0,18863  [640,02 0,9996
100 16,961 2,8437 0,11084 [626,72 0,9996

Table 2. Approximation parameters for gold in gold

Ey oo * 10T Ta Ej k n
1000 0,68122 0,71987 0,7813 24891 0,998
800 0,86517 0,99611 0,5655 21979 0,998
500 1,1304 2,4237 0,20356 11947 0,993
200 2,8258 3,5351 0,12891 14986 0,998
100 3,6475 1,2123 0,27707 53051 0,99992
Z 800 -
3
® 7004
5
© 600
500 -
400 - 4
i 5
300 -
200 -
100
04
— T T T T T T T T T T T T T T T T
0 2 4 6 8 0 12 14 1

6 18
h*10™,cm

Fig.1. Approximation of section of cascade-probabilistic function for silver in silicon at Ey =
100(1),200(2),500(3),800(4), 1000(5) keV. Points - the calculated data dependences of section on depth, a
continuous line - approximation.
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Fig.2. Approximation of the modified section of cascade-probabilistic function for gold in silicon Ey =
100(1),200(2),500(3),800(4), 1000(5) keV. Points - the calculated data dependences of section on depth, a
continuous line - approximation.

From the recurrence relation (5)in cascade-probabilistic functions in view of losses of energy
for ions in a following type are received [3]:

Yn(h', b, Eo) =
Eoy — kb !
y In | 22—
1 [(Eo—kN h—H Bo—kh) ., .
g\ Eo—kn) “PNTx )T ak —(h=h)) - (©)

However, to use this formula for calculations it is impossible, as at large values of number of
impacts, or at small value 0 there is an overflow. The number of impacts for ions can reach some
millions. Some algorithms are developed for calculation CPF.

In the given work to calculate the cascade-probabilistic functions depending on the number
of interactions and the depth of penetration the following formula is used:

N (Eo — k1)
n M—(h—h’)
/ _ ak
Yn(W b, Eo) =[] o %

=1

h—h L (EBo—kH -
* _
crp Ao Mok T\ Eo—kh )|’

where n - number of interactions, h’/,h - depths of generation and registration of the ion,
Ao, a, By, k - parameters of approximation. At a finding approximation parameters entering in
(7), the following was used:
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1. The section of atom-atom interactions was calculated by Rutherford’s formula.

2. The depths of observations were located with the aid of the tables of the parameters of the
spatial distribution of ion-implanted admixtures [8].

3. The calculated values of section were approximated by expression (4).

The results of CPF calculations depending on the number of interactions and depth of
penetration of particles are presented in tables 3 - 6 and in figures 3, 4. The regularities arising
at calculation CPF, spectra of the primarily knocked-on atoms and concentration of radiating
defects are considered. In this case the influence of the depth of penetration, atomic number of
a flying particle and target, initial energy of primary particle is considered. At CPF calculation
in view of losses of energy for ions and concentration of radiating defects it is necessary to find
actual area of a finding of result which behaves differently depending on various factors. For
example, the area of CPF result calculated depending on number of interactions is narrowed
and displaced to the left, from depth of penetration is narrowed and displaced to the right.It is
especially necessary to note the case, when the density of the flying particle is great, and target it
is small, then the selection of the boundaries of the region of result considerably is complicated.
So at the end of the run of particle region strongly becomes narrow, sometimes to one hundredths
of a percent, and curve can pass into the straight line. Therefore it is necessary to find area of
result for flying heavy ions in easy and heavy elements and to reveal regularities of behavior of
this area depending on initial energy of a primary particle, depth of penetration, atom number
of the target.

4 8 12 16 20 24 50,2 50.3 50.4 50,5 50,6 50,7 [=*1 05
o T T T T T T 7A T T T T 1

-1
S
g
-4 b -,
oy
L6 =
o
-8

9 ]

-10 - 1

Ig¥
G g

Fig. 3. Dependence of CPF on the number of interactions for gold in silicon with h = 1,2, 3,4, 5(x10—4); E = 500
keV (1-5).

Let’s note some regularities of behavior of area of result at variation of number of interactions
of particles:

1. With reduction of initial energy (a flying particle and a target the same) at the same depth
the area of result is narrowed and displaced to the left.

2. Depending on depth of penetration behavior of area similar.

3. With an increase of atom number of the target depths of penetration decrease and reach
108 — 107cm., for example for gold in gold.

4. The narrowest area of result turns out at the big nuclear weight of a flying particle and small
targets on the end of run and reaches the 100-th fractions of percent. In this case the count
time strongly grows. For example, for gold in silicon with Ey = 1000 MeV and h = 0.001 cm.
the region of result becomes narrow to 0.017%.
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Fig. 4. Dependence of 1,,(h’, h, Eg) on h for gold in silicon with Fo=1000 keV for n = =161053; 728805; 1895427;
4551380; 13087291; (1-5).

Table 3. Dependence of the percentage of the shift of the left and right boundaries of the region of result on the
number of interactions for gold in silicon: a)FEo=1000 keV; b)Ey = 500 keV; ¢)Ey = 100 keV

hx10%,cm  [B1,% B2, % N, Bs,%

1 10.9 -8 300 2.9
a) 3 25.98 -24.78 650 1,2

5 39.5 -38.85 900 0,65

7 53.03 -52.66 1250 0,37

9 68.99 -68.81 1700 0,18

h x 104,Cm Bl,% BQ,% Nn B3,%

1 16,18 -14.,6 500 1,58
b) 2 29,15 -28,25 750 0,9

3 41,63 -41,1 1000 0,53

4 54,82 -54,52 1300 0,3

5 70,94 -70,795 1700 0,145

h * 104,cm B1,% B2, % Np B3,%

1 5,35 -2,75 350 2,6

3 12,82 -11,5 650 1,32
°) 5 20,69 -19,85 800 0,84

7 28,81 -28,2 1000 0,61

9 37,33 -36,9 1200 0,43
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Table 4. Dependence the percentage the displacement the left and right boundaries of the region of result from
the number of interactions for gold in gold: a) Ey = 1000 keV; b) Ey = 500 keV; ¢) Eg = 100 keV

h * 106,(3111 Bl,% BQ,% Nn Bg,%
10 31,11 27 180 411
15 42,25 39,8 250 2,45
2) I3 53,82 52,3 320 1,52
25 67,36 266,55 420 0,81
30 87,84 -87.,65 650 0,19
h x 106,Cm Bl,% Bg,% Nn B3,%
10 48,3 46,5 340 1,8
b) [12 57,76 56,62 380 1,14
14 68,95 68,24 500 0,71
16 84,5 84,24 610 0,26
h*10",cm  [B1,% B2, % Ny, B3, %
10 16,4 11,7 180 4,7
15 22.6 19,3 250 3,3
¢) [20 29,2 26,7 280 2.5
25 36,1 34,2 330 1,9
30 43,55 421 400 1,45
35 51,6 50,5 480 1,1

Table 5. Dependence the percentage of the shift of the left and right boundaries of the region of result from the
depth of penetration for gold in silicon: a) Fo=1000 keV; b)Ey = 500 keV; ¢)Ey = 100 keV

h*10%,cm h/Acm C1,% C2,% Np, Cs,%
1 161053 -8,035 11 530 2,965
a) 3 728805 -22,965 24,15 1500 1,185
15 1895427 -31,53 32,1 3300 0,57
7 4551380 -32,804 33,01 10000 0,206
9 13087291 -21,27 21,287 100000 0,017
h * 1047cm h/)\,cm C1,% Cz,% Np, 03,%
1 419385 -14,16 15,85 1000 1,69
b) 2 1204988 -25,5 26,35 2100 0,85
3 2729393 -32,0515 32,48 4500 0,4285
4 6129971 -31,495 31,64 13500 0,145
5 17339549 -18,4049 18,4125 230000 0,0076
h * 104,cm h/)\,cm 01,% CQ,% Ny, Cg,%
1 200374 -2,82 5,6 550 2,78
0) 3 717637 -11,36 12,75 1200 1,39
5 1451482 -18,865 19,765 1950 0,9
7 2523517 -25,265 25,860 3100 0,595
9 4167361 -29,8925 30,26 5200 0,3675

Table 6. Dependence of the percentage of the shift of the left and right boundaries of the region of result on the
depth of penetration for gold in gold at Ey = 100 keV

h * 1067Cm h//\,cm Cl,% 02,% Nh 03,%
1,0 57721 11,45 16,5 330 5,05
1,5 102546 -18,29 21,67 500 3,38
2,0 164619 -24,08 26,5 750 2,42
2,5 253442 -28,5708 30,1 1200 1,5292
3,0 387068 -31,13 32,17 1750 1,04
3,5 604507 -30,722 31,25 3700 0,528
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The regularities of behavior of area of result depending on depth of penetration are revealed:

1. Depending on number of interactions the area is displaced to the right and narrowed, the
left and right borders of area decrease, on the end of run sharply increase. At small values of
initial energy slightly increase or decrease.

2. Depending on initial energy of a particle the area also is displaced to the right and narrowed.

3. With an increase of number of interactions the step for calculation strongly increases.

The irradiation of metals by heavy ions, to which correspond the higher densities,the defects
are formed:vacancies type dislocation loops. In this case[9] it is assumed that the interstitial
atoms migrate from the formed defective zone and the zones of vacancies remained in the atom
athermaly and thermally are reconstructed and collapse into the vacancies loop. Let us note that
collapsing defective zone into the amorphous in the semiconductors and vacancies loop in the
metals reflects different effectiveness of the migration of point defects, and influence of the type of
interatomic bonds. Thus, existing works and existing methods of calculation of concentration of
the defects arising at an irradiation of metals by fast ions, or essentially overestimate experimental
data on concentration and do not explain their observable sizes, or in the offered models there
are free parameters which are not defined from any physical reasons.

Let’s consider process of formation of defects and vacancies clusters within the limits of CP -
models for this purpose: first, we shall calculate power spectrum of primarily knocked-on atoms
W (Ey, E2, h) on various depths. Secondly, knowing the W (FEy, Es, h), we shall find concentration
of cascade areas. For calculation of vacancies clusters concentration it is necessary to integrate
spectrum PBA W(Ey, Ea, h) on Es from E. up to Fopqs [10,11]:

E2maz
Cr(Eo, h) = / W(Eo, E2, h)dE,, (8)
E.
AmycEmac?
EQmaa: - El- (9)

(m1c® + mac?)®
Spectrum of PBA W (Ey, Es, h) is determined by formula [10]:

ni h !/ !/ /
h—h W(El,EQ,h)dh
W (Fo, 2o = 3 / Yal)ezp (‘ o ) NGRS

=0, _xo

(10)

where n; - the maximal number of elastic impacts, i, (h') - cascade-probabilistic function in view
of losses of energy for ions after n-th of interactions on depth of generation h'. For finding Ao
we calculate oo from Rutherford’s formula. In the elementary action at the depth of h’ the PBA
spectrumisdefined as the ratio of differential Rutherford section to the integral, i.e. [12]:

_ dO’(El, EQ)/dEQ

w(Fy, E) () (11)
dO‘(El,EQ,h) 1
B - 4raiE? 2322 E1E31024. (12)

Finally, we receive the formula for calculation vacancies clusters [13]:

h
Ed (EZma:c - Ec) L h — h, dh,
Cir(Eo, h) = (B — . 13
k( 0 ) Ec (EQmaac — Ed) _ZO / ¢ ( )exp AQ Al(h/)AQ ( )
=10k kg
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Fig. 5. Dependence of concentration of radiating defects on depth at an irradiation of silicon with ions of silver
at Fo = 1000 keV, E. = 50 keV (1), 100 keV (2), 200 keV (3).

Table 7. Range borders of concentration definition of radiating defects for silver in silicon at E. = 50 keV,
Eo = 1000 keV

h * 104,cm Ck,cm FEy, keV no ni T

0,1 88082,9 1000 174 417 4"
1,81 99324,6 900 60299 63742 15’
3,60 113195,6 800 130090 135256 46’
5,37 130454,8 700 210534 217106 1°33'09”
7,11 152649,5 600 304159 311851 2°37
8,84 181910,5 500 416958 426047 4°11’
10,52 220917,3 400 553995 564515 6°25'58"
11,35 246186,7 350 636131 647055 7°39’
12,17 275726,9 300 730486 742372 9°33'
12,50 288048,2 280 773157 785169 10°13’
12,82 301953,9 260 817668 830230 11°16’
13,14 327040,8 240 865743 878584 12°13’
13,47 345536,9 220 919681 932919 13°55’
13,79 343932,4 200 976991 991171 14°20’
14,11 354807,8 180 1040229 1054285 15°31
14,43 360602,6 160 1110714 1125270 16°28’
14,74 355618,9 140 1187615 1202706 20°35’
15,07 330194,8 120 1281471 1297282 1,5d
15,39 254778,6 100 1388250 1404749 1,7d
15,72 61259,9 80 1521343 1538931 1,8d
15,89 0 70 1602632 1620512 2d
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h * 104,cm Ck,cm Ey, keV no ni T

0,1 40402,9 1000 174 417 4"
1,81 45061,29 900 60299 63742 15’
3,60 50629,54 800 130090 135256 46’
5,37 57246,47 700 210534 217106 1°33’
7,11 65202,7 600 304159 311851 2°36
8,84 74573 500 416958 426047 4°11’
10,52 84417,19 400 553995 564515 6°26'01"
11,35 88771,47 350 636131 647055 7°39’
12,17 90830,92 300 730486 742372 9°33/
12,50 90065,35 280 773157 785169 10°13’
12,82 88254,7 260 817668 830230 11°16
13,14 84265,7 240 865743 878584 12°13'
13,47 77424,67 220 919681 932919 13°55’
13,79 65868,23 200 976991 991171 14°20’
14,11 46839,1 180 1040229 1054285 16°43'
14,43 15891,79 160 1110714 1125270 18°56’
14,74 0 140 1187615 1202706 20°35’

h *10°,cm C,cm FEo, keV no n1 T

0,1 2185733,1 200 15644 18053 6
0,2 2058358,7 180 33412 36880 14/
0,3 180627 160 52883 57218 29’
0,5 1488195,1 140 97458 103303 1°29
0,7 723628 120 150932 158182 2°09’
0,9 -927446,4 100 215684 224336 3°26’

h * 105,cm Ck,cm Ey, keV no ni T
0,01 21580,5 1000 0 66 2"
0,6 22672,1 900 893 1507 10"
1,73 25345,3 800 2875 3908 1’
2,58 27323,0 700 4778 6085 1’
3,44 29141,5 600 7074 8647 2’
4,28 29802,4 500 9803 11642 3
5,11 26816,5 400 13189 15312 5
5,52 21741,9 350 15228 17505 rd
5,92 11135,3 300 17546 19988 7
6,08 4234,8 280 18590 21102 9’
6,24 -5052 260 19715 22301 9

79

Table 8. Range borders of concentration definition of radiating defects for silver in silicon at E. = 100 keV,
FEo = 1000 keV

Table 9. Range borders of concentration definition of radiating defects for gold in silver at E. = 100 keV and
Eo =200 keV

Table 10. Range borders of concentration definition of radiating defects for copper in gold at E. = 200 keV and
Ey = 1000 keV
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Table 11. Range borders of concentration definition of radiating defects for gold in silver at F. = 50 keV and Fo

= 200 keV

Table 12. Range borders of concentration definition of radiating defects for silver in silicon at E. = 50 keV and

Becruuk KasHY, Ne 3(86), 2015

h * 105,cm Ck,cm Eo, keV no ni T

0,1 7007867,7 200 15644 18053 rd
0,2 7302275,4 180 33412 36880 29’
0,3 7511692,1 160 52883 57218 46’
0,5 8284898,7 140 97458 103303 1°44'
0,7 8873991,1 120 150932 158182 3°
0,9 8996191,7 100 215684 224336 5°
1,1 77835887 80 295270 305387 5°18’
1,2 6039618,3 70 342258 352550 7°01’
1,3 2777112,7 60 395295 407000 10°06’
1,4 -3336586,8 50 455708 468109 9°52'

Ey = 800 keV
h * 104,cm Ck,cm Ey, keV no ni T
0,01 107583,76 800 235 509 571
1,77 125089,72 700 75156 79064 20'38
3,51 147554,77 600 164969 170681 1°04"19”
5,24 177397,84 500 274346 281695 3°37'08"
6,92 217597,40 400 408428 417628 4°15'09”
7,75 242577,72 350 489277 498983 5°18'36"
8,57 273425,12 300 582509 592957 6°19'44"
8,9 286192,69 280 624780 635764 7°39'10”
9,22 299747,34 260 668937 680305 8°21740”
9,54 313552,30 240 716695 728346 9°10'18"
9,87 329625,63 220 770351 782452 10°1210”
10,19 342313,26 200 827439 840156 11°31’
10,51 354543,58 180 890512 903800 12°56'10"
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Results of calculations are presented in figures 5 and in tables 7-12.

Behavior of concentration of vacancies clusters the following:

At = 50 keV in the profiles appears the maximum, which indicates of localization of cascade
regions at the small depth. With an increase of atom number of a target for the same flying
particles value of function in a point of a maximum slightly increases, values of depths decrease,
that is in heavier target vacancies congestions is formed more and in near-surface area. With an
increase of initial energy of a particle the area of damage are displaced in depth of a material.
At identical and for heavier particles on unit of a way of movement of the ion, it is formed more
areas.With energies of flying particle at Ey = 100 keV the maximum of function at a surface of
a target, and its value is not enough and quickly vanishes, very small damaged area which lays
within the limits of 10-100 nanometers consequently is formed. At carrying out of calculations
there are the difficulties consisting in finding of result area: initial and final value of number of
interactions ng,n;. For the heavy flying particles and the heavy targets the count time is great
and reaches several days.

The finding of result area of concentration of vacancies clusters at an ionic irradiation has
allowed revealing the following regularities:

1. Depending on depth of penetration initial and final values of number of interactions increase,
the interval of area of result (ng,n1) also increases and displaced to the right.

2. With reduction of initial energy of a primary particle the interval of result area is displaced to
the right, values of concentration of radiating defects increase, values of depths of penetration
decrease.

3. With an increase of atom number of a target the interval of result area significantly is displaced
to the right and increases.

4. At the big atom weight of the flying particle and small targets the count time very strongly
increases and reaches several hours and even days.

5. The values of concentration sharply grow with the large atomic weight of the flying particle

and target, and increases the count time, in other respects the behavior of the region of result

analogous.

At various values of threshold energy of border of result area remain former.

7. With an increase of threshold energy the values of concentration decrease, values of depths
of penetration decreases.

&

Conclusion

Thus, the process of interaction of heavy ions with solid in the work is considered.Easy and heavy
elements have been takenas the target.On the offered algorithms are carried out the calculations
of cascade-probabilistic functions, spectrums of primarily knocked-on atoms, concentration of
radiating defects.The results of calculations are presented in the form of graphs and tables.New
regularities of CPF behavior, PKA spectrums, and concentration of vacancies cluster are received.

Received data attest, that concentration of cascade areas is very sensitive function to
variations of initial energy of the flying particle, threshold energy on formation of the cascade,
to atom weight of the target, to approximation parameters.

Experts on the radiating physics of the solid, positron physics, astrophysics, applied
mathematics, can use the received models, algorithms and results of calculations.
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Abstract. In this paper, the development of a complex software for numerical simulation of
convective flow of viscous incompressible fluid in a doubly connected areas in a curvilinear coordinate
system is considered. For the discretization of the physical domain, the technology of construction of
curvilinear structure difference grids using the transfinite interpolation method, the equidistribution
method, and the method of Thompson are presented. In order to test the software, the calculations
for various configurations of the cavity and temperature conditions at the border are conducted.

Keywords: incompressible fluid, curvilinear coordinate system, convective flow, numerical
simulation.

1 Introduction

In recent years, it is often required to solve problems in complex areas with complex geometry.
For modeling in complex areas, in the first place it is required to discretize the physical domain,
that is, to conduct the step of modeling the physical geometry using a set of cells grids. It
should be noted that the use of nonuniform grids can cause the appearance of non-physical
sources of mass and momentum of impulse, as well as may be accompanied by the loss of
important properties inherent approximated differential equations. Equation models recorded
in curvilinear coordinates are more complicated than the original equations, in particular, they
contain variable coefficients, additional terms, non-zero right-hand sides, etc. Therefore, the
question of approximating equations on curvilinear grids is urgent and requires close attention.
In addition, the diverse requirements imposed on the difference grid make curvilinear grid a
complex mathematical problem. In this regard, the development of theoretical concepts and
methodological approaches to the use of new information technologies in the hydrodynamic
studies that takes into account the specific features of the subject area, development, adaptation
of tools and testing them in the process of modeling the natural and man-made objects that
are important for the national economy, are very relevant. In this paper, the development of a
complex of software for numerical simulation of convective flow of viscous incompressible fluid in
a doubly connected areas in a curvilinear coordinate system is considered. Discretization of the
physical domain is represented by the technology of creating curvilinear difference structure grids
using the methods of transfinite interpolation, equidistribution, and the method of Godunov-
Thompson [1-3]. For modeling the convective flow, an incompressible fluid equation is used in
the vorticity w, stream function 1 and temperature # under appropriate initial and boundary
conditions [3] in curvilinear coordinate systems.

2 Statement of the problem and the computational algorithm

General transformations of the viscous incompressible fluid equation
In the construction of finite-difference schemes, it is convenient to write the equations of
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fluid dynamics in a compact vector form. For example, the Navier-Stokes equations for an
incompressible fluid in a Cartesian coordinate system can be written as follows:

8£+8£+8£_8ED+GFU+7
ot  oxr Oy Oz oy

(1)

Here, the vectors U, E, F, E,, I, 7 are defined as follows:

U0, u, v, 8], Elu, u®> + 7, uwv, ub], Flv, uv, v*> 4+, v6)], (2)
ou Ov 06 Oou Ov 06
Ev = Hzx ' Y A ) o v = ' Y a9 o |
a [O Ox’ Ox O:J ,uy[ dy’ Oy ay] 3)

Boundary conditions:

u=0,v=0,0=60%t=0,

u(0,y,t) = u(X,y,t), v(0,y,t) = v(X,y,t), 0(0,y,t) =0(X,y,t); c=0,0<y <Y,
w(X,y,t) = u(0,y,1), v(X,y,t) =v(0,y,1), 0(X,y, 1) =0(0,y,t); =X, 0<y <Y,

u=0v=0-FZ+2L-00=p1);y=0,0<z<X,
w=0,0=0,0= (-2 + 52 —0);y=Y,0<2< X,
Let us consider the coordinate transformation of the general form, which represents the (z,y)

physical plane into the (£,7) computing plane and providing opportunity to solve problems in a
uniform grid

§=&(z,y),n =n(z,y) (4)
Applying the chain rule, we obtain the following expressions:
0 0 0 0 0 0
- =Sz as Ty A T SYAr a0 5

To find the metric coefficients &, 7., &y, 1y, we write expressions for the differentials

d§ = &edx + Eydy,  dn = ngdx + nydy. (6)

By comparing the corresponding elements of two matrices with the above equations, we obtain
the following metric coefficients

1 1 1 1

§x = jyna Ne = _jy& fy = _jxm Ty = _jxé' (7)

where J - Jacobian of the transformation.
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We apply the coordinate transformation to the general form of the Navier-Stokes equations
for an incompressible fluid written in vector form to obtain the following equation converted:

OF OF __ OFE, aFv
+ oz + oy — Oz + ?

Applying the chain rule, we obtain the following expressions:

ou E 8E oF 8 0E, OF, 0F, 7

a +&—— 5 +€ya€ _fz § +77x +€y o€ + Ny 677 + (8)

We multiply the transformed equation in the Jacobian, group the similar terms and from
the equation (8) we get:

TG+ JEGE + I G2 + J6 %6 + Iny G = JET2 + TG + JE, 5 +

+Jny6F” +J?

JU g [ﬁx +¢,% ] +J [nx% +ny%—§] =J [@Mv +£y8F”]

+J [nxaE” +ny8Fv] +J7,

TG+ G JGE + J&GF) + G (IneE + InyF) = Fe(J& By + & Fy) =

0JE; | 0Jus . aJ
2 (B + nyFu) = J ] — B [2e 4 2] _ p [0 4 2]

LB, [anz +aan} o [8J£y+8Jny] —0.

Considering the ratio of metric coefficients, last terms in the square brackets are zero because

E [8516" - %yﬂ = E((yn)e) — (ye)y) =0

F [_ % | 89%} = F((ze)y — (z)¢) = 0.

Common transformed equation will have the following canonical form:

T + 5 (JGE + J&F) + & (In.E + JnyF) = Z(J&E, + T F,)—
D (IneEy+ JnyFy) — T f

Using the metric coefficients, we obtain

U ux[ U 8U] U _ U oU

Substituting the metric coefficients in the general canonical form, we have

T + B0y —20) + (4B + cF) = Fe(unu — 0y +
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+ 2 (yeEu + aeFu) + T .

Substitute the values of E, and F), from (9) in the general canonical form:

9 9 ¥z 9 d
TS+ & (ynE — 2y F) + £(— 5E+$€F)—ag<"ﬂxag ynﬁgﬂx%>+
o (Tn U _ myme AU 8 [ wnye Ye  oU
eTg(Tn/‘ya*g— 7 My%) an<n Mwag J“man)

9 (zame, U T oU
on T My pe T My an

further group the similar terms

0 0
J9 + 5eUnE — 2 F) + 5 (—ye E + a¢F) =
_ 0 [yiuz+x%uyag _ YnYehotTnTepy ag} _
= P¢ T o€ T Ha gy
6

YnYelatInTepy QU g“y+y§”$ aU I 7
T Mz oF

As a result, we obtain the Nav1er—St0kes equations in curvilinear coordinates of the form:

%Q% + (%(ynE -z F) + %(—ygE +acF) =

= & [(Ta + Tnya2) 3| + & | (T2 + Ty —
) Ul o oU ?
"% [(Juxygyn + J pyery) 817] ~an |:(J,U:ch§y77 + J pyTeay) ag} + = (10)

The obtained Navier-Stokes equations for a viscous incompressible fluid in general curvilinear
coordinates are convenient for the numerical solution of the Navier-Stokes equations in domains
with complex geometry using the method of curvilinear grids.

The final form of the equations of fluid dynamics in divergent form is as follows:

0 0
a—g(ynu —(—=yeu + xev) = 0. (11)

Tyv) + an

9 d 9 9 9
Jot+ a*g(?/n“2 — Tpuv) + 377(—3/5“2 + zeuv) + gg (ynm) — 55 (Yem) =

a2 0 2 (02— 2 (2] 2 (2 i 12)
= o a1 57 o€ a2 o D€ a2 o an a2 D¢ 7
750+ G (gnuv — 2v®) + G (—yeuv + xgv®) — G (aym) + 5 (xem) =
o/ v\ o[ o\ o[ o\ o/ o\ [
= = (an= )+ = (an=— ) — = (@195 | — =— (@125 ) + = 1
9E ("“as> " on (“22877) o€ (“”c‘m) I (“”c%) T 19)

%% + g(ynuH zyvl) + (%(—ygu@ + zevt) =
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L0 (BN 0 (BN 0 oeN (b T
“ae \"Mae ) Tan \ "oy ) T ae \“2ay) T oy ag T
where a1y = J(yppe + Tppy), ase = J(Y2pa + ¢y), a1z = J(Yeyytia + TeTpily).

Expanding the brackets in the equation of continuity (11) and in the convection terms of
the equations (12) - (14) and applying the chain rule, the equations (11) - (14) can be written
as follows:

ou ov ou ov

ynafg—xnaz—yéafnJrﬂféafn:O (15)

5%+ (ygu — 9577“)%15 + (—yeu + wev) G +?/neTg - y&an

0 ou 6 ou 0 ou 0 ou
~ o <“”8§> (zm) T o (am) ~ (85) "

75+ (u — 20) 3+ (—yeu+ wev) G — 2y 5E + ae Gt =

2 (Y 2 (0 - 2 (0 ?) - 2 (020
85 115 877 22677 6§ 126?7 877 1285

%87 + (yyu — xnv)g—g + (—yeu + xgv)g—z =
0 20\ 0 0\ 0 90\ o 90\
= % (ag) o (c%) o (em) o <8§> A (18)

Such an approach of the transformation of equations will help to avoid computing second
derivatives of the metric coefficients and the emergence of non-linear terms. And besides strictly
divergent form of the equations is useful in the development of difference schemes.

For the numerical modeling of convective flows in curvelinear doubly connected domain, we
consider the formulation of the problem in curvilinear coordinate systems of the form

S
=
N

SN}
_
-

0 0
8—§(ynu — xyv) + 8—n(—y5u +xev) =0 (19)

1ou ‘i’é(yn(u2 + ) — zpuv) + @(—yglﬂ + zeuv) =
[(Juxyf, + Juyfv%)%%} + 5 [(Juxyg + Jung)aU]

B Ul o 7
= 875 [Ju;,;ygyn + Juyxgccnan} 817 [Juxygyn + Jpy ey, 85} N (20)
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In numerical constructing of curvilinear grids in doubly connected domains using the
equidistribution method and the method of Godunov-Thompson, as well as the numerical
implementation of incompressible fluid equations, an implicit scheme and the method of fractional
steps are used. In the direction of the external and internal borders, the cyclic sweep is used,
and in the direction of the normal the scalar sweep is used.

One of the most common traditional methods of constructing curvilinear grids from the
considered class of methods is the method of equidistribution, that is the class in which the
grid are obtained by mapping the computational domain to the physical domain. The idea of
the equidistribution method is to find a non-degenerate mapping carrying the fixed (uniform
rectangular) grid on the computational domain to the adaptive mesh refinement on the physical
domain which satisfies the principle of equidistribution:

wJ = const
where J is Jacobian of this transformation, w is the function of the grid density.

The value of the Jacobian is proportional to the measure of the grid cell. The term of measure
refers to the length of the cell in a one dimensional domain, area in two-dimensional domain,
and volume in the three-dimensional case. Therefore, the meaning of the ratio is that the larger
the value of the density function at the grid cell, the smaller measure of this cell. When using
the equidistribution method, it is required to find a direct mapping from the computational
domain to the physical domain by solving a complex non-linear equation with variable coefficients
in the computational domain of a simple shape, square. Now we have to look for the reverse
transformation by solving simple equations in the physical domain whose boundaries are generally
curvelinear. Curvilinear boundary complicates the numerical solution of the problem. Therefore,
the direct conversion is preferably provided that the inverse transform is the solution of equations.
This approach was proposed in the works of S.K. Godunov and J.F. Thompson and colleagues
[3], so the method of constructing curvilinear grids called the Godunov-Thompson method (GT-
method).

For the discretization of the physical domain, the technology of construction of difference
curvilinear structure grids using the method of transfinite interpolation is presented. Transfinite
interpolation is implemented in two stages. In the first stage, values of grid nodes from the
left and right borders are interpolated. In the second stage, grid nodes from lower and upper
boundaries of the domain are interpolated.

There are several algorithms for constructing curvilinear grids and results of the application
of these algorithms for the domains of simple form. Unfortunately, the quality of the obtained
mesh can be judged only visually. When using curvilinear grids in the calculation of mathematical
physics problems, there are some objective characteristics of grids:

— Orthogonality,
— Locally uniformly,
— Undrawn cells, etc.

With these features, one can evaluate the quality of the grid and its suitability for the
calculations. Quantitative information on the grid given by quality criteria may be useful for
preliminary assessment of grids allowing certainly reject unsuitable grids even before solving the
main problem. Thus, there is a need for automatic determination of the characteristics of the
grid. Some approaches for the analysis of the quality of grids are given in [1].

In order to select the most appropriate grids for the main problem, the quality of difference
grids are considered on the following evaluation criteria:
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— Convexity of the cells;

— Orthogonality of coordinate grid lines;

— Elongation of the cells;

— Adaptation of the grid to a predetermined control function, proposed in [1,4].

3 Simulation results

The calculations for various configurations of the cavity and temperature conditions at the
border are conducted. To obtain the graphs of numerical calculations, we use the graphical
editor Tecplot.

In this paper, the numerical algorithm is used for the doubly connected domain with
curvelinear boundaries.

Fig. 1. The changing of the vector

Fig. 2. The changing of the vector v at the iteration of 5x5000
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Fig. 3. Changes in temperature at the iteration of 50x20000

Fig. 4. Changes in temperature at the iteration of 5x5000
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4 Conclusion

Modern requirements to the reliability of the numerical results and the reliability of methodical
software requires careful testing and verification of the developed software. Testing of the
developed methods, algorithms and software complex for the problems is performed on the
development of a viscous incompressible fluid flow [5]. On the basis of the proposed methods,
methods for constructing curvilinear grids of this class for the doubly-connected domains are
developed. A complex of software for the automated construction of curvilinear grids is developed,
as well as the quality criteria of the grid is considered. Experimental studies of the proposed
methods are conducted. As a result of testing, it is revealed that the quality of the resulting grid
meets the generally accepted criteria.
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Abstract. We consider the generalized solutions of the non-homogeneous fluid in a magnetic field.
Proved a theorem for a generalized solution of an inhomogeneous liquid in a magnetic field .In
this article we examine the method of fictitious areas for the non-liner hyperbolic equations. The
estimation of rate of convercence decisions is recaived. In some cases the unimproved estimation of
convergence rate of the decision is received.

Keywords: permeability, fluid flow rate, conductivity, boundary value, unimproved estimation.

1 Introduction

The mathematical study of the correctness of boundary problems for incompressible viscous
fluid began with work Lere Zh. Various aspects of the theory of the Navier-Stokes equations
are detailed in the monograph of LadyzhenskayaA.O.Studying the correctness of the model is
dedicated to the work of an inhomogeneous fluid Ladyzhenskaya O.A. and Solonnikova V.A.
Then, this method was developed by Lions J.L., Temam R. and Smagulov S.S. Correctness of
magnetic gas dynamics for the one-dimensional case well studied in the work of Orunhanov M.K.
and Smagulov S.S.

2 Problem formulation

We consider the flow of a viscous incompressible fluid in an inhomogeneous magnetic field, motion
is described by the following non-linear system of equations [1]:

p(vi + (VV)v — p(HV) = vVo — V (p + M|H22> +pf, (1)
pe+ (vV)p =0, (2)

divo = 0, (3)

—pH; = rotE, (4)

rotH = o(E + plv, H]) + jo, (5)

divH = 0. (6)

where
v(z,t) — speed of fluid flow;
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H(z,t), E(x,t) — magnetic vectors and Voltage;
p(z,t) — pressure;
f(z,t) — external hydrodynamic forces;
jo(x,t) — given current;
1 — magnetic permeability;
o — conductivity;
p(x,t) — density of the liquid,
v — fluid viscosity.
Note that from (4) and (5) follows the equation
1 I
—uH; — ;rotrotH + protjv, H] + ;Totjo = 0. (7)

Subsequently, suppose

(Jo7)ls = 0. (8)
Let the liquid is in the limited area 2 N R? with border Sand on the border of the condition

sticking
vls =0. 9)
At the border, is an ideal conductor, must be carried out:
Hn=H,=0, E,=F—nE=0. (10)

Here,
(rotH);|s =0, when (jo)|s =0.

Assume that the initial conditions:
vlt=o = vo(x), Hle=o = Ho(z), pli=o = po(). (11)
Let us define some notations are used:

0
J(£2), JY(£2) — circuiting infinite differentiable finite solenoidal vector functions in the norms
of La(£2), W3(£2) respectively;

0
H(§2) — subspace Ly(§2), which is the closure of continuously differentiable solenoidal vector
functions normally Ly (£2), and such that

Hn|s = Hy|s =0, (12)

0
Hy,(82) — subspace W} (§2), which is the closure of continuously differentiable solenoidal
vector functions normally W, (§2), such that

Hn|s = Hy|s = 0.

0
Hy,(£2) — subspace W4({2), which is the closure of continuously differentiable solenoidal
vector functions normally W} (§2), such that

H;|s=H — Hnl|s =0. (13)
We give the following
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Definition 1. A generalized solution of problem (1) — (3), (6) — (11) is the set of functions
{v(z,1), p(z,t), H(z,t)}:

v(z,t) € Loo(0,T; 3(9)) N Ly(0, T Jol(rz))

p(ac,t) ELOO(()?T;LOO(‘Q))? 0<m§p(1‘,t) <M < oo,
0 0
H(z,t) € Loo(0,T: H(2)) N Lo(0, T; Hin(2)),

that satisfies the integral identity

T

/ (—pvs ot + (V9)@)e — u((HVVH, 9) + v(Vo, Vo)

0 (14)
(o P)aldt - / po(@)vo (), 0)da =0,
0
T
/ o+ (0 )t — / po(@)n(, 0)dax = 0, (15)
0 (9]

St~

1

/ pH + —rotH - rotyy — v, H]roty) — jor0t¢> dxdt—
o

(9}

/J/HO =0,
n

for any n, ¢, € W2 (Q), Q@ = (0,T) x §2, satisfying the conditions ¢(x,T) = 0, ¢(z,T) = 0,
n(z,T) =0, ¢ € Jl( ), € Hln((z), n € W3(Q) for all t € [0, T).

Theorem 1. Let
f@,t) € La(0,T; Lg5(2)), jo(w,t) € L2(0,T, Lo(£2)), 2 C R?,
0<m< po(z) <M < oo, [po(z)llL(@r) <0

0 0
vo(z) € J(£2), Ho(x) € H(2), (Jo,7)|s =0, 7= (11,72),, divj}, 71, T2 — tangent vectors at the
border.
Then there exists at least one generalized solution of (1) — (3), (6) — (11).

For proof, first we obtain some a priori estimates.
From equation (2) follows:

0<m<p(z,t) <M < 0. (17)

In (14) and (16)
So(x>t) = U(xvt)7¢($7t) = H(x’t)v

And using (2), we obtain
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[/

0 2

T T
,u//HV Hvdccdt+// pfudzdt + C,
0

0

(plv?)dzdt + 0| VollZ,0.1:L002)) =

N
e

VIS

(|H?) dxdt+—HHH? o =
L2(0,T;H(2))

92\%

= U

ff

T

//U Hrotdedt+//jorotHda:dt+C
0

C = const.
Next, we estimate some terms, applying the Holder and Jung inequality:

T T
v2
[ [ orvdsdt < MM lsomaaliel o <5 [ [0l e
Lo(0,T:J(2)) ~ 2 Lo(0,T:J1(2))
0 ” 0 N
T 1
orotHdxdt < |4 . H < —||H + C.
0/ Z io L N =

Then the sum of the original integral equation and obtain

@] o Fllv@] 0o

Loo(0,T5J(£2)) Loo(0,T5J1(92))

+[[H ()] o +|H@ o <C <o
Loo(0,T;H (£2)) L2(0,T;H(£2))

We have the following

95

(18)

Lemma 1. For a generalized solution of the problem (1) — (3), (6) — (11) a fair assessment:

T
Jote+ )= o + |+ 0) - O < 05

0
0<o<T—0.

(19)

Proof. Fix the value of 6 and 7, 0 < t < T — §, and we consider the equation (8) in the

interval 7 € (¢,t +9).

0
Multiply (8) on ¢ € H'(£2) scalar:

_M%(H,w)g - %(rotH, rot) g + u([v, H], rot) o + %(jo, roty)q =
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Further, integrating over 7 in (¢ + 0)

t+9
—uw(H(t+6)—H(t),v)o — % /(TotH, roty) odr+
t
ttr t+r
+u /([U,H],T0t¢)gd7+i /(jo,Totw)QdT =0.
t t
Now take ¢» = H(t + ) — H(t) and find out that
t+6

—u||H(t+ ) — H(t)H%Q(Q) + % /(rotH(T), rotH(t + &) — rotH(t))odr+

t
t+1

o / (7). H(P), rotH(t + 7) — H(t))odr+

t
t+7

—l—l /(jo,rotH(t +9) — H(t) Omega)dr = 0.
o
t

Now, (27) integrable t € (0,7 — ¢§), and estimate some terms:

—0 t+4

T
0/ / / rotH(r)(rotH(t + ) — rotH(t))drdzdt =

t

g

é t+4

t+4
/rotH g/rotH(T)dededt:
t t

t+6
/(/rotH 7') dxdt =
P

t

Sl

1
2

/
7

S / ( /6 rotH(r T> do — / Q / th(T)dT)de

N 0

Here, using the Holder inequality, we have

) 2 b
/ ( / th(T)dT> dz < 6 ([ O/ Irot H (7 2drdz <

) 0
T
//\rotH )|dzdr < C,
0

i T
([(7/6 T'OtH(T)dT) dxﬁé([T[é rot H (r)2drdx <

86), 2015

(20)
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T
§5// |rotH (T |d7‘da:§05.
2 0

To have the following integral

T—
///jorot (t+9)— H(t))dzdrdt| =
0o t
T—8t+6 t+35
= / //]()Tot (/H dT) dxdrdt| =
0t t

1/2

< CH]O Z, t HL2 (0,T;L2) / (T/ TOtHdt) dx <

1/2
< CV§ (/ / |rot Hdt| dtda:) < CVo|H| o < CV.

Lo (0,T;H(£2))
2 T—

0
Now turn to the equation (1). Multiply it by @ € J(£2) scalar Ly(2) and obtain

Zp(ryo(), D) — (Lo(r), o — (090, B — (o)) V), 0o+

Hu((H(T)VE, H(T)) o + v(ve(7), 82)0) = (p(1)f(7), P) -

Using (2) we have

2 ov. B~ (V). 0)0 + (HYS, H) o+ 0(Hy 80)0 = (of B)o

Next, we use the expression
o(t+ B)0(t +8) — p(t)o(t) = plt + B)(ult +8) — v(t)) + (ot +8) — p(t))t).
From (2), integrating 7 € [t,t + d], we find

1+46

p(t+0)—p(t) =— /(v * V) pdr.

t

Now we integrate (28) over 7 € [t,t + 0] and let & = v(t + J) — v(t), we have

97

(21)

(23)



98 Beraucnurenbuble Texaosiornu, T.20, 2015 Becruuk KasHY, Ne 3(86), 2015

1/ p(t +8)[v(t+6) —v >]H%2<m+

+((p(t +6) - ())—U( ), u(t+06) —v(t)) o+
t+6

i / / (p()0(F)V)o(t + 8) — v(E)]v(r))dzdr+
t+5
+u / / v(t+0) —v(t)|H(1))dzdT+ (24)
t+6

ﬂ//”m T)[va(t + 6) + vy (t)])dadr =

t+5
/ / u(t + 8) — v(t)])dzdr.

Next we will consider some integral terms (24). Firstly, using (23) we have

[0l +) — penueoie+8) - vit)de =
(%
t+9

// v(®)(v(t + 8) — v(t))drda.

Integrate it with respect to t from 0 to T'— § and estimate

—0 t+6

// v(t +0) — v(t))p(7)drdrdt <

o\’ﬂ

—6t+d

<M /(!U(t)llvx(t)l(lv(t +0)| = o(t))dx)drdt <
9]

o\ﬂ
—~7F

-4 t+0

T
<M [ Joe®liallote + 8l [ o@ldrat <
0 t

-4
CM [ (Jva(O) |z vs(t + Ol 24 ([0(7) La0,7,2.) vV (V)dE <

D\’ﬂ

< C\/S‘U$ (t> HLQ(O,T;LQ(Q) H ’UHL2(O,T;L4(Q) H < C\/g
Similarly, evaluated and integral

T—6t+6

/ / / vt +8) —v(t)v(r)dedrdt < CV.

Next, consider the following integral in (24), pre-integrated with respect to ¢ from 0 to — ¢
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/ / / U (T) [V (t + 8) — v (1)]dadrdt =
T—5 45 : ttfs t+5
— ///%(T)gt/vx( drdzdt = //6t (/ dT) e —
0 2t ;

. 1/2 s 1/2
1
< 2/ (1 vx2dt) _ (/ Ux2dt) V3| dx <

0

< CV6||vall Ly (0.100(2)) < CVO.

Now we estimate the integral

T-6 6 T—6t+6
///p ot +8) — vt )]da:det<M/ /HfHLﬁ/s 2)%
0o t

T—6 t+9

<[t + )l + ()]l Lo]drdt < CM / lo(®) 12 / 1l oy drdt <

- t+46
<oM / ol 2oV ( / fL6/5<de) it <
0 t

< CVO|fl| (0.7 52 1] o <CVo

L2(0,T;J1(£2))

Now, with all the resulting integral inequalities developed (24) and (27). As a result, we
obtain

)

T—
/ IV/PE+0) (w(t + ) — v(E) % + pllH (t+ 8) — H(t)|2dt < CV,
0

that is

T
/yv (t+8) — w2 + |H(t+ ) — HE)|2)dt < V3, 0<6<T 3.
0

Lemma 1 is proved.
Now turn to the proof of Theorem 1. To do this, use the method of Galerkin. The solution
of (1) = (3), (6) — (11) will be sought in the form

N N
=> o (tw;, HY1) =N, (25)
J=1 j=1
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where {aév (t) ;V:D {,B;V (t) §V:1 — is found by solving a system of ordinary differential equations:

(") @ (1) + (VN V)o),wj)e — p(HYV)HY ,w5) 0 +o(Vor, Vw;)o =

(26)
1
w(HN (t),1) 0 + = (rotHY [ rotl;) o — p([™, HN), rotl;) o—
’ (27)
—(orotly)a =0, j=1,...,N;
p"(t) — these are the solutions of differential equations of the first order:
pr (8) + (0N (8) - V)P (1) = 0. (28)
The problem (26) — (28) is solved with the initial conditions
vV ()0 = 05 (x), HY()]e=0 = H' (z), pVle0 = p5 (2). (29)

N
> (Ho(z),1j)0l;

Jj=1

<.
Il
-

this implies the
aj(t)li=0 = (vo(2),wj)a, Bj(t)l=0 = (Ho(x), )0

Reduce the problem (25) — (29) to an operator equation and on the basis of the theorem of
Schauder prove its determination. In the space C[0,T] we take a limited closed space

K={p@) [ ¢(t) € Cl0,T], [l¢] <C},
a;’ (0) = (vo(),w;),
BY(0) = (uo(x),1;),
where
G(t) = (af (t), a5 ..., an(t), B (1), B3 (), .-, BN (1)),

N

1) = maz: (Y (1 () + [BY ()))) /2.

i=1

C - inequality

v(t)|? . + ||H(t)|? <C,
[0 0722020y T | ()HLOO(O,T;JEI(Q))

which, in turn, determined from (18).
Take some element of K :

0 N _N N aN N
P = (a1,0=a2,07--waN,0w31,07--~75N,0)~
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We form vectors N
0 0
=3, 6 =30
j=1
and on the set u%(z,t) and G°(z,t) we find r(x,t) of the following task

T+ (UOV) =

AR e (31

Problem (31) is uniquely solvable. Indeed, let y(7, ¢, z) is the solution of the famous problem

or ’ (32)
y|t=7‘ =T

Then the solution of problem (32) in the form

r :pév(y(T,t,:C)tNT:o, (33)

From this we have:
0<m<r(z,t) <M< oo, (34)

when 0 < m < po(z) < M < 0.
Then u°(t) and G°(t) we substitute in (26) and (27) and find

ut(z Z%l Jwj and Gz, t) = Zﬁle

7j=1

from a system of ordinary differential equations

(rui + (ru®V)ut,wj) o — p((G°V)GY w)) + v(up,wjz) e, j=1,N,
WG e = 5 (rotG' rotly) o — p([u', G, rotly) o — (jo, rotlj)a, j=1,N.

The solvability of (35) follows from the theory of ordinary differential equations.
That is,uniquely defines the vector

1 N N N N N N
(0 :(0‘1,17042,17---704N,1751,1752,1>-~-75N1)~
Multiplying the first and the second identity in (35) on a% and ﬁNl respectively and summing
over j = 1, N, obtain the estimate

lu o+ IIGlll <t
Loo (0,137 (£2)) 0.7:H

ei Y € K.

Thus, we are structured operator A : K — K. The fixed point of A along with the proper
function of 7(t) defines the solution of the problem (26) and (27). The continuity of A. It follows
from a general theorem of stability of solutions of ordinary differential equations for the coefficient
from right-hand side. So, Schauder’s theorem there is a fixed element ¥ € K : Ay = 1), that is,
from (25) — (29) is uniquely v”, p™, HY. For them, we have the estimates:

o™ ()] o +INll o < C<oo,
Loo(0,T5J(£2)) Loo(0,T5J1(02))

IHN (#)]] o +I[HN®) o < C<oo, (36)
Lo (0,T;H(£2)) Loo(0,T;HL(£2))

0<m<pN(t) <M < 0.
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Further, for the approximate solutions v, p™, H™ as in Lemma 1, we can prove rating:

[N (t+ 8) = N (Ol Lyor—siLa(2) + IHN (E+6) = HN (8) | Ly0,7—s5505) < C6Y/*.

Here the constants C' do not depend on N. Therefore,from the sequences
{vNY, {HN N}, {pN} can select a subsequence for which the following relations:

0
vV = v* weakly in Lo (0,T;.J(12)),
)

0
vN — v weakly in L2(0,T; JY(2)),
vl — v strongly in Lo(0,T; La(£2)),
pN = v weakly in Loo(Q,), (37)

0
HYN — H* weakly in Lo (0,T; H($2)),
0
HN — H weakly in Lo(0,T; H'(£2)),
0
HN — H strongly in Ly(0,T; H(£2)).

Then, taking the limit as N — oo in the identities (26) — (28), we find that the limit function
v(z,t), H(z,t), p(z,t) is a generalized solution of (1) — (3), (6) — (11). Indeed, for the functions
PV, vV, HN will show the limit in terms of the integral multiple (14).

At first
T T
//pNUNgotda:dt = //(pN — pluprdxdt+
0 0 0 2
T T
+//pN(v —v)tptdmdt+//pv<ptdxdt,
0 N 0 N
where
T
h_)m //(pN — p)vprdzdt = 0,
0 N
by
pY = p weakly in Lo (Qr)
and
T T
dxdt < 9 dt < <C
[ [vedeit < [0l @lelamde <ol o lolen < ©
0 2 0
Also
T
Jim /pN(UN ~ o)prdzdt < M Tim [0 — ol dt <
N—o00 N—o0
0
< M li N _ =0,
<M lim v UHLQ(&T&(Q))H@tHLz(QT)
by

vV s v, vV = v strongly in Ly(Qr).
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T T
lim //pNUNgotd:cdt://pvgotdxdt.
N—o00

0 0

Next, consider another integral

T T T
- / / (HNV)HY pdxdt = — / / (HNV)(HN o)dadt + / / (HNV)pHY dxdt =
0 0 N 0

T
://(HNV)¢HNdxdt.
0 2

0
Y € W3(0,T; 7' (2)),
T

Jim / / (HNV)oHN ddt = / / (HV)pHdxdt.
—00
0 N 0 N

To do this, expand the integral

T
/ / (HNV)oHY dodt =
0

T T
/ / (HN — H)V)oHN dzdt + / / (HV)(HYN — H)dzdt+
0 0 N

T

—l—//HV pwHdxdt,
0

That is, there is a

Now we show that

and evaluate the following integrals

N—oo

T
lim / / (HYN — H)V)pHN dedt <
0

T
< lim / / VEN — H | BN L[Vl adt <
N—o00
0 N”
. N N
+J\}E>noo||H _H||L2(O,T;L4)HH ||L4(0,T;L4)||(10|| 0 :Oa

W3 (0,7371(£2))

by HYN — H strongly in Ly(0,T; Ly(£2)), which follows from the embedding theorems

/T/(HV)w(HN — H)dzdt =0,
0

103
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0
by HYN — H weakly in Ly(0,T; H(2)),

IHNV Ly 0,7:0(2)) < NH | L0100 IVl Lo0, 110 (2)) < C,s

0
for all ¢ € W4(0,T; J(£2) N W2(£2)).

So,
T
Jim / / (HNV)oHN dadt = / / (HV)pHdxdt.
—00
0 N 0

Now we study the following integral

T T T
//(VUN,ch)dlldt = //(VUN — Vo, Vp)dzdt + //(VU,V@)dwdt,
02 00 00

lim //(VUN — Vo, Vo)dzdt =0,

where

N—o0

0 0
by vV — v weakly in Ly(0,T; H(£2)) and Vo € Ly(0,T; J(£2)).
Limit transition in the rest of member (6) is not much difficult. Now we show the limit in
several Member States of the identity (27). For example,

T T
//[UNHN]rotz/dedt = //[’UN — v, HNrotdzdt+
0 0

T T
- / / [v, HY — Hlrotydzdt + / / [v, H]rotydzdt.
0 0

where

St~

/ JHY — Hlrotipdzdt <
Q
< ClloN = vl y07:La @) H Y | a0.7:00 1€l Lo 0.152.4(2)) = O,

when N — oo.
Similarly,

N—o0

T
lim / / ,HYN — Hrotpdzdt = 0,
0

then

N—oo

T
lim / / (rot(HN — H), rotp)dadt = 0,
0

by HY — H weakly in Ly(0, T} Hl(Q)) and roty € L2(0,T; La(£2)).
Also go to the limit of the rest of Member States (27). So, we have fully justified limit in the

corresponding integral identities. Then the limit functions v, H, p — generalized solution of (1)
—(3), (6) — (11). Theorem 1 is proved.
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Abstract. The paper considers the problem of compound bending of non-uniform round flexible
plate subjected to lateral load under temperature changes through the thickness of the plate with
the influence of tension on bending. The problem is reduced to the study of an unrelated system of
differential equations, analytical solution of which has not been possible using existing mathematical
apparatus. The paper managed to decompose the related system of equations into two unrelated
equations and to find a solution using the method of partial discretization of differential equations.
Results are represented as formulae and graphs.

Keywords: Thin round plate, compound bending, lateral load, radial force, deflection of the
median plane of the plate, system of linear differential equations with variable coefficients, method
of partial discretization of differential equations.

In the mechanics of deformable solid bodies are of particular interest the problems associated
with bends of flexible plates and of various flexible shells working in a inhomogeneous temperature
field. Such problems commonly encountered in applied problems of construction, petroleum
engineering, mechanical engineering, water and air transport.

In mathematical consideration of such problems one have to deal with systems of linear
differential equations with variable coefficients and nonlinear terms, obtaining analytical solutions
of which presents considerable mathematical difficulties. Analytical solutions of such problems
can be obtained using the method of partial discretization, developed by Professor A.N.
Tyurekhodzhaev based on the theory of generalized functions.

Consider the problem of thermoelasticity of inhomogeneous circular plates under
axisymmetric temperature field allowing for the changes in the elastic properties of the plate
material by its thickness. Complex bending of inhomogeneous flexible circular plate, exposed to
the action of the lateral load, under the temperature change across the thickness of the plate is
described by a system of connected differential equations [1]:

d d
a11r—V2F + a13r—V3u, =0,
dr dr

d d dF  du,
a13r7V2F -+ CL33T*V2UZ + : “
T

d dr ar dr __/q”dHC’

where
a1y = kDy, ai13 = k(DnD, — D, D),

asz = Dayy + Dyaiz — Dy, a1 = k(DyD — Dy, D,),
1 , d* 1d

k= — — - -
D% — D%’ dr? = rdr’
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E(z E(z)v(z E(z
DN = / 1_7]/(2)2(12, DNV = 1_71/(2:)2(12/, D= / mZdZ,

—h/2 —h/2 —h/2
' B T Bl T Bl
_ E(z)v(z _ E(z)v(z) o _ E(z)v(z) o
D, = l—y(z)QZdZ’ Dy = 1—V(Z)22 dz, Dy, = 1_1/(2)22 dz.
—h/2 —h/2 —h/2

Here F' is the stress function, u,is the deflection of the middle surface of the plate, h is the
thickness of the plate, E is the modulus of elasticity, v is the Poisson ratio, ¢, is the external
distributed lateral load per unit area of the middle surface, C' is the constant of integration.

Solving these equations for d%sz and %VQUZ and considering the expression (2), we obtain

d . DNVD — DNDV dF duz

2
il v - i
rarY %VD%—52D i dr
Nv - Ny
+ DDy — D2 (/qzrdr—0>,
(3)
r£V2u _ﬂ‘g‘duz
dr *  DnxDy —D?2 dr dr

Dy
—l——DNDM 2 (/ q.rdr — C’) .

Consider the problem of thermoelasticity of inhomogeneous circular plates under
axisymmetric temperature field allowing for the influence of tension on the bending and the
changes in the elastic properties of the plate material by its thickness.

It is generally accepted [1] that the system of equations (1) in the case of considering the
influence of tension on the bending is not reduced to unconnected equations. In fact, the system
of resolving equations (1) can be reduced to a system of differential equations with nonlinear
terms, each of which includes only one resolving function:

Bu, 1d*u. (BC, 1+BCy\ du. A (du.\*> B
- — —— =— rdr—C |, 4
dr3+7’d7’2 <2+ r2 >dr r(dr) T(/qrr > (4)

BF 1d*°F (BC; 1-BC,\dF B (dF\?> A
- — —_— | — ] == Lrdr —C 5
d7’3+rdr2+(2 7r2 )dr r(dr) T</qrr > (5)

where
A_DNI/D_DNDU B Dy
~ DyDy—-D? "’ 7 DnDy — D2
And the functions F' and u, are related by
A Cyr?

FZE'U/Z+ Z + Colnr + Cy. (6)

The third order differential equations (4) to (5) relative to the normal force N,., acting in the
cylindrical section, and the normal turning angle 9J,., defined given an axisymmetric field by the
relation

_ 1dF du,

=Y, =
rdr’ dr’

N,
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are rewritten in the following form

d?9, 1d9, (BCy 1+ BCy A B

~ W O+ 202 =2 [ qrdr — C), 7
dr2+7‘d7‘ (2 L > +rr r /qrr (7)
d>N, 3 dN, BC,  BC, , A

- — N, — BN = — Lrdr — .
a7 d7"+< 2 1"2) " rz(/qrr C> ®

Radial force and deflection angle are related by

NG G A D o
2 r B r

The exact solution of such equations using existing mathematical tools is not possible.
Applying the method of partial discretization of differential equations, we determine the solution
of these equations.

It should be noted that in this case it is sufficient to solve one of the equations (7)-(8). For
instance, one can determine the turning angle of the normal, and then find the radial force by
the formula (26).

Applying the method of partial discretization to the differential equation (7), we derive the
following expression for the general solution of this equation

Cy A & 2 92
O (r) = C37 + 74 -7 > (k4 mren) [ T(,Zk)H(T — k) — MH(T - TkH)] +

=1 Tk4+1
BC;, &
+=3 Ly > "k + 1) [Or (r) H(r — 1) — O (1) H (r — 7i1)] +
k=1
BCOy < 92(r 92(r
+=20 3 (ke + 1) T(Q’f)H(T —p) — 7r(2k+1)H(r — 1) |+
4 1 Tk Tkt

_A n
+E Z(Tk + Trt1) [rkﬁ‘%(rk)H(r — 1) = Tpp 192 (g1 ) H (1 — Tk+1)] —

=1
BCy & 2 2
& D (ke + i) [rR0e (re) H(r = 1) = 219 (P ) H(r = 1)) —
=1
BCy &
—?2 (i + rhg1) [0 (i) H(r — 11) — Op (1) H(r — 7hg1)] —
=1

B 1 B
57 r(/ gzrdr — C)dr + > /7’(/ q.rdr — C)dr, (10)

where H (z) is the Heaviside unit function. Substituting the expression (10) into the formula (26),
we derive

G G A i A 92(r
N(r) = 21+75‘B{C3+73—4Z<m+m>[ ) ()
k=1
92(r BCy &
_Brlren) kH)H(T — 1) | ot Dk ) [0 () H (r — ) —
Th+1 8 —
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BCy | 9,(r G (r
D) B = )] + 202 | P b - - PO |
Tk Tk+1

Z P+ 1) [0 () H(r = 1) =m0 (i) H(r = 1) —
k=

BCy
— o2 2kt rh) [0 () H (r — ) =19 H(r = )]
k=1

Zrk+7“k+1 ! r(r )H(T—Tk)—19r(7"k+1)H(7"—7"k+1)]—

—/ /qzrdr )dr+2£2 r(/qzrdr—C)dT} (11)

Consider the annular plate of constant thickness, the outer contour of which is rigidly clamped
and inner one can shift in the axial direction of the plate, but it does not turn. The contours of
the plate are free of radial forces. Then the constants are determined from the following boundary
conditions

NT{T:a: 0, NT|T:b: 0, 19T‘T:a: 0, ﬂr},,:b: 0. (12)

According to (12) the constants C; and Cy will be equal to zero. C yuerom 3uadennii Given
values of C and Cy the differential equation (7) becomes

2 r 1 T r A B
v +*d19 v +?192:—? (/qﬁdr—C) (13)

dr? r dr r2

Discretizing the last term on the left hand side of the equation (13), we derive its following
general solution

n 2 2
U (r)=Csr + %—ér Z(rk + rEe1) [ﬁT(Tk) H(r— rk)—MH(r — rk+1):| +

4 r r
i k k41

A n
R D (e ragn) [re02 () H(r = i) = ripa 03 (rigp ) H (r = rig)| =
k=1

—;r/f(/qzrdr—0>dr+;/3</qz7’d7“—0)7“d7“- (14)

Consequently, for the deflection wu,(r) will be

Csr V2
uy(r) = —72 + Cylnr+ —7’ Z (ree + 7k41) [ (kk)H(r TR)—
92 (r A
AUV kH)H(T —rip1) | + 7 Dk ) [k 02 () H (r — rg)—
Tk+1 4 1
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A 1
“rh e (e ) Hr = )] = 5 <1nr n 2) x

n

X > (rk+rip) [0 (ri) H(r — i) = rea 07 (rsn )H (r = rpn)] +

- +;/}L/f</%mﬁ—c)m}M—
;/iUﬁ(/%mw{Omﬂm+@. (15)

The constant C is determined from the condition of rigid support of the plate’s outer contour

uz"l‘:b: 0. (16)

Relation (26), taking into account the values of the constants C, Cy will take the form
A 9,
Ny =——=. - — 17
T B r ( )
Substituting the expression (14) into (17) we obtain

A Oy A 03 v
Ny(r)=— B{C?’—i_r;_él Z(”k—H“kH) [ :Zk)H(T - Tk)—(rkH)H(T_TkH)] T
k=1

A n
+E Z(rk + 7g1) [re92(re) H (r — r) — 1192 () H(r — riy1)] —
k=1

—;/f </Qz7’dr—0> dr+21r2/B</qzrdr—C> T’dr} (18)

The constant C' is determined from

rQ, — rN ¥, = —/qzrdr +C, (19)

where @), is the lateral force. Let the load be evenly distributed along the circumference with
radius ro with intensity qg

q. = qod(r — o)

Then the constant would be equal to zero.
Taking into account the boundary conditions (12), the deflection angle of the plate can be
written as

Bqoro Bqoro b(r? — a?)
B r(b? — a?) x

TIDLH(T—To)‘l-

Uy =
(r) 0 4r

(r? — ) H(r — 7o)

A n
X{4b ;(Tk + Thg1) [r02(rk) — T2 (i) | —

A < 92(ry) 92 (regq) Bgorob, b Bqoro ,, 9
~26S k) Ur . In - b —
1 k:1(7“1<: + Tht1) [ " — ] 5 - + i ( 9) ¢+
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A n
+— Z(rk + Tt1) [rkﬂf(rk)H(r —13) = T 192 (g1 ) H (1 — i) —
k=1

n 2 r 2 r
_ér ;(Tk + Tht1) [UQT;;)H(T —TK) — WH(T - Tk+1)] (20)

And the analytic expression of the turning angle at points rj is determined as follows

. \/1 = Alris = i) (B = EDFEIG
S(rpg1 — T-1) (%’“ — %) f(re)

Op(rg) =

where

B b2 —r2)  Bqorob. b B 2 _
a— ( q()ro(4b r5) Qgro In T) Flra) — MH(W — o)+
0

Bqorory , Tk

In T—OH(rk —19) + 21(7‘1 +79) (Tbl — 75)1) f(ﬁ)ﬁ%(ﬁ)_

A T1 2 k 7’]‘ Tk 2
_Z(Tl +rg) (7"1@ - 7“1> V5 (r1) + ]22 ri41 — 15-1)f(rk) <Tk; - T]) 0y (rj)—
A k—1 ) b( 2 2)

1 j:2(rj+1 —7j-1) (:}i - ::j) D2(ry), flre) = ﬁ-

The deflection of the middle surface of the plate is equal to

Bqoro

Bqor r
Uy, = — el 0(7“2—7“8)[{(7'—7’0)—1— (r2+r8)lnr—H(r—ro)—
0

4

b roo b2\ [ AL
] <a2 In- + ) { (re + rg+1) [rkﬁz(rk) - rk+119£(rk+1)] -

(1?2 — a2 b 2 4b
k=1
A< 02(ry)  92(res1)]  Bqorob, b
_7b s _ T _ 1 .
: ;<rk+rk+l>[ () _ Setrin) | Bty 2

B A 1\ ©
+ ikt U 7“3)} + 7 <lnr + > (rk + 1) [P 07 (ri) H (r — 1) —
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4b 2
1192 (1) H (7 — 7h41)] Z T+ Te1) [ In 02 () H (7 — 1) —
]g:
A 5 92(r
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92(r A 1\ &
(| B (TR S D U G UAS
Tk+1 4 2 1
—p1 05 (rrg)] — vy > (kA o) [reIn g2 (re) = rga I 92 (reg) | —
k=1
A & 2 2
_§b2 Z(Tk+rk+1) % [ T(Tk') _ r(rk+1):| +
1 Tk Tk+1
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4 4 To

Radial force in the case of the plate, exposed to the lateral load, distributed evenly along the
circumference with radius ro with intensity qo, is expressed by the formula

B Aqoro(r? — 7“8

)H(r—r0)+

= Adoro In LH(T —70)

N,
r(r) 2 To 4r2

A b(r? —a? A&
( ) { (e 4 1) [rR92(re) — P02 (resn)] —

Br2(b2 —a2) | 4b ;

A& 92 (r 92 (r Bqorob, b Bqor
k=1

Tk Th41 2 T0 4b
A2 & 5 )
T ABr2 (r + riepn) [PR07(re) H (7 = 1) = 107 (r ) H (5 — 740 ] +
k=1
2 & 193 T 19% r
+ap 2=k T k) ( k)H(T — k) — Pr(res1) kH)H(T — Th+1) (22)
k=1 Tk Tk‘+1

Performing numerical calculations of the turning angle and deflection of annular plate of
constant thickness, exposed to the lateral load evenly distributed along the circumference rg,
given the elasticity modulus and coefficient of varying by the plate thickness according to the
linear law given the certain values of the parameters, we plot down the curves. Figures 1 and 2
show the curves for changes in the turning angle of the normal and deflection for different cases
of the lateral load distribution [1].

The considered method allows to find a solution to the equations (4) — (5) for virtually any
laws of change both in the elastic modulus and the Poisson ratio.
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Fig. 1. The curves of changes in the angle of turning for the plate with an orifice, subject to the lateral load

distributed: 1 — evenly over the plate surface; 2 — evenly over the area of the annular with radius and width ; 3 —
evenly along the circumference of radius 7o (¢ < 1o < d).
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Fig. 2. The curves of changes in the deflection for the plate with an orifice, subject to the lateral load distributed:

1 — evenly over the plate surface; 2 — evenly over the area of the annular with radius and width; 3 — evenly along
the circumference of radius 7o (¢ < ro < d).
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Abstract. In work the problem of bilateral approximation of possible trajectories of robot in the
conditions of interval uncertainty of the data is considered. The problem is reduced to construction
of interval splines, for cases of linear and cubic interval splines algorithms of their construction
and results of numerical experiments are described, the corresponding graphic interpretations are
presented.
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1 Formulation of the Problem

Let’s examine the problem of definition of trajectory of certain mechanism or robot moved from
starting point My(xo,yo) to the final point M, (zy,y,). In reality there can happen a whole set
of the factors leading to a deviation of robot from the planned or optimal trajectory, especially
if the robot is used on insufficiently known district with low possibility of direct supervision or
adjustment of its path. In certain cases the possibility of presence of man or his supervision over of
the process of robot functioning is totally excluded. The mathematical modeling and controlling
in this case assumes the necessity of definition of all set of possible trajectories, namely all
functions of condition or all decisions of modeling equations and directions since the coordinates
of starting and final points can be known with errors, and robot, having begun movement from
any point in the vicinity My(zo,y0), can get in the result to any point from vicinity of point
Mn(xna yn)

Let’s assume that the robot due to the reasons which influence accuracy of definition of its
coordinates can be arranged in some fixed vicinity of point My and get into only a certain vicinity
of point M,,. In work [1] it is supposed that points My and M, are in parallelotopes, which in two-
dimensional case are ordinary rectangles. Thus there is an infinite set of lines connecting initial
and final points of possible trajectories of the robot. It is appropriate to assume that desired
trajectories are schedules of functions of a certain class. Further the problem on definition of
some continuous line (a robot trajectory) is set which connects points My € My and M, € M,
where My, M, are limited neighborhoods of initial and final points of trajectory. The options
of trajectories thus can be very diverse, beginning from a primitive broken line without self-
crossings, with the typical slope angles of segments to the axis of abscissa, ending with some
sufficed arbitrary curve with self-crossings.

Let the first derivative of function y = f(x) in any point g < x < x,, is positive, i.e. f'(x > 0),
Va € (xg, zy), what corresponds to the condition of progressiveness of movement and absence of
self-crossings of curve of the function y = f(x). Further by some criterion which will be specified
further, on an interval [zg, z,], we will choose n — 1 point: xg < x1 < 22 < ... < Tp_1 < Tp.
The splitting chosen this way we will designate as A. It can be abscisses of barriers or points in
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which the robot should to stay a certain time in rest, execute some instruction, command and
etc. If the choice of these points is not stipulated in advance, it is possible to assume that

— 2141
xi:xn;—xo—i—xnzxo-cosﬂ(;; ), i=0,1,...,n—1, (1)

since at the construction of approximation for the method of interpolation the way of
interpolation on knots of Chebyshev’s polynomial is optimal in sense of minimality of deviation
of function error from zero, for any approached hypothetical function (trajectory) y = f(x) [2].

If values are set 7, > 0 (i = 0,1,2,...,n) then it is possible to assume that points M;(x;,y;)
are centers of circles with radiuses 7; in which the robot can be located due to influence of
hindrances or casual forces.

Let in points z; intervals d; = [d;, d;] are set such that w(d;) = d; — d; = 2 % r; [3]. Here
and everywhere below we for designation of interval sizes and objects will use format “bold”
without any preliminary stipulations, and also assume existence of acquaintance with basics
of interval analysis [3,4]. Then set of points Mx(z;,d;) € R ® IR be considered as the inputs
of problem of interval interpolation, problem type IIN1 [5], for certain interval value function
y = flx) = [fi(x), f2(x)] [6]. Thus values of r; are unequivocally defined by admissions of
locations of the robot or values of errors, and d; can be considered as the generalized intervals
[3], such as d; = y; + [—ri,ri]. In this case, as distinct from [1], in geometrical aspect it is
a matter not about parallelotopes and roundtopes, such circumference that Va € (xg,x,) the
section fa(a) — fi(a) represents diameter of circumference within which a robot can be situated.
The problem of interval interpolation of type IIN1 is studied in [7] where interval variants for a
number "classical"interpolation formulas of Lagrange, Newton, Ermit are presented. In this case
interval analogies of interpolation polynoms can be accepted as natural interval expansions since
interpolation conditions will be satisfied without transformations due to properties of generalized
interval arithmetics [3].

2 Construction of trajectory of the robot

At search of trajectory of the robot, satisfying to the conditions of interpolation on the points
M, (x;, d;), the interval variant of linear spline can be considered as the most natural decision of
a problem since geometrically it contains sets of every possible trajectories which are polygonal
line on which the corresponding robot can move. Since the cubic splines in real case, namely
at the consideration of only dot values possess certain advantages including minimized kinetic
energy of object making a trajectory on the given line [8], the interval analogue of the cubic spline
constructed on the basis of resulted in [2] arguments is considered as well. At that coincidence of
designations should not be treated as copying as all of the objects and statements are understood
in interval sense.

Definition: Let’s name [-spline of multiple m function which is an interval polynomial of
degree m on each of segments [z;,z;11] (i =0,1,...,n—1):

SA(fix) = Pip(x) = a0 + apnz + ... + appz™, 2 <o < a4 (2)

and satisfying to the conditions of continuity of derivatives to an m — 1 multiple in points
L1, 22,5, Tp—1:"

P (x) = P, (@) (3)

im

at k=0,1,....m—1;t=1,2,...,n— 1.
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Everywhere below derivatives from [-spline and approached by it hypothetical interval value
function y = f(x) accepting in the points z; values d; = [d;, d;] are understood in sense “formal
derivative” from [9], and integrals in sense of [10]. Thus in expressions operations over interval
sizes are understood in the generalized sense, in the assumption that in practice the mechanism
of reboots can be used allowing to implement calculations within the limits of rules of suitable
interval arithmetics (3,4 with application of the special software, as for example from [11,12].
It should be noted that conditions (3) are understood in interval sense [3], and components of
system matrix for definition of coefficients S)X(f, z) also will be interval.

For construction of SR (f,x) it is necessary to define n(m + 1) of unknown coefficients @y, .
Parities (3) form system from m(n — 1) equations. Other equations for coefficients are resulting
from condition of affinity to the approached function and from some additional conditions.

Let m = 1. It means that the robot from point to point moves on straight line, or to be
more exact on one of polygonal line included into SR (f, z) spline. Then the total number of free
parameters equals 2n. Though in reality each interval is set by bottom and top limits and it is
necessary for us to define 4n of real numbers, we, nevertheless, believe that it is necessary to
define 2n interval coefficients since algorithms will be constructed within the limits of the chosen
structure of interval numbers.

So, the question of construction of SIA( , x) spline coinciding with f(z) in points zg, 1, ..., Zy
is stated.

From conditions of interpolation the system of the equations will turn out as

{Pil(xil) :f($i,1), i:1,2,...,n (4)
le(.’EZ):f(.'L'z), i:1,2,...,n

which breaks up to the system of equations relative to coefficients of separate polynomials
{Pil(l'z’—l) =y + 01 Tn1 =f(vi1)=di1, i=1,2,....,n (5)
Pii(zi) = ano + aman = f(z:) = di;, i=1,2,...,n.

From here, considering operations with intervals within the framework of generalized interval
arithmetics [4] where in particular @ — a = [0, 0], we find that

f(x) = f(xiz) _di—dig
T — T T — xi—1 ‘
a0 = f(ri—1) — anwi—1 = d; — apx;—1, 1=1,2,...,n.

ay = 1=1,2,...,n

(6)

The constructed polynomial P;;(z) is interval interpolation polynomial of the first degree
with interpolation knots x;, i =0,1,...,n, in which P;(z;) = d;.
Let m =3. Also as in purely real case, the linear spline SlA(f, x) constructed above,

possesses extreme properties: any real contraction Rs (SlA (f. :c)) = ¢(x) realizes the bottom

limit inqg I1(q), where @ is a set of continuous functions ¢(z), satisfying to the conditions
g€

Tn

. 2
o) = fe) € dy i=0Ln hia)= [ (g) dr<oo. (7)
o
By analogy to a real case, the approaching function we will be sought in space of functions
bigger smoothnesses, namely we will consider set Q2 of functions ¢(z) from the continuous first
derivative, satisfying to the conditions

q(z;) = f(x;)) e d;, i=0,1,....n, I(q) = /wn (q”)2dx < o0. (8)

0
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Let’s search for the function ¢o € (@3 realizing ing I1(q). Euler’s formal equation for
qe@1

corresponding functional S® (z) = 0, i.e.
¢ (z) = Pi3(z) = ajo + anz + aps® + a;zz®

on intervals [z;_1,x;]. The number of parametres a;, subject to definition equals 4n, but only
when number of conditions equals 3n — 1:
2n conditions
Pi3(7;) = Piy13(zi) = d; (9)

and n — 1 condition of continuity of first derivative

Pis(x;) = Piyq 5(xi) (10)

(2 (3

in points x1,x2,...,Tn—1. The missing conditions are obtained as natural boundary conditions
in points x;.

Let’s assume that minimizing function g,(x) exists and it is polynomial of the third degree
on intervals [z;_1, z;]. Let n(z) be infinitely differentiated in sense of formal derivative function,
such that,

n(xo) = ... =n(wn) = 0. (11)

Since within the frameworks accepted above agreements, considerations from [1], by definition
lacking n + 1 conditions can be repeated taking into account (11), then following interval
conditions exist

13(z0) = Pyg(as) =0, (12)
Prs(xi) — Py s(2i) =0, (13)
where i = 1,2,...,n — 1; close the system for construction P;3(z), being a cubic parabola on

each of intervals [z;_1, z;].

Now we will consider the problem on resolvability and about the practical decision of system
of equations ((9), (10), (12), (13)). For convenience we will enter into consideration values M; =
¢, (x;). Since function ¢j(z;) is linear on each interval [x;_1,x;], then

Mi_l(xi — 1‘) Mz(a: — :L'i_l)

d(z) = > + > on [xi_1, ], (14)

where it is allowed h; = z; — ;1. From relation (14) and conditions

G(rim1) = f(zic1), @) = f (i),

we can get that

)3 e )3 M;_1h?
() = Pis(w) = Mooy S22 M (f ) — M)

S Tl (f (i) = Méhi> htoon [wiog,al.

Conditions

form equation

h; hi + hitq hit1
“M M:
6 it T3 it

M., = f(fL‘er;L)l; flai)  flwi) _hf(xil)- (16)
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Besides that we have conditions
P’13(:L’0) =0, Pn3(xn) =0,

other wise My = 0, M,, = 0. After substitution My = 0, M,, = 0, correspondingly, into first and
last equation (15) we will receive the system

CM=b (17)
n — 1-th equation with n — 1-th unknown:

M= (M, M,,...,M,_1)", b= (b by,....by1) .

Elements of ¢;; (i,j =1,...,n — 1) matrix , according to (16), are set by relations
h’i .
6 J=1—- 17
hi+hit1 .
- 3 J=1
Cij = il .
N !

and b; elements of b column by relations

F@ivr) = f@i)  flz) —fleicy) _dipa—di di—diy

bi =
hit1 hi hit1 hi

The system (17) can be resolved by the "method of interval marching"[13] by O(n) interval
arithmetic operations. After finding M; by formula (15) we will define polynomials P;3(z), and
function ®(x) = go(x) + [r(x),T(x)] allows to determine in any point = € [z;_1, z;] location of

robot, namely: r = M’% - the radius of circumference within which it will be situated. At that
@), 7 @) < — d
max |[r(z),7(x —————— max ;
1<i<n—1'— 7 ~ min h; 1<i<n—1 ’
1<i<n—1

what estimated the maximum expandability of the strip g,(z) within each local interval of a grid
A at x € (xi—1,;).

3 Numerical experiments

Numerical experiments were implemented in the local package named provisionally "Robot"since
at the solution of the assigned task by the means of the package [12] the necessity for dynamic
visualization of the trajectories emerging depending on the interval initial data has arisen. Besides
that the necessity for full set of interval arithmetics [11] included into [12]| has disappeared.
In figure 1 the interface on definition of dispersion of interval values with usage of chosen
interval arithmetics is presented: by Moore, Markov and Kahan.
In figure 2 the diagram of cubic I-spline (red strip) when the tabular data, in points of interval
[0, 10] are by a randomization method is presented. Within this strip there is a possible trajectory
d; +d;

of the robot when for function y = f(x) in points z; dot values are chosen y; = mid(d;) 5

and the real cubic spline is constructed.
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During experiments in the capacity of possible trajectory the certain functions were chosen
and approbation of method on so-called "the point solution"was conducted. In figure 8 graphs
are illustrated when function

y = 10"z cos z + exp(—x)

was chosen. Within the strip in this case the hypothetical curve and corresponding cubic spline
are indicated and quantity of control points n = 24, in the assumption of possible observations
taken with interval of one hour within 24 hours.

o Pl -—-_. - R R L TR T A v — o
| BUILD SPLINE GRAPHIE |
GEAPHIE
r-—']pp-_r_l-c:::d
Lmrar_splne
INTERVAL = Lownr_bousd
LOWER, BOUTND = Jrven_fimsction|
[0.5
UFPER. BOUNI
Fig. 3.
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YHucaenHoe Mo1eJIMPOBaHNE MPOIECCa OUMUCTKA MTPOMBIIIIEHHBIX
CTOKOB B OTPabOTaHHBIX T'OPHBIX BHIPAOOTKaX™

JI.B. Bounapesa, FO.H. 3axapos

Kewmeposckunit I'ocynapcrsernsrit Yausepcuret, Kemeposo, Poccusa
1.v.kemerova@mail.ru

Awnsoranusi. Crarbsl MOCBANIAETCS MATEMATHIECKONW MOJIEJIHM IIPOIECCa OYUCTKU M 3aXOPOHEHUS
IIPOMBIIIJIEHHBIX U OBITOBBIX OTXOJ/IOB B OTPAOOTAHHBIX MOPHBIX BHIPAOOTKAX 3ATOIIEHHON YrOJIBHOMN
mraxThl. B HacTosmee Bpems B Kysbacce /it O9MCTKH MIIJIAMOBBIX CTOKOB yT1e000TaTUTETbHON hab-
puku «Komcomouterny ucroib3yroTcss oTpaboTaHHbIE TOPHBIE BbIpaboTKY 11I. « Kospayruuckoits. [1pu
BCell UIEHHOI MPOCTOTE M HU3KOM CTOMMOCTHU ITPUMEHEHUsT TAKOTO IMOIXO0/Ia OCTAETCS aKTyaJbHON 1
BaXKHOU mpobJieMa UCCIeOBAHNS U MPOTHO3UPOBAHUST BO3MOXKHOTO PA3BUTHS MPOIECCOB OUUCTKH.
T.x. 06BOHEHHAST BHIPAOOTKA IMPEJCTABISIET COOON «YUEPHBIA AIMMK», MATEMATHIECKOE MOJIEJIMPO-
BaHUE U YUCJIEHHBIE SKCIIEPUMEHTBI CTAHOBSITCS yJIOOHBIM MHCTPYMEHTOB JIJIsl PEIIeHUsT 3a1a49U IIPO-
rHO3upoBaHus. 1lesbio MCCTeTOBaHNS SBJISIETCST IOCTPOEHUE U M3YIE€HUE MATEMATHIECKON MOIETU
TeYeHUsI U PACIPOCTPAHEHMs] B3BEIIEHHBIX IpuMeceii. PaccMarpuBaeTcss MO/IENIb OCeIaHus IIPUMe-
cu. IIpemycmarpuBaeTcsi BOSMOXKHOCTb M3MEHEHMsI OOJIACTH PEIIEeHUs] U3-38 CJIEKUBAHUS OCAJIKA.
IIpuBoasaTCS KaPTUHBI TEUEHUsI U PACIPOCTPaHeHus npuMecu. Mojeab mo3B0oJIsIeT TPOrHO3UPOBaThH
«3AJITIOBBI BBIOPOC» B3BEIIEHHBIX IIPUMECEl 13 BHIPAOOTKU.

KuaroueBrbie ciaoBa: [Ipombinienabie u OBITOBBIE CTOKHU, 3aXOPOHEHNE, OUUCTKA, MaTEMATHIECKOe
MO/IeJINPOBaHNe, YDAaBHEHNS JIBUXKEHHSI YKUJIKOCTH, YDABHEHHE IIEPEHOCA IIPUMECH.

Bsegenune

Hns Kysbacca 3arpsisHeHHE BOJIHBIX PECYPCOB IPOMBIINIJIEHHBIMUA U OBITOBBIMH CTOYHBIMU BO-
JIAMH CTAHOBUTCSI CEPbE3HOI yrpo3oii sKosiorunyueckoit 6esonacuocru [1]. Ocobo ycyrybusier sty
npobsiemy paboTa yriernepepadbarTbIBaIONuX npeanpusaTuii. Tak ux KUIKHe CTOKNA BKJIIOYAIOT B
cebst, B OCHOBHOM, OTXOJIbl (DJIOTAIMK U OTBOIUMBIE ¢ (habpUK mnuiaMoBbie Bogbl. OHU MIpeICcTaB-
JISTIOT cO0O#t TMApPOCMECh, B COCTAaB KOTOPOH BXOIAT KHUIKAsSI, TBEpAasi M TraszoobpasHast (pasbl.
Kunkas daza cocrasisger 95-98% 1o Macce U COCTOUT B OCHOBHOM W3 INAXTHOI MJIM PEYHOI BO-
Iibl, TOTpebIsieMoil habpukoii B mporiecce mepepaboTku yriisi. ['azoobpasuas ¢asza mpeacrapieHa
BO3JLYXOM, HAXOISIIIIUMCST B HEelf B OCHOBHOM M PACTBOPEHHOM COCTOSTHUHU. A TBep/ast 9acTh COCTO-
UT N3 JaCTUIl MUHEPAJIbHOT'O 1 OPraHNMvIeCKOr'o IMPOUCXOXKJACHUA, IIPU 3TOM COAEPrKaHUe JaCTHIL
KpymnHOCTEIO 10 50 MM B Heil gocturaer 80 - 95% [2]. Crounbie BOAbI yroJbHBIX MPEIIPUATHI
MOT'YT coAepzKaThb: B3BCIIEHHBIC TaCTHUIIbI (yI‘OHbHaH n IIopoJHagd IIbLJIb, 9aCTUIIbI I‘.HI/IHbI), COJIn
TSXKEJIBIX METAJJIOB, (DEHOJIbI, AMMHUAK, HUTPATHI, HATPUTHI, CBOOOHYIO CEPHYIO KUCJIOTY, CEPY U
JIpyTHUe BpeiHble KOMIIOHEHTH! [3|. BHeiperne Ha maxTax BHICOKOMEXaHU3UPOBAHHBIX KOMILJIEKCOB
CO CJIOZKHO CEeTHIO MUJIPOCUCTEM IIPUBEJIO K YBEJIUYEHUIO PACXOI0B HeTEIIPOyKTOB IIPU Be/ie-
HUU FOPHBIX pabOT, 9aCcTh U3 KOTOPBIX IOMAIAET B MAXTHYIO BO/LY U JIOMOJHUTEIBHO 3arPSI3HSIET
ee [3].

OOBBITHO KOMILJIEKC MEPOIIPUSITH, TPOBOJIUMBIX JIJIsi 0DE3BPEKUBAHUS YKUJIKUX TTPOMBIIILIEH-
HBIX CTOKOB yI‘OHBHOﬁ MIPOMBIIIIJIEHHOCTH, ABJAECTCA TPYAOEMKHUM U 3aTPATHBIM. ,ZLHH O4YUCTKHN
CTOYHBIX BOJ[ YTOJIbHBIX HPEIIPUSITHII CETOJIHsI UCIOJIB3YIOTCA CaMble PA3HOOOpPA3HbIE TEXHOJIO-
PUU BOJIOOYUCTKH, OTJIUIAIONINECS CTEIIEHBI0 OYUCTKHU, CJIOKHOCTBIO UCIOJIB3YEeMOro 060pyI0Ba-
HHUsl, SHEPreTHIeCKUME U JeHeKHbiMu 3arpatamu [4] - [9]. M3Becrno, uro mpu pabore oumcT-
HBIX COOPYKeHMiT 00pa3yeTcsi 3HAUNTETbHOE KOJUIECTBO OCATKa C COJIEPKAHUEM B3BENIEHHBIX

* Pafora BBIOJIHEHA B paMKaX IIPOEKTHOI dacTu Locymapcrsennoro 3ananus 1.630.2014 /K.
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BerecTs 10 5 T/Ky6.am. Harme Bcero o6paboTka 0ca/ika MPOM3BOIUTCS HA UIOBBIX IIJIOIMIAIKAX, B
IPYAaX-OTCTONHUKAX MJIM MJIOHAKOIUTEISIX, T/I€ COBMEIIAIOTCS IIPOIECCh €ro 06e33apasKBAHMIS
U CKJIQIUPOBaHUs. Takne COOPYKEHUsT 3aHNMAIOT 3HATUTEIbHBIE IIJIOMAIN, 8 TaKKe SBJISTIOTCS
HOTEHIMAJIbHBIMU UCTOYHUKAME 3arpsi3HeHUst OKpyzkaromeil cpesbl [10]. Oxnako Ha npaxkTuke,
9Ta TEXHOJIOTHUsI TOJIYUIN/Ia MIHPOKOe PACIIPOCTpaHeHne Kak HauboJiee IpocTast B 00CTyKUBAHIT
1 KOHCTPYKTHUBHOM HCITOJTHEHU.

B Kysbacce ucmnosb3yercs u apyroii crrocod OYNCTKY MTPOMBIIIIEHHBIX CTOKOB YTOJIBHON IPO-
MBIILJIEHHOCTH C IIOMOIIBIO OTPAbOTAHHBIX FOPHBIX BBIPAOOTOK 3aTOIJIEHHBIX yIOJIBHBIX IIAXT.
Meron peanu3dyercs Jijis OYUCTKU IIJIAMOBBIX CTOKOB yryieoboraTurebHoil ¢padbpuku «Komco-
MOJIEIl» B OTPabOTAaHHBIX BhIpaboTKax II. «Kospayruuckoity. 2Kuakne MmMpoOMBIILIEHHBIE CTOKH
yIJ1e000TaTUTEIbHON (pabpUKN 3aKAINBAIOTCS B BBIpAOOTAHHOE ITPOCTPAHCTBO 3aKPBITON 3aTOII-
JIEHHOI yroJibHOMI maxThl. IIpesamoaraercs, 9To B maxre OyaeT MPOUCXOIUTh WX €CTECTBEHHAsT
OYHUCTKA 32 CUET OTCTAUBAHUS U pa3daBjcHus PUIBTPYIONIUMUCI B BHIPAOOTAHHOE IIPOCTPAHCTBO
IPYHTOBBIMHU Bojamu. /laHHasi TEXHOJIOTHUSA MOAPA3yMeBaeT He TOJbKO OYMCTKY, HO W CKJIAIIPO-
BaHME 0CaXKJIEHHBIX NJIOB B BBIPAOOTaHHOM npocrpaHcTse [10]. M3yuenue sToro ansrepHaTHBHOIO
cIrocoba OYIMCTKHY MTPEJICTABSIET OOJIBIION MpakTIdecKuit marepec mia Kysbacca. B Kemeposckoit
obJracTi B pe3yJibTaTe 3aKpbITUsI HePeHTAOEIbHBIX YIJIeJ00bIBAIOIINX IPEAIPUITHN, 380 THEHBI
TEXHOTE€HHBIMU ITO3eMHBIMHI BOJAMHU OTPOMHBIE IO ILIOIIAIN OI3eMHbIE IPOCTPAHCTBA. BoJtee
TOrO YaCTO TaKWe 3aTOIJICHHBIE TOPHbIE BHIPAOOTKM HAXOISITCS B YepTe TOPOJIOB U UX IHOTEHIIN-
AJIbHO MOXKHO HCITOJIb30BATh KaK OUUCTHBIE COOPYIKEHMUSI.

IIpu Bceit mpeitHO MPOCTOTE M HU3KOM CTOMMOCTHU €ro IPUMEHEHNS OCTAETCS aKTyaJbHO
¥ BakKHOH MpobjieMa MCCIeI0BaHNsT W TPOrHO3MPOBAHMS BO3MOKHOTO PA3BUTHUSA MTPOTEKAIOINX
BHYTPHU IIPOIECCOB OYUCTKH. Tak HAMOOJIBIIYIO OIACHOCTDH IPEICTABIAET BEPOSITHOCTD <«3aJIIIO-
BOI'0 BBIOpPOCa» HAKOILJIEHHBIX IIpUMeceil, Ipu KOTOPOM MOYKET ITPOUCXOIUTH KPATKOBPEMEHHOE,
HO MHTEHCHBHOE yBeJMYeHHEe KOHIIEHTPAIUd M O00beMa MpUMeceil B OTKAYMBAEMON YKHMIKOCTH.
HpI/ILII/IHaMI/I BOBHUKHOBCHUA JaHHOI'O ABJICHUA MOFyT cTaTh USMECHEHUA BHyTpeHHeﬁ CprKTypr
BBIPADOTKHU U3-38 OOPYIIeHUs BEpXHEH KPOBJIN WK CAEKUBAHME HAKOIIMBIIEIOCsST OCAIKA, CE30H-
HOe W3MEHEHWEe T'MIIPOJIOTUYIECKOI0 PEXKMMa B PErMOHE, a KakK CJIeJCTBHE yBeJIndeHHe 00beMa
GUABTPYIONINXCS TPYHTOBBIX BOJ U Apyrue dpakTopbl. s 6e30macHoro mpakTHIecKoro IpuMe-
HEHHA TAaKOTI'0O MEeTOJa OYUCTKU CTOYHBIX BO/ OY€Hb BazKHO HE€ JOIIYCTUTH «3aJIIIOBOT'O BbI6pOC8,>>
U CBOEBPEMEHHO BBIBECTH BBIPAOOTKY, KAK OUNCTHOE COOPYKEHUE, U3 IKCILIYATAIIIH.

O6BosiHEeHHAsT BBIPpAOOTKA IIPEJICTABIISIET COOOM «UEPHBIH SIIIUK», pPeaJIbHbIe H3MEPEeHWUSs
KaKIX-JIMOO ITapaMeTPOB BO3MOXKHBI JIMIITb Ha BXOJIE W BBIXOAE. B CBaA3M ¢ 9TUM BO3HUKaeT HEOO-
XOIMUMOCTDb B IDUMEHECHUN MaTEeMaTUI€CKOI'O MOJIEC/JIMPOBaAHNA 1M YUCJI€CHHBIX 3KCIIEPUMEHTOB, KaK
WHCTPYMEHTOB JIjIsI IIPOTHO3UPOBAHUS BEPOSITHOTO PA3BUTUSA IIPOTEKAHUSI ITPOIECCOB, MTPOXO/Isi-
IIUX B 3aTOIJIEHHBIX T'OPHBIX BBIPAOOTKAX.

1 MaremaTudeckass MOJ€eJb OCeJaHUsI IPUMECH U M3MeHeHUsi 00JiacTu
peleHus n3-3a CJEe>KMBAHUS OCAIKA

[InamoBBIe ruApOCMeCcH OTHOCATCS K HEYCTOWIUBBIM, PACC/IAUBAIONINMCH CUCTEMaM, Ojaromapst
BBITQJIEHUIO U3 HUX TBepABIX dacTuil. [Iporecc ciokeH mjs aHAJIUTUYECKOTO ONMMCAHUS, TaK KakK
Ha CKOPOCTH OCaKJICHUs YACTUIL TOJIUTUCIIEPCHON CMeCH, KAKOH SIBJISIOTCS IIJIaMbl, BIUSIOT B3a-
UMOJIEICTBUE CUJI TSXKECTH, COIPOTUBJIEHUS CPEIbl, THAPOIUHAMUYECKNX (DAKTOPOB, Pa3/InIHAs
CKOPOCTDH TIQJIEHUsI YaCTUIl pa3Hoil KpymHocTH. [Ipn ocak/ienun ¢ TeueHneM BPEMEHU B €JIMHUIIE
o0beMa B BEPXHEH YACTH TI'MIPOCMECH YUCJIO YACTHUI YMEHBINAETCS U U3MEHSETCS COOTHOIIEHIE
MeXK/Iy JI0JIell YaCTUIl pa3IudHONl KpYyIHOCTH. Bojiee KpyIHbIe YacTUIIBI OCAXKIAIOTCS ObICTpEe,
U WX COJepyKAHNE B BEPXHUX CJIOSIX YMEHbIaeTcs ObicTpee, deM Menknx. COOTBETCTBEHHO B
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HUKHUX CJIOSIX THIPOCMECH OTMEYAETCS TMPOTUBOIOIOKHAS TeHaeHIwsa. OUeHb MeaKne JacTh-
I[bI MOT'YT OCTaBaThCs B BEPXHUX CJIOSIX, MIOCKOJIbKY CHUJIbI UX BECA MOT'YT OKA3aThCsl HACTOJIBKO
MAJIBIMHI, 9TO CHJIBI COMPOTUBJICHUS CPEJbI M OPOYHOBCKOE JBUKEHWE MOTYT WX YPABHOBECUTD.
OJIHOBPEMEHHO ¢ OcazKJeHneM TBepJIoii (hba3bl 06pas3yercss U YIJIOTHsIETCs 0CaloK [2].

Takum 06pa3zoM, B MOJENHN MPOTIECCa OYUCTKY YKUIKUX MPOMBIIIJIEHHBIX CTOKOB OT B3BEIEH-
HBIX OCEIIAIONIUX IIpuMeceii B 0TPabOTAHHBIX MOPHBIX BBIPAOOTKAX OyIeM YUIUTHIBATH TPHU IIPO-
recca: TedeHne XKUIKOCTH, PACTIPOCTPAHEHIE YACTHIL TPUMECH B HaMIEHHOM MTOTOKE W U3MEHEHIE
0bJ1acTu pelreHnst 13-3a HAKOIUICHHS U CJICXKUBAHUS OcaJika. B maHHOi pabore 171 MOJeMpoBa-
HUS TeYeHUs 2KUITKOCTU OYJIEM MCIIO/IH30BaTh Oe3pasmepHyio cucremy ypasuenuit Hasbe - CTok-
ca. Jljis ompejiesieHust pacpoCTpaHeHus TPUMECH OyJjieM HCIOJb30BATh ypaBHEHUE IIE€PEHOCA,
KOTOPOE sIBJISIETCsI CJIeJICTBUEM 3aKOHA COXPAHEHUsl HellPePbIBHBIX HEeOJHOPOAHbIX cpej [11]. 3a
cYeT BBIOOpaA IPAHUIHBIX YCJIOBUI Ha, HUXKHEH rpaHuiie obJacTh perteHus 6y1eM MoJAeJnpoOBaTh
MaCCOOOMEH MEXKIY JTHOM W OJIU3JIEXKAIMMU CJIOSIMU YKUJKOCTH, a TakKxKe OylIeM IpeLycMaTpu-
BaThb BO3MOYKHOCTH M3MEHEHUsT OOJIACTH PEITEeHNUs N3-3a CJIEKUBAHUS OCAJKA.

B smreparype [12] - [15] mmpoko mpeacTaBieHbl MOJEH, TTO3BOJISIIONINE U3y IUTh POIECe
JBUKEHUs] PEYHBIX HAHOCOB. OOLIYHO MCCIIEA0BATEIN STON MIPOOIEMbI YIUTHIBAIOT TPU B3AUMO-
3aBUCHMBIX TIPOTECcCa: 06pA30BAHNE B3BEIIEHHBIX HAHOCOB, WX MEPEHOC TOTOKOM M MacCOOOMEH
MEXKJIY JIOHHBIMU OTJIOYKEHUSIME ¥ TIPUJIEIKAIIME CJIOAMU XKUJKOCTH. JIjist MojiesiupoBanust mep-
BOTO TIPOTECCA MCTOMB3yeTCs audDy3nOHHAsT TEOPHs, [T BTOPOTO - YPABHEHHUs TEPEHOCA, a
JIJIST OLEHKH PACXOJIOB JIOHHBIX HAHOCOB NMPUMEHSIOTCs smrmpuydeckue (opmyisr [14]. Oxnako
JJIT MOJICJIMPOBAaHNA OYNCTKHU NMIJIAMOBBIX CTOKOB 9Ta METOJAUKA HE IIpDUMEHUMA 110 PALY TPUINH.
Bo-niepBbIx, /1151 pEYHOrO MOTOKA XapaKTePHO HEMOCTOSTHCTBO BEPTUKAJIBHBIX U TOPU30HTATBHBIX
COCTABJISIFOIIIX CKOPOCTEH. DTO HPUBOJUT K TOMY, UTO JBUYKEHUE YACTHI] B IIOTOKE UMEET IIpe-
PBIBUCTBIH XapakTep. YacTUIlbl MOTYT JIBUTATHCST CKATKAMIY, TIEPEKATHIBATHCS, OCTAHABINBATHCS
U BHOBb BOBJIEKATBHCS B IOTOK. CKOPOCTH K€ TedeHUsl B 0TpabOTaHHOI I'OPHON BbIPAOOTKE Ma-
ab1. OCHOBHOI 06beM KUAKOCTH (PUILTPYETCS Iepe3 BEPXHIOI KPOBJIO, M TEUEHHE HE MOXKET
nepeiTu B TypOyJIGHTHDBIN PEXKUM, KOTOPBIN NPUHITUIINAIBHO XapaKTEePEH JIJIs PEUIHBIX TOTOKOB.
Bonee Toro, B oTimame 0T OTKPBHITHIX PYCes, B pACCMATPUBaEMO 3ajade pa3sMephbl 30HbI OCaXK Te-
HUSI B3BEIIEHHBIX 3arPsI3HAIONIAX YACTHUI[ OTPAHUYEHBI TIJIONAIbI0 CAMOM BBIPAGOTKYM U PACIPO-
CTpaHEHNEM 3arPsI3HEHUN <TI0 MUPUHE» MOXKHO Tpenebpednh. Bo-BTophix, mois TBepnoit dasbl B
HOCTYNAIOMUX B BHIPAOOTKY MPOMBIILIEHHBIX CTOKAX HE MpeBbImaeT 5%, U COCTOUT B OCHOBHOM
U3 JacTull, KPpynHocThbio g0 50 MkM. BrimaBmme B 0cajloK Takue MPUMECH YILIOTHSIOTCS, CJie-
JKUBAIOTCST CO BPEMEHEM U MEPECTAIOT pa3MbIBATHCsI TedeHneM. [109ToMy JiJTst TAKUX OCAJIKOB HE
IIPUMEHHUMbBI SMIINPpUYICCKUE (bOpMy.HbI JJIgl OIIpeaeJICHUA MaCCOO6MeHa MeXKJ/J1y JHOM U BOJHBIM
MTOTOKOM, TTOJTYUeHHbBIE JIJIsT B3BEIEHHBIX TpUMeceil B pycaax pekK.

Bynem mpeanonarath, 9To B 0TpabOTaAHHYIO TOPHYIO BBIPAOOTKY MTOJAIOTCST TTPOMBIILIEHHBIE
CTOKH, COJIEPKAIle TOJBKO HEPACTBOPEHHBIE MPUMECH C U3BECTHBIMM KOHIIEHTPAIUSIMU. 3a/a-
Ya 0 TEYEHUM U PACIPOCTPAHEHUM PACTBOPEHHBIX IIpHMeceli paccMarpuBajach B paborax [16] -
[20]. Yepes BepxHIOW KPOBJIIO B BBIPAOOTKY MOCTYIAIOT «YUCTbIE» I'PYHTOBBIE BOJbI. JacTuIlsl
IIPUMEeCH TaKNX pPa3MepoB, YTO IIPU MPUHSITOI MO/JIeJI TeUeHUsI OHM Ha HEero He BJIMSIIOT, HO OCe-
JIAIOT TIOJ, JIEHCTBUEM CHJIBI TSIXKECTU M PACIPOCTPAHAIOTCS 10 BBIpaboTKe 3a cueT auddy3un u
IIepeHoca BMecCcTe C IIOTOKOM BO/IbI. OCGBH_H/Ie IpuMeCHu MOT'YyT HaKallJINBATHCA U «3aTBEPJIEBaTbH»
(ci1eKMBaTHCs ), €CIM Ha MPOTSI?KEHUH HEKOTOPOI'O BPEMEHU HEe CHOCATCS MMOTOKAME BOJIBI.

Peanbubie pazmepbl oTpaboOTaHHON TOPHOI BLIPAOGOTKY M (PUINIECKUE TTPOIECCHI OUUCTKU Ta-
KOBBI, 4TO TIPU MOJICJTMPOBAHNN BHIOOD pasMepoB 06JIACTH PEIeHUs MOBJIUAET TOJBKO Ha BpeMst
CTIEXKUBAHUS OCAJIKA, HO He Ha XapaKTep W TeHJIEHIINU PA3BUTHS MPOUCKOSIINX mMpoteccos. [lo-
9TOMY, B JIAHHO# paboTe He MPOBOJIUTCS MACIITADUPOBAHUE C PEAbHBIMU pa3mepamu . KoJib-
TYTUHCKOM, W pacCMaTpuBaeTcs: O0JIACTD PeNteHus MeHbIneil mporsykennoct. OTAeNBHO CTOUT
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OTMETUTD,4TO TaK KaK CKOPOCTL JIBUKEHUS YKUJKOCTH B 3aTOIIEHHONW TOPHO# BhIPAbOOTKE Ma-
Jia, OyJieM CUUTaTh, YTO DOKOBbIE CTEHKH HE OKA3BIBAIOT CYIIECTBEHHOI'O BJIMSHUS HA OCAXKJIEHUE
YACTUIL IPUMECH, TI09TOMY OyJIeM PacCMaTPUBATh TOJIBKO JBYMEPHYIO MOJEb (cM. puc. 1).

PaccmarpuBaercst obtacts periennst G, XapaKTepHOI JJIsT 32TOIJIEHHOM TOPHON BBIPAOOTKH
dbopwmst [17] ¢ rpanuneit I = U;l:lFi ,oie I, I'y - BXOJIHOE B BBIXOTHOE OTBEPCTUSI, COOTBETCTBEH-
HO, BbICOTBI Ho, I, ['5 - HUXKHSAS U BepXHAdA IPaHUNbl, 1aunabt 217 + 2Lo + L3.

e A& $

H, _; ¢ * I:—-P H;
1
T bbb T
H,; H,
1 8 “ o |
I, x
—> L, «— — Lz «—
—lL e 2 —>lLje—
Ly

Puc. 1. O6nacrs penieHud JJj1s1 3aJ a9 006 ocelaHUuU NIPpUMeECH U CJIe2KUBaHUU OCaJIKa.

CunraeM, 9TO XKHUIKOCTb SIBJISIETCS OTHOPOIHOI, BsI3KOW 1M HecxkmMaemoil. TedeHue Takoii
JKUJIKOCTH OIMChIBaeTCs Oe3pasmepHoit cucremoii ypaBHenuit HaBbe - CTokca B IepeMeHHBIX
«yHKIMs TOKA - BUXpb» [21]:

%—‘:+ug—;’+vg—zj = EAw,
Py %% _ (1)
Kyl + TyQ = Ww.
st cucrembl ypasaenuii (1) HEOOXOAUMO IOCTABAUTH HAYAJbHBIE U IPAHUIHbBIE YCJIOBHsI, HO
dusmyecKas IOCTAHOBKA 3a0a41 BKJIIOYAET TOJBKO yCJIOBUSA Ha CKOPOCTh. TaK M3BECTHO, ¢ KAKOI
CKOPOCTBIO IIPOUCXOIUT 3aKAUKA, CTOUHBIX BOJ, X MOYKHO U3MEPUTL, ¢ KAKOI CKOPOCTHIO YKUIKOCTD
OTKaYMBaeTCs N3 BRIPAboTKH. VcXoasa n3 n3Mepenuii ypoBHA IPyHTOBBIX BOJ, U CKOPOCTH OTKAYKH,
MO2KHO BBIYHUCJIATE 00beM (PUIBTPYEMBIX TPYHTOBBIX BOJ. Torma jjis pU3MYeCKUX [IepeMEeHHbBIX
MOZKHO IIOCTaBUTH CJIEAYIONLYIO HAYAJbHO - KPAECBYIO 3a0a9y:

uli—0 = 05 vl=0 = 0;
IN:u=wu(t); v=0; Iy:u=0; v=0; (2)
I3:u=0; v=uwvy(t); Iu:u=wui(t); v=0.

B (1) - (2) ucmoms3yiorcst ciemyronume 0003HATEHHS: U = (u(t,z,y),v(t,z,y)) — BeKTOP
CKOPOCTH, 3aJIaHHBII CBOMMU KOMIOHEHTaMU U, V; Uq(t), u1 (t), vo(t) - usBecTHBIE (DyHKIIUY, ONpe-
JeJleHHbIe Ha IpaHuie objactu pemenust 0G; Re = - qncyo PeiiHoIbaca; U - XapaKTepHast
CKOPOCTD, BBIUUC/ISAETCS KAK MAKCUMaJIbHasi CKOPOCTh BXOJHOIO MOTOKa; Lo - XapakTepHasi JJTi-
HA; V - KHHEMAaTHYeCKas BI3KoCThb; /\ - omeparop Jlamaca.

ulLg

KomMmrmonenTsl BeKTOpa CKOPOCTH U, ¥ CBA3aHBI C BUXPEM w U (PYyHKIHEH TOKa 1) COOTHOIIEHM-
SAMU:

— Ou _ Q. — Ou. — _ v
W=5y "o U= g U= 3, -umber (3)

YuureiBast (2), 3a1auM w, ) Ha I caeayrommm o6pa3oM:
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wloo=0: wir=(32-%) i Yho=0 Ylr=vltay), (4)

rae 1 (t, x,y) - u3BecTHAst DYHKIMsI, KOTOPasi BHIOUPAETCs TAKUM 06Pa30M, YTOOBI BBIIIOJIHSLIOCH
yenosue $. g—qu = 0 [22], rme n - HAUpaB/IEHNE BHENIHEH HOPMAJIH.

st MoJiesTMpOBaHUsT PACIPOCTPAHEHUS IPUMECH UCIIOJIB3YeTCst Oe3pa3MepHOe ypaBHEHHUE TIe-
peroca [11], yaursiBatomiee BoseicTBue cusbl Tszkectu u quddysun:

% + u% + (v — vs)% = DAC. (5)

C COOTBETCTBYIOIIUMU HaYaJIbHBIMU U I'PAHUYIHBIMU YCJIOBUSAMMU:

C((L‘,y,O) :CO(xay);
In:C=Cix,y); F21D1%+’USC=CD—CUS; (6)
F3:C:CQ($,y); F4g%:0

Baecw C - kornenTpanust oceparormeii npumecu, Co(z,y), C1(z,y), Ca(x,y) - n3BecTHDBIE DYHK-
uu, vg > 0 - abco/IIOTHAST BEJIMYMHA CKOPOCTU OCEJIaHUsT JACTHIL O] ICHCTBUEM CHUJIbI TAXKECTH,
D - kosdpdurment quddysnun, U - abOCOJIOTHAS BEJININHA CKOPOCTH OCEIaHUsI YaCTHUIL MO, Jeil-
CTBHUEM CUJILI TsizKecTH y AHa. Ha mukueil rpamune objactu pertenus I5 OIpene/Isercs IOTOK
[IPUMECH, PABHBIN PA3HOCTH PACXOJ0B OTPBIBAIOIINXCs OT nHa dactur npumecu Cp(t, z,y) (orBe-
Jyaer 3a pa3MbIB ocaJka) u oceparomux dactur, Cy (¢, z,y) (onpegenser akKKyMyJIsIIUIO TPUMECH
Ha JIHE).

OceBlas u caexkKaBliascs y JHA IPUMECh MOXKET CO BpeMeHeM U3MeHSTb ero ¢gopmy. laun-
HBII TIporiecc MbI Oy/IeM MOJEJIUPOBATH CJIEAYIONIUM 00Opa3soM: €CJIM Ha MPOTSXKEHUU BPEMeHH
T* B objacTu pernenust BOJIU3H IPAHMUIIBI, KOHIEHTPAIMS OCEBIIEH IIPUMECH IIPEBLIIIAET IIOPOIro-
Boe 3HaueHne C* | 1o Oy/eM CUMTATh, UTO JaHHAsI IPUMECH IIEPECTAET CHOCUTHCSI TEUEHUEM, W
rpanuiia 0bJIACTH PEINIeHns IIEPEHOCUTCA B COOTBETCTBUM ¢ KOoHIeHTpanueir C* u Bpemenem 1.

2 MaremaTuuyeckast MOAeJIb caMOMn3JiInBa 2KNAKOCTHU U3 BpraGOTKI/I

Co BpeMeHeM, BIPAOOTAHHOE IIPOCTPAHCTBO 3aKPBITHIX YIOJBHBIX IMAXT OOBOIHSIETCST U JJIsT IO/
Jep2KaHUs YPOBHS T'PYHTOBBIX BOJ B PETMOHE, TPUXOIUTCS IMPOIOIKATE OTKAUKY YKUJIKOCTH W3
BBIPADOTKHU, UTO CBA3AHO C JOMOJHUATEIbHBIMU pacxoaamu. [ljs perenus 3Toit npobdiemMbl ObLIO
[PEJIJIOKEHO OyPUTH CKBaXKUHBI B 3aTOILIEHHYIO T'OPHYIO BBIpAOOTKY, Yepe3 KOTOpbIe IOj, JIeil-
CTBUEM JIaBJICHUS TOCTYIAIONINX YepPe3 BEPXHIOID KPOBJIIO IPYHTOBBIX BOJI OYIET MPOUCXOIUTH
caMOM3/NB KUIKOCTH. OTHAKO BMECTE C TTOTOKOM KUJIKOCTH HA TIOBEPXHOCTH MOTYT MOCTYIATH
HAXOJISIIIHECs] BHYTPU BBIPAOOTKU B3BEIIEHHBIE TPUMECH. BBICOKA BEPOSATHOCTH, ITO 3TO Oy/IyT
OCeBIIINE, HO HE CJIEYKABIINECS Ha JHE IIPUMecH. TedeHne u paclipocTpaHeHne BCILIBIBIINUX IIPUMe-
ceil Ipy caMOM3JIMBE YKUJKOCTU M3 IIaXThl UCCIEIOBAIOCH B (23], a B IaHHOl paboTe yiessercs
BHUMAaHNE Pa3MbIBY HE CJIEZKABITIETOCS OCAJIKA.

[Ipu MmaTemMaTHIeCKOM MOJIEJIMPOBAHUN PACCMATPUBAEMOIT 38149 OyJIeM oJIaraTh, 9TO Yepe3
BEPXHUI CBOJI ITOCTOSTHHO IIOCTYIAIOT I'PYHTOBBIE BOJIbI, KOTOpPbIe cunTaeM uncThiMu. [Ipesmosna-
raeM, 9To BbIpabOTKAa IOJHOCTBIO OOBOJIHEHA, & Y JIHA HAKOILJIEHO KAKOE-TO KOJIMIECTBO CJIE2KAB-
IIErocsT WA HE CJIEXKABITIETOCS OCAJIKA.

Ncnonbzyem mojienib obnactu perenus (G, XapaKTepPHOU JJist 3aTOIIEHHOM FOPHON BHIPAOOTKH
PSIMOYTOJIBHON (DOPMBI € TTOJIOCTHIO BJOJIb BEPXHEN KPOBJIM U «CJIUBHON CKBaxkKuHOI». Ob6sracTb
pellenusi orpejenseTcs cBoeil rpanuteit I’ = Uz-lilf 3. Uepes rpanwuter 15,13, 1, B obmacth pe-
nienusi GUIBTPYIOTCS IPYHTOBBbIE BOJbI, uepe3 [ BbiTeKatoT (cm. puc. 2). Ba [;,i = 5,...,12
0003HaYAIOTCSH HEIIPOHUIIAEMbIE TDAHUIBI.
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I I;

Puc. 2. O6stacTh peleHns IjIs 30891 O CAMOM3JINBE YKUJIKOCTH U3 IIAXThI.

Ha ocnoBanum cpaBHEHHs Pe3yJIbTATOB YUCIEHHBIX PACUYETOB PACIPOCTPAHEHHS PACTBOPEH-
HBIX IIPEMeceil ¢ JTaHHBIME HATYPHBIX H3Mepenuii B [16] - [20] 6b11 ciesian BBIBOZ, O TOM, 9TO JIIst
IIPABH/ILHOTO MOJEINPOBAHUS HX PACIPOCTPAHEHNST HEOOXOAMMO UCIOJIB30BATH PA3/IHIHbIE MOJe-
JIN JIBHZKEHUS KUJKOCTH. B 23] 17151 MotestmpoBanust pacpocTpaneHus! BCIIBIBAIOIIIX IIPHMeceit
HCIIO/Ib30BaTh TPU MOJIEJIH TeUeH sl KUIKOCTH. B naHHOil paboTe OrpaHIYHBAEMCS MOJIEJIBIO Hle-
aJIbHOM CTPATH(UINPOBAHHON YKUJAKOCTH, OMHUCHLIBAEMON C MOMOIILIO 6e3Pa3sMEepPHOrO yPaBHEHNUST
T'enpMrosbiars

A Y+ k2 = (7)

C COOTBETCTBYIONIMMHU HAaYaJIbHBIMU U I'DaAaHUIHBIMHA YCJIOBUAMMN:

U’t:O = 0; U’t:O = 0;
Ui liu=0; v=vtz,y); UL :u=0; v=0; (8)
Yli=o = 0;  p[r =11(t,z,y).

riae Y(t,x,y) - dysxnus Toka, 1 (t, z,y) - usBecrHas QyHKIUs, B Clydae OPIMOYTOJIbHON 00-

JIACTH PEIICHUs] MOYKHO B3ATh 1 = k2y; k = Tz, @ = g—z, Fr - muoraocraoe uncio @pyna. B

JAHHOI MoJiesid a = g—z % 0, u TeM cambIM k #£ 0, JKUJIKOCTD ABJISETCS CTPATUMUITUPOBAHHOMN, a
ee Te4eHUe - BUXPEBBIM.

it MosieupoBaHus pacIpOCTPaHEHHsT IpUMeceil NCIoJIb3yeTcss ypaBHenne mepenoca (6) ¢
IPAHUYHBIMU U HaYaJIbHBIMH YCJIOBUSIMMU:

C(z,y,0) = Co(x,y); number
Fl:%:(h Uil C =0 U%iﬂ—'i;g%:(); (9)
F5:637,:0610; F61%:a20.

Baecs C(t, x,y) - kounenrparnust npumecu, Co(z,y) - u3BecTHast PYHKIWs, Vs - aOCOTIOTHAS
BeJINYMHA CKOPOCTH OCeJlaHis YacTHUIl 110J] jJeificTBueM cuibl Taxectu, D - kosddunuent aud-
dysun, a; < 0 - KoadduIUeHT, onpee/IAIomuil HHTeHCUBHOCTL aKKYMYJISIA IPUMECH y JIHA,
as < 0 - k03pPUIUEHT, ONpeAe/IIONNii NHTEHCHBHOCTL OTPBIBA IIPUMECH OT BEpXHEl KPOBJIM.
[TapameTp g GyJeT He paBeH HyJIIO, €cjId BOIM3U BepXHeil HeIPOHUIIAEMOI IPAHUIILI HAXOIATCS
ellie He OCEBIIUe B3BEIICHHbIC YaCTHUIILI IPUMeCH, U OyJieT paBeH Hy/II0 B 00OpaTHOM Ciydae.
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3 Meroapl pellleHns U pe3yabTaTbl PaCYeTOB

[Tocrasiennble quddepeHnpaibable 3a1a4n PENaTcst MeTOJI0M ceTok . Vexomnble auddepen-
IuaJbHbIE KPAeBbIe 33JIa9U AlIIPOKCUMUPYIOTCST OOBITHBIM 06PA30M Ha PA3HOCTHOI, COrIACOBaH-
HOIl ¢ TpaHuTieil, HepaBHOMEPHOII CeTKe ¢ marom Ay, , hy, 10 TPOCTPAHCTBEHHBIM MEePEMEHHBIM 1
IIArOM T 110 BpeMeHu [24].

YpaBHeHUEe TepeHoca BUXDsl W YPaBHEHHE [EePEHOCa MPUMECH PENIaloTCsd HEesSBHOM CXeMoit
CTabUIIN3UPYIOIUX MOIPABOK C IPOTUBOIOTOYHOI alllIPOKCHMAIeii KOHBEKTUBHBIX WIEHOB [25].
Pasnocruoe ypasuenune [lyaccona jyist byHKIMU TOKa PeIIaeTCsi METOJ MUHUMAJbHBIX HEBS30K
HEIOJIHON ANIPOKCUMAIN C [MAPpAMETPOM — MATPHIIEH C HCIOJb30BAHUEM ITIOKOMIIOHEHTHON U
r71006aJIbHOM ONTUMU3AIMI UTEPAIMOHHBIX napaMeTpos [26], [27].

Perienne ocyecrsiisiercs: B 1Ba Tara: CHavaJIa pemaercs kpaesas 3agada (1) - (4) wm (7),
(8) 1 HAXOMSITCS KOMIIOHEHTBI BEKTOPA CKOPOCTH, Ha BTOPOM Tarle perraercs 3ajaada (5), (6) nim
(5), (9) u moy9arOTCs KAPTUHBI PACIIPOCTPAHEHUsI IPUMECH B OOJIACTH PEIICHHUS.

[Tpu Bammmanyu IOCTPOEHHOM MOIEIN TTPOBOANINCH CEPUN PACIETOB 10 OOIIEITPUHSITONR METO-
JIMKE: pacyeThl B 60JIee MPOCThIX 00IACTAX PENIeHNs] U CDABHEHHE ¢ aHAJTUTHYECKUMU PEIeHUsIMY,
eCJIN TAKOBbIE CYIIECTBOBAJIN; PACYEThI ¢ U3MEJbUEHNEM Iara CeTKU M W3MEHEHHEeM KaXKJIoro U3
napaMeTpoB MOJIEH B OTjeabHoCTH. [IpoBoaniach mpoBepKa COOTBETCTBUSI MIOJIyY€HHOTO Pellie-
HUs TTOCTPOCHHOM Mojeu. B nanuoit paboTe mpPUBOIAATCS JIMIIThL HEKOTOPBIE PE3YIbTaThl IUC/ICH-
HBIX PACYeTOB, MOJIyUYEeHHBIE ¢ IIOMOIILIO TIOCTPOEHHON MareMaTndeckoit mojesu. [Ipu stom, He
OyJeM MPOBOJUTDL OJAPOOHBIN aHAJIN3 BIUAHUS BCEX [IAPAMETPOB MOJIE/IM HA TOJIYUYeHHBbIE Kap-
TUHBI T€UEHHsI U PACIIPOCTPAHEHUsI TIPUMECH. B KayKI0M U3 IPHUBEIEHHBIX PE3YJIbTATOB PACUETOB
paccMaTpuBaeTCs JIMIIb OJIHA IIPUMECh, XapaKTepU3yIOIIascs CBOUM HaOOPOM IapamMeTpoB. Xa-
paKTepHOI IJINMHON BBIOMpaeTcs IInHA OOJIACTU PeIleHns M0 T, a XapaKTePHOH CKOPOCTHIO -
CKOpPOCTDb BXOJIHOI'O MOTOKa. Bee nmapaMeTpbl 6e3pasMepHbl.

Bravajie paccMOTpPUM pe3yJIbTaTh, Oy YeHHbIE JIJIsl 3a/1a91 00 OCEJJAHUN IPUMECH U CJIEXKU-
BaHUU ocajika. lIpeanoaraercs, 4To B HAYa bHBIA MOMEHT BpeMeHn t = 0 B 06J1aCTU pelneHus
HET IIpUMeceli, n Yepe3 BXOAHYIO IPAHUIly HAYMHAETCH I0ata 3arpsa3HeHHON KuakocTu. depes
BEPXHIOIO KPOBJIO (DUJIBTPYIOTCSI «9IUCThIe» I'PYHTOBBIE BOJIbI, & HA BBIXOJHON I'PAHUIIE [IPOBO-
JUTCA OTKadKa KHJIKOCTH.

Hanee Ha puc. 3 - 5 Oy/yT IpeJCTaBIEHBI PE3yIbTAThI IIPU CIEIYIONUX 3HAYEHUSIX XapaK-
TEPUCTUK CETKU U TedeHus: pa3mepbl objiactu pemtenus Ho = 0,2, Hy = Lo = 0,4, Ly = 2,
Ly = 0,05; maru npocrpancTsenHoi cerkn h; = hy, = 0,01; mar mo Bpemenn 7 = 0,01; 1mciao
Peitnosbiica Re = 1000; ckopoctsb BxojHOro noroka ug(t) = 0,0001; KOHIIEHTpAIWs IPUMECH BO
BXO/IHOM 11oToKe kujroctu C1 = 0, 2; HadaJIbHbIE YCJIOBHS JIJIsT KOMIIOHEHTOB BEKTOPA CKOPOCTH
ult=0 = 0, v|t=0 = 0.

3aJ1a4a 0 TEYEHNN BA3KON OJHOPOIHON HECKUMAEMON YKUIKOCTHU SABJISIETCS 3BOJIIOIMOHHOI,
HOTOMY MPUXOJUTCS HAXOJUTH KOMIIOHEHTHI BEKTOPA CKOPOCTU Ha KarKJIOM CJIOe 110 BpeMeHu. B
O6.HaCTI/I pelleHnsd TeueHne pa3BuBaeTCd IIPU MaJIbIX CKOPOCTAX, U JIMHUU TOKa KUJIKOCTU HallpaB-
JICHBI BJIOJTb KaHAJIA, a BUXPEBbIE CTPYKTYPHI He obpasytorcs (cMm. puc. 3.1). W3-3a ciexkuBanus
ocaJIKa MOYKET M3MEHUThCsT (hopMa 0OJIACTU PEIIeHsI, II03TOMY IIPU KayKJIOM U3MEHEHUN IPAHUIIBI
TedeHne XKUJIKOCTH IIePecIuThIBaeTcs (CM. puc. 3.2).

Ha puc. 4 npejcrabiieHa IuHAMIKA PACIIPOCTPAHEHMs 1 oceanust npumeceii. [Ipuvecs pac-
POCTPAHAETCs BJIOJIb JIMHUI TOKa, HepaBHOMEPHO 110 KaHaxy t = 10. 3a cuer quddysun npouc-
XOJIUT HE TOJBKO MOPU30HTAJIBHOE, HO U BEPTUKAJIbHOE pacipocTpanenue. [lox meficrBueM cuibr
TSIPKECTH Ha BCEM MPOTSKEHNN KaHaJIa BJIOJIb HUZKHEH IPaHUIbl BhIIAaeT 0ca oK. O IHAKO 60JTh-
masi KOHIEHTPAIUsT TPUMeCel COCPeIOTadMBAETCS TIPEUMYIIECTBEHHO BJOJIb HAKJIOHHBIX IPAHUIL
t = 20. IToToK »KUJIKOCTH, [TOJIABAEMbIii Yepe3 BEPXHIOI KPOBJIK, JIOTIOJIHUTETHHO CIIOCOOCTBYET
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Puc. 3. Teuenne KuaKoCTH U CKOPOCTH (DUIIBTPAIMU IPYHTOBBIX BOJ Vg = —4ugHz/Ls.
(1) B nepsonauanbHoit obiactu perrenns upu t = 0.
(2) B u3menennoii obsacru pemennst upu ¢ = 10.

BEPTUKAJILHOMY OCAXKJICHUIO IIPUMECH. YKe Ha MOMEHT Oe3pa3mepHoro Bpemenu t = 20 HabJIIO-
JaeTCs 9aCTUYHOE CJIEXKUBAHUE OCAJIKa BIOJIbL HUXKHEH JIeBOI HAKJIOHHON I'PaHUIBI, K MOMEHTY
ke t = 50 KaHaJ 3HAYUTEBLHO CykKaeTcs. boJiee mogapobHOE MCC/Ie/I0BaHNE BJIMSTHUST BXOIHBIX
apaMeTpoB 3aJa49ld Ha Pe3yAbTHUPYIONNe KapTUHLI TeUYeHHUsI W PaCIpOCTPAHEHUsT B3BEIIEHHDBIX
npuMeceil IpuBoanTCs B [28].
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Puc. 4. Teyenne u pacrnpocTpaHeHne ocemaronieil TpuMecH pu 3HAYeHUsSX mapameTpon: muddysus D = 0,001;
cKOpocTh ocenanus vs = Us = 0,001; maccoobmen or qua Cp — C,, = 0,25; moporoBoe 3HaueHUue KOHIIEHTPAIIMI
C* = 0, 6; MOpOroBoe 3HAYEHNE BPEMEHN CyieKuBanus ocajaka 1™ = 1 ma momentst Bpemenn: (1)t = 0,1; (2) t = 2;
(3) t=5; (4) t =10.

OCHOBHOII XapaKTEPUCTUKOMN, IIOKA3LIBAIONIEH HACKOIBLKO<«I(M(MEKTUBHO» IIPOUCXOIUT IIPO-
[IeCC OCaXKJIEHWSI W HAKOILIEHHSI IIPUMECH sIBJISIETCSI O0beM IPUMECEeil, BBIXOISIINX U3 00JIaCTh
pElIeHUs] C IIOTOKOM OTKAaYUBAEMON KUIAKOCTU Coyr = szL uC'dy. Korja moTok mocTynamimux B
00J1acTh TPYHTOBBIX BOX, Vi, = 5511 udy TMOCTOSTHEH, KOJTMIECTBO BBIXOIAIIEH TPUMECH PABHOMEP-
HO YBEJMYUBAETCs JI0 HEKOTOpOro yporHs (cMm. puc. 5.1.) Ho B ciryuae sio6bix Kosiebanuii Vi,
nokazarenb (o MOMXKET CYIIECTBEHHO M3MEHSIThCA. 1Ipu 9TOM KpPATKOBPEMEHHOE yMEHbLIIIEHNE
o6beMa TIOCTYNAIOIIET YKUJIKOCTU HE MIPUBOJIUT K OMACHBIM IIOCAEACTBUAM (CM. puc. 5.2), KOJM-
9eCTBO «BBIOPOCA» YMEHBIAETCsSI COOTBETCTBYIONNM 00pa30M M ¢ BOCCTAHOBJIEHUEM IIPEXKHErO
o0beMa IMOTOKA PABHOMEPHO yBEJIUIUBAECTCS.

CaMbIM OIIACHBIM Pa3BUTHEM IIPOIECCOB OCAXKIEHUS W HAKOIJIEHUST MJIOB SIBJISIETCST BO3MOXK-
HOCTH TaK HA3bIBAEMOI'O «3aJIIIOBOI'O BbI6pOCEi.>>. T.e. PE3KOIr'o yBeJIMIeHN A KOHIEHTPpAIlUN 1 KOJIN-
9eCTBa IMPUMECH, BBIXOIAIIEH U3 00JIaCTU pelneHns. Takas KapTUHa MOXKeT Hab/IIOAAThCsI, €CIH,
HaIpUMep, MPOU30HIET JlaXke KPATKOBPEMEHHOE yBeutueHnus 00beMa (BUIbTPYEMbIX I'PYHTOBBIX
Boz (puc. 5.3). Kak BuaHo m3 pucyska, B mHTepsase Bpemenu or t = 10 g0 ¢ = 11 Bmecre ¢
yBesquuenueM V;, B 4 paza IPOUCXOIUT PE3KOE YBEJIUUEHUE KOJUYECTBA IIPUMECH Ha BBIXOJIE U3
obstactu pemrenus B 5 pa3. /lo momenta Bpemenn ¢t = 10 mMpouCXoauT paBHOMEPHOE yBEJIMICHUE
BesimanHbl Cpyy, & mocie t = 11 ee mokasaTesn yMEHBITAIOTCS J0 3HAYEHUs, IOy IeHHOTO JIJIst
AHAJIOPMYHON 381891 C IIOCTOSTHHBIM 00'beMOM (bUIIBTPYIONIMXCS IPYHTOBLIX BOJ (cM. puc. 5.1).
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Puc. 5. 'pacduk n3meHeHus KOJIMYIECTBA IIPUMECH, BBIXOISIIEH U3 00JIACTH PEIeHUs.

(1) ITorox rpyHTOBBLIX BOJ| IOCTOSIHEH.

(2) ITorok rpyHTOBBLIX BOZ yMeHbIlaercs B 4 pasa B uHTepBase Bpemenu ¢ € (10,11).

(3) Momenb «3anmoBoro BeIGPOCAa» IMOTOK IPYHTOBBIX BOJ| yBEJIMYMBAETC:A B 4 pa3a B MHTEpBAJEe BPEMEHHU t €
(

10,11).

HaJsee paccMOTPUM Pe3YJILTATHI, IOy YeHHBIE JI7IsT 33/ 1891 O €CTECTBEHHOM NUCTEUEHUN KU KO-
cti 3 maxTel (puc 6). CaunraeM, 9T0 B HAYAIBHBI MOMEHT BDEMEHH B 00JIACTH HET TEUCHNUSI, OHA
ITOJTHOCTBHIO 3allOJIHEHA YKHUJIKOCTHIO, B KOTOPOl PaBHOMEPHO pacIIpe/iejieHa ITPUMeCh C KOHIIEH-
rparueit C' = 0,1 (puc. 6.1.). Bes npumech ocaxkgaeTcst U Ha JHE BBIIAIACT OCAIOK, KOTOPBIi
YaCTUYIHO CJIeKMBaeTcsi. B obsacTtu moj| moJiocThio obpasyercss «ropkas (cm. puc. 6.2 - 6.3.).
Jlaee nobaBseTcss OTBEPCTUE )i CAMOU3JINBA U UePe3 BEPXHIOI I'PAHUIY HAUUHACTCS (PUIb-
Tpalusd «9UCTOW» KUJKOCTHU. JIMHUM TOKa HAITPABJIEHBI BJIOJb KaHAJa OT BEPXHEH T'PDAHUIBI K
BBIXOJIHOMY OTBEPCTHIO, BCIO [IOJIOCTh BJIOJIb BEPXHE KPOBJIM 3aHUMAET BUXPb (cM puc. 6.4.). Y
JHA JUHAA TOKa OOTEKAIOT CJION CJIEXKABIIErOCsS OCAJIKA, & BECh HECJIEXKABIIUNCS BEPXHUM CJIOM
OCEBIIell IPUMeCH Pa3MbIBAETCsl TeUEeHUEM U BbITekaeT depe3 rpanuily I (em. puc. 6.3.). K mo-
MEHTY BpPEMEHH t = 5 «TOpKa» IMPUMECH 3HAYUTEIHHO CIVIAKUBAETCSI, BHYTPHU OOJIACTU PEIIeHUs
OCTAETCsI JINIIB CJIeXKaBIIuUiics ocagok (cM. puc. 6.5. - 6.6.).

3akJiroueHue

B pabote npemoxkena obiasg MaTeMaTUIecKas MOJIE/b T€UE€HUs U PACIPOCTPAHEHUS, OCEIAHMIST
B3BEIIEHHDBIX IPUMeCel, ¢ BO3MOXKHOCTBIO n3MeHeHusi (GopMbl 00JIACTH PEIIEHUS U3-33 HAKOILIe-
HUs OCaJIKA U MOJEJIb CAaMOW3JIMBA YKUJKOCTU U3 IMaxThl. Ha oCHOBe mpesjiosKeHHBIX Mojeseit
MOZKHO IIPOBOJUTDH aHAJIU3 U U3yUYeHUE IIPOIlecca OYUCTKU IIPOMBIIIJICHHBIX CTOKOB B 3aTOILJICH-
HBIX TOPHBIX BBIPAOOTKAX U UCCJIEIOBATH MIPOIECC CAMOU3JINBA YKUJIKOCTH U3 IIaXTHI.

[lepBast Mome/Ib MO3BOJISIET TPOTHO3UPOBATDL, OYIET JIM MEPEKPHIT KAHAJI TOKA YKUIKOCTH U
BO3MOYKEH JIN «3aJIOBbIN BIOpOCy. [ljist ero npeoTBpaiiennsi HeOOXOIMMO KOHTPOJIMPOBATH Ka-
YeCTBO OYHUCTKU U 00ECIIEYNBATDL ABTOMATHIECKOE MTEPEKJIIOUEHNE MOJAaUN OTKAINBAEMON KU TKO-
CTU Ha JIPyTI'He OYMCTHBIE COOPY2KEHUs B CJIydae HEOOXOIUMOCTH.

Bropas mojienb m03BOJIIET UCCACIOBATDL BJIUSHUE PACIOJIOXKEHUsI CKBAYKUHBI, €€ pa3MepOB
U IyOuHBI OypeHus Ha Pa3MbIB HAKOILUIEHHBIX BHYTPH BBIPDAOOTKH IIPUMECEH M BBIXOJ[ UX HA
IIOBEPXHOCTb IIPU CaAMOU3JINBE XKUJKOCTH U3 ITaXTHI.
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Puc. 6. PacupocTpaHenune Hec/IeKaBIIEHCs] TPUMECeH TPU CAMOM3JINBE WJICAJbHON CTPATUMUIMPOBAHHON YKHJIKO-
CTH CO 3HaYeHMsAMU napamerpos: guddysun D = 0,001; ckopoctu ocemanug vs = 0,1; hy = hy = 0,05; mupuna
Tpy6n! paBHa 0, 1; mar cetku B Tpyde hy, = 0,001; ckopocTs duibrparun depe3 BepxHioo rpanunity pasna 0, 2;
koadunpent crparndukaimu pased 1. Ine na (1) redenue, (2) - (5) nuHamMuKa pasMbIBa IPUMECH HA MOMEHTBI
Bpemenu (2) t = 0; (3) t = 10; (4) t = 20; (5) ¢ = 100.
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Anvoramusi. OnucaH aJropuTM KOMITBIOTEPHOIO MOJIEJIMPOBAHNS IUHAMUKNA B HbIOTOHOBOM Orpa-
HUYEHHON 3aJa4e MHOTMX TeJ Ha OCHOBE OIIbITA MCIIOJIL30BAHUS CUCTEMBI KOMIIBIOTEPHON aarebpol
Mathematica.

KurogyeBsbie ciioBa: JmHaAMUYECKHe CUCTEMBI, JuddepeHIraibHble YypaBHEHUs, CTAI[HOHAPHDBIE pe-
[IIEHUsI, YCTONYNBOCTh, KOMITBIOTEPHAsT aJirebpa

1 Bsenenune

[Ipobsiema unTerpupyemoctu udepeHIualbHbIX YPABHEHUI aHATUTUIECKON 1 HeOeCHON Mexa-
HUKY chOPMYIMPOBaHa B U3BECTHBIX Tpyax Hbiorona, Jlarpamxa, Ditiepall|. U ¢ Tex mop npe-
NIPUHUMAJINACH U IPEeJIPUHUMAIOTC MHOTOYNCJIEHHBIE IIONBITKA IPONHTErPUPOBATh 3TU ypaBHE-
Hug B KBajgparypax. [locire mokazarenbcTBa [lyamkape TeopeM 0 HECYIIECTBOBAHUU IEPBBIX MH-
TerpaJjioB raMUJIBTOHOBBIX yPaBHEHUN 33189l TpeX TeJl B BHJIE O/JHO3HAYHBIX TPaHCIEHIEHTHBIX
byHaKIIi [2], ObLIa MPUHSATA, MOYXKHO CKa3aTb, HOBas TPAKTOBKA IIPOOJIEMbl MHTEIPUPYEMOCTH
cucreM audpepeHnnaabHbIX YPpaBHEHUI TaMUJIBTOHOBON JUHAMUKN: IIEPBOOYEPEIHON 3a1adeit
SABJISIETCSl HAXOYKJICHUE JIIOOBIX YaCTHBIX PEIeHUit (HaHpI/IMep, pelLIeHni TUIla IIOJIOXKECHUN paB-

HOBECHSI) M MCCJIeI0OBAHNE UX YCTOWIMBOCTH B PA3JIMIHBIX TPAKTOBKAX ITOTO ITOHSITHS.

Huddepenrnaibuble ypaBHEHUsI BUKEHHSI B HBIOTOHOBOH 3ajatde T TeJ C MacCcamu
mi,ma, ..., My OTHOCUTEJIBHO Teja Py ¢ mMaccoit mg B JeKapToOBOil cucreme KoopauHar Pyxyz
umeror Bu [1]:

d*x (mo +mi)Te (s —x1) T
@ - *;’”S A )

sk
d*y (mo +mi)ye | (ys —yk) s
at? a2 (Ta T e)

Sk (1)
d%z _ _(mo + mi) 2k n zn:ms ((zs - Zk) _ Zi) 7

dt? r}

k=1,2,...,n.

[Tpu uccaemoBanny HeJTMHEHHBIX OOBIKHOBEHHBIX MM depeHITnaIbHBIX YPABHEHUH TPaKTIIe-
CKHU BCEIJIa BOSHMKAET BOIIPOC O CYIIECTBOBAHMHM TAKUX YACTHBIX PEIIeHMiT, KOTOPbIE 00/Ia1ai0T
KaKoM-Tnb0 cuMMeTpueil, coxpaHsieMoil B Ipoliecce M3MeHEHUsT He3aBUCUMON ITepeMeHHOiA.

A.Buntnep B monorpadun [3| nokazaiu, uro mquddepennuanbabie ypasaerust (1) HbIOTOHO-
BOIl TTPOOJ/IEMBI MHOTHX T€JI JIOIYCKAKT PEIeHUsI, COXPAHSIONINE C TEeUeHUEM BPEMEHH YIJIbl B
KOH(MUTYypaIun 1 IpOMOPIHOHAILHOE TTO001e MeXK/Ty BCEMU B3aWMHBIMU PACCTOAHUSIMU B Hel.
Takue pereHns IPUHATO HA3BIBATH 20Mmozpaduveckumu peuterusmu. IIpumepoM Takux KoHpU-
TyPAIUil SIBJISIOTCSI 3HAMEHUTBIE YaCTHBIE pereHus 1uddpeHInaIbHbIX YPaBHEHI HbIOTOHOBOIT
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mpobJIeMBbI TpeX TeJj, HalieHnble JiyiepoM u JlarpamkeMm, Tak HA3bIBAEMbIE B MaTEeMAaTHIECKO
JuTepaType KOoJUIMHeapHble perieHus diijiepa u Tpeyrojbauk Jlarpanxa [1].

B nocsennne rogpr E.A.I'pebennkoBbiM [4] 6bLIn 11pe/yiozKeHbl HOBBIE MOJIEJIN KOCMUYECKO
JUHAMUKN, B KOTOPBIX T'PABUTAIMOHHOE IIOJIE CO3A€TCs TeJaMU, 00Pa3yolIMU TPABUIbLHBIE
MHOTOYTOJIbHUKH, BPAIAIOIIAECss BOKPYT IEHTPaJbLHOr0 Tea. JlanHble paboThl 1 BO3MOXKHOCTH
cucTeM KOMIILIOTEPHOI airebpsl (Hanpumep, cucrema Mathematica [5]), qamm Bo3MOXKHOCTD Hali-
TH MHOXKECTBO HOBBIX NOMOI'Pa(UIECKUX PEIICHUIA.

NsBectHo [6], uro Besikoe romorpadutdeckoe penieHne HbIOTOHOBOI IIPOBIeMbl 1 TeJl TOPOK-
JTAeT HOBYIO JMHAMIYECKYIO MOJIEb - OTPAHUIEHHYIO TIpobsieMy (n+1) Tesr, COCTOAIILYIO0 B HCCIIe-
JIOBAaHUU BCEBO3MOYKHBIX JIBUYKEHUI OECKOHETHO MaJjIOi MacChl B II0JI€ TPUTSIXKEHUST 7 TPDABUTH-
PYIOIIAX Macc.

KauecrBenusie mcceoBannsi OrpaHIaeHHON HBIOTOHOBOI mpobsiembl (n+1) Tesx cocrost, B
YaCTHOCTH, B HAXOXKJIEHUU CTAIIMOHAPHBIX PEIIEHUN U ITPOBEPKe UX Ha YCTOWYUBOCTb B pPa3/ind-
HBIX TPAKTOBKAaX.

s perieHust BBIEN3JIOKEHHBIX 33124 ObLI pa3paboTaH aJrOPUTM KOMIIBIOTEPHOTO MOJIe-
smpoBanus B cucreme Mathematica u Hanucan KoOMILIEKC COOTBETCTBYIOMUX porpamMm. Jlanubrit
aJIrOPUTM COCTOUT U3 OIMCAHHBIX HUKE 3TAIIOB.

2 HaxoxxaeHne HOBBIX roMorpadunviecKnx pemnieHuia

Crosta, B IIEpPBYIO O4Yepelib, CJIeJyeT OTHECTH BU3YAJM3AIUIO MOJejieil, reOMeTpuIecK u306pa-
JKaeMbIX OIpele/leHHbIMI (PUrypaMu B JI€KapTOBOIl cucreMe kKoopaunar. Hampumep, ma puc.l
n300pakeHbl KOH(MUTYPAIIME HbIOTOHOBO# 3amaun 4-X, 7-mu u 9-tu Tes. "2Kupabivun" roukamm
0003HaYEHbI TPABUTUPYIOIINE TEJIA.

[Iporpamma B cucreme Mathematica, mo3BoJisiolasi MOCTPOUTb PUCYHOK UCCJIEIYEeMOM Moie-
JIU, COCTOUT U3 CJAEYIONNX WHCTPYKITHI:

Figure[sp_ ] := Module[lines, points, grl, gr2, tO,
(¥ Sp - CIHCOK KOODAWHAT Tell B KOHOUrypamuu: {Tg,Yk}*)
lines = Table[Append[sp[[il], sp[[i, 1111, {i, 1, Lengthlspl}];
rl = Flatten[sp, 1];
If[FreeQ[r1, 0, 0], t0 = {3},
rl = Drop[rl, Position[rl, {0,0}][[1]1]1];
t0 = {Text[Fpl, {0,0},{-2, -2}13}]1;
grl = Graphics[Table[Text [ToString[Fs], StandardForm],
r1[[k]], -2.5 r1[[x]1]1], {k, 1, Length[r1]}] Join tO,
BaseStyle -> {FontWeight -> Bold, FontSize -> 12}];
points = Append[{PointSize[0.027]},
Table[Point[Flatten[sp, 11[[i]l]],{i,1,Length[Flatten[sp, 111}1];
gr2 = Graphics[ {points, {Dashing[0.02], Thickness[0.0065],
Line[lines]}}];
Show[grl, gr2, AspectRatio -> Automatic, Axes -> Automatic,
Ticks -> {{-1, 1}, {-1, 1}}] ]
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Puc. 1. Hekoropble juHAMUYECKHE MOJEIN HBIOTOHOBOM 3a/[a4y MHOTHUX TeJI.

Jlastee nexonaum u3 HeOOXOIUMBIX U JIOCTATOYHBIX YCJIOBHIA CYIIECTBOBAHNS EHTPAIBHBIX KOH-
dburypanuii n tes [6]:

n
2 moZyg T — .%'j
W = —5——5=75 + m; ,
G j:;j;ék T((wn —a5) + (s — y5)%)%/?
n
5 Moy Yk — Yj (2)
WY = 5525 + m; )
@k + )2 jlz,j:#k (e — )2 + (g — y5)2)3/?
k=1,..,n.

rie T, Yi, 4 = 1,n - KOOpAUHATEI i-ro Tesa, m;, ¢ = 0,n - Macca i-I'o TeJla, W- YIJIoBasd CKOPOCTh
BpallleHns KOHMUTYpaIuu.

Permmast a1y cucremy, /i KaxKa0i KOHKPETHON MOJIEIN OJIyIaeM aHAJIUTUIeCKAE COOTHOIIIE-
HUsT MEXKJLy JIMHAMUYIECKUME (MacChl TeJl U yIJIoBasi CKOPOCTDb BpallleHusi KOH(MUTYPAIn) U reo-
MeTprdecKuME (pasmepsl KOH(MUIypaIyn) napaMmerpamMu Mojiesn. JlaHHble COOTHOIIEHUS SIBIIsI-
IOTCA YCJIOBUEM CYIIECTBOBAHMS TOTHOIO TOMOI'PA(UIECKOTO PEIIeHNsI, N300parKaeMoro JTaHHOoi
reoMeTpudeckoit (purypoii, Uit HbIOTOHOBOM 3as1a4u. Jlajiee BIYUCIIEM JOIYCTUMbBIE 3HAYEHUS
[mapaMeTpoOB MOJEJIHN, IIPU KOTOPBIX KOH(MUTYpalnus nMeeT (PU3NIeCKUil CMBIC.

Hampumep, gy romorpaduaeckoro penreHnsg—pomMoa, n300paKeHHoro Ha puc.l, ycaioBus cy-
IIIECTBOBAHUS PEIIEHUS CJIe/IYIOIIHE:

mi1 = mgs,
o Ame(L+e?)P 2 — 1) +m (80 — (14 a?)*?)
2o a3(8 — (1 + a2)3/2) ’ 3
mo(l + a2)3/2(8a3 —(1+ a2)3/2) m1(64a3 — (1 + a2)3/2)) 1/2

a3(1+a2)32(8 — (1+a2)3/2)  4a3(1+ a2)3/2(8 — (1 + a2)3/2)

3 OrpaHnndyeHHasi HBIOTOHOBa 3ajlaya MHorux teJs. HaxoxkgeHue
CTalMOHAPHBIX pernieHnin

Haiinenmbie Toumbie pemrenns nuddepeHimaabHbIX ypaBHeHH 001eil HbIOTOHOBOM 38191 71 TeJl
[O3BOJISIIOT HaM C(hOPMYTMPOBATH OIPAHUYEHHYIO HHIOTOHOBY 3aja4dy (n + 1)- Ter [6,8,9].

CyThb OrpaHUYeHHON HBIOTOHOBOI 3a1aun (n + 1) TeJy COCTOUT B U3YUYEHUM JBUXKEHUST TeJia
P ¢ GeckoHedHO MaJIOif MAcCOil B MoJie TPABUTAIINHN, CO3IaBAEMOM B ITpOCTpaHcTBe Pyryz B3anMm-
HBIM npuTsizkerneM reji Py, P1, Ps, ..., P,, IBIXKYIIUXCsS B IPOCTPAHCTBE C IMOCTOSIHHON yIJI0BOit
CKOPOCTBIO W U 00pa3yIONUX HEKYIO OIPEIeJIEHHY0 KOH(MUI'YPAIIUIO.

Ee mMaremarndeckasi MOJIe/Ib OIMKUCBIBAETCS cUCTeMOl TuddepeHImanbHbIX ypasHenuit [6,8]:
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d?z mox 12 T— Ty Tg
= e (Tt ).

Py my Y—Ys  Ys

W= (Y k)

Pz moz N~ (2w oz (4)
a2 3 +;m5< A3 rg’)’

r—(w2+y2+z2)1/2,

ro = (a2 + 92+ 22)"2,

A= ((@ -+ (y - ys)? + (= — 2)2) /2.

perttennit quddepeHnuaabHbIX yPABHEHUH, OIMCHIBA-

IOIIUX JIMHAMUYECKYIO MOJIEJIb OIDAHUYEHHO!l HBIOTOHOBOI 1pobiembl (n+1) Tes cBomUTCS K
PEIIEHNIO CHCTEMbI HEJIMHEHHBIX UPPAIMOHAJIBHBIX ajarebpandeckux ypaBHeHui [6]:

f(x7y) :(/.)21' -

n

mox

(22 + y2)3/2 N

r — Ty

- ) = 07
; " ((z = 2:)? + (y — yi)?)*/?
9(x,y) = w'y — @2 1 22
_Zm YU —0.

CHoXKHOCTD JIAHHON CHUCTEMBI ypaBHEHU JleaeT HEBO3MOXKHBIM HAXOXKJIEHUE €€ PEIIeHUs B
KOMITAKTHOM aHAJUTUYECKOM BHU/IE, IO9TOMY Pa3yMHO HCKATDH PEIIeHUs JJisi KOHKPETHBIX 3Ha4e-
uuit napameTpoB. Coueranue rpauIecKiuX U YUCIECHHBIX METOOB JAIOT OOIIYIO HAIJISAIHYIO Kap-
TUHY HaJIMYMsi TAKUX PEIIeHUH ¥ TOUYHbIE (C JIONYCTUMOlN "MAIIMHHON TOYHOCTHIO") YUC/IEHHbIE
3HAYEHMsI KOOPJMHAT CTAIMOHAPHBIX ToueK. Ha puc.2 perenue f(z,y)=0 n300paykeHo CILIOIIHOM
JHuel, a g(r,y)=0 - nyHkTupHOi JjuHus. TouKM nepecedeHus] ITUX JMHUI — CTAllMOHAPHbIE

pelienust.

NMucrpyknuu cucrembl Mathematica st mocrpoenusi qanuoro rpaduka Ipu 3aJaHHbIX I1a-
pameTpax JIMHAMHYECKOH MoJesin (MacChl TeJl U pa3Mepbl KOHMDUIYPAIU) UMEIOT CJIeLyOIIuit

BUI:

wrlr_,y_| =w’*z — @

2

wylz_,y_| =w”*xy — =

Tmo _ i (z —xs)my )
Fy2)2 (@ — w2+ (y—y)?)
ymo zn: (y —yi)mi ,
+2)P2 (- 2a)? + (y — 4022

cpx=ContourPlot [wx,{x,1.5,-1.5},{y, 1.5,-1.5}, Contours —{0},

ContourShading —False, PlotPoints—pts,
DisplayFunction—Identity,
ContourStyle—{Thickness[0.006]1}];

cpy=ContourPlot [wy,{x,1.5,-1.5},{y,1.5,- 1.5},
Contours—{0},ContourShading—False, PlotPoints—50,

DisplayFunction—Identity,
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Puc. 2. T'paduaeckoe pemenne cucremsr (3) 11t IByXKOJBIEBOH 3amaqu 13-Tu et

ContourStyle—{Dashing[{0.02,0.02}],Thickness[0.006]12}];
points = Graphics[ Join[PointSize[0.03], Point[{0, 0}],
Table[Point [{x;, y:}], {i, 1, n}11];

Show [cpx, cpy,points,Axes—False,
DisplayFunction—$DisplayFunction]

JL71st HaXOXK IeHU Sl YUCJICHHOTO 3HAYUEHUSI CTAITMOHAPHOT'O PEIICHUS /1 KOHKPETHBIX 3HaYeHU T
apaMeTPOB MOJICJIU UCTIOJIB3YIOTCS CIIYIONIIe HHCTPpYKinu cucteMbl Mathematica (31eck 20,y0
— HaYaJbHOEe IPHUOJIMIKEHUE CTAIIMOHAPHONW TOYKH ):

n

PP P L. B < (@ = i) ms :
@412 = (w—mi)? + (y— 9:)?)3/2

ymo ¢ (y —yi)mi ,
(22 +y?)3/2 2 ((x =) + (y — y:)2)*/*’

sol=FindRoot [{sx==0,sy==0},{x,x0},{y,y0}, MaxIterations — 10000];

2
SYy=w *xy —
i=1

4 WccaepoBanue JUHEHOW YCTOMYMBOCTHU CTAIIMOHAPHBIX peIlneHui

st uccyieioBanus JUHEHHON yCTONYIMBOCTU HANWICHHBIX CTAIMOHAPHBIX PEIIeHUH, COIJIaCHO Me-
roy JIsimynoBa [6,7], Hy?KHO BBIIOJTHUTD TPOIELYPY JIMHEAPU3AINH [IPABBIX YacTeil HOpMAaJIbHOM
CHUCTEMBI JIJIs1 cucTeMbl AuddepeHnuanbHbIX ypaBHenuii (4), OnuchbBaIOIIel OrpaHuIeHHY IO 38,18~
1y, B OKPECTHOCTHU JIIOOOH CTAIIMOHAPHONW TOYKU U BBIYUCIUTL COOCTBEHHBIE 3HAUECHUS MATPHUIIHI
3TOH JIMHEAPU30BAHHON CUCTEMBI.

B pesyibrare jmuHeapu3auy MOJIYIUM CUCTEMY JIMHEHHBIX MM dEpEeHIINaIbHBIX YPABHEHU I

Y _ 4
a0

rjae Marpuna A umeer sug [6]:
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00 1 O
00 0 1
A= ab 0 2w
bec—2w 0

ﬂﬂﬂ BbIYUCJICEHUA 3JIEMEHTOB l\lanI/HlbI A n ee CO6CTB€HHbIX 3Ha‘IeHI/II71 JJIA KOHerTHOfI CcTa-
[IMOHAPHOI TOYKM ¢ KoopauHaramu (2%, y*) mcnosnb3yrorcs ciemyonme THCTPYKIMA CHCTEMbI
Mathematica:

2 xmg B - (x — x;)m; .
f=w’xx (22 1 y2)3/2 Zl (& — )2 + (y —9)2)3/2

1=

N A ymg _ (y — yi)m; :
IS IR T L o -

a=D[f,x]/.{ x—x*,y—=y*}; b=D[f,yl/.{x — x*,y —=y*}
c=Dlg,yl/ . {x—x",y—=>y"};

A={{0,0,1,0},{0,0,0,1},{a,b,0,2w},{b,c,-2w,0}};

ev=Eigenvalues[A];

5 UccaenpoBaHme yCTOWYMBOCTU CTAIMOHAPHBIX pernieHuii mo JIsamyHoBy.

WsBecTHO, YTO HccienoBaHue MPobJeMbl YCTORUUBOCTA B CMBICIE JIAyHOBa IIOJIOXKEHUN paB-
HOBECUA I'aMUJIBTOHOBBIX CHCTEM 4—FO IIOpAJaKa BO3MO2KHO TOJIBKO Ha OCHOBaHUN KAM—TeOpI/H/I
[6] (Teopum cyiecTBOBAHMS YCIOBHO-IIEPUOMYECKIX DPEIIEHUNl MHOIOMEPHBIX TaMUJIBTOHOBBIX
cucreM, cozmannoit A.-H. Koamoroposbiv, B.M. Apnosbgaom n FO.Moszepom).

B ee paMkax BhIIOJIHSIOTC peobpasoBanus llyankape-Bupkroda HOpMaau3alul raMuiib-
TOHUAHA OFpaHI/I‘{eHHOﬁ 3aJlad1 B OKPECTHOCTH CTaHHOHapHOfI TOYKU U IIPUMECHLACTCA TeopeMa
Apnombaa-Moszepa 06 yCTONIMBOCTH peIleHuil TaMUJIBTOHOBBIX CUCTEM C JBYMS CTEIIEHSIMU CBO-
60/IbI. DT JIOCTATOYHO I'POMO3JIKUE Mpeodpa30BaHusl, BHIMOJIHEHHBIE B cucreMe Mathematica,
110/IpoOHO onucanbl B paborax [8,9,10].

IIpu uccinemoBanny yCcTOMUIMBOCTH 10 JISIIYHOBY CTAIMOHAPHLIX PEIIeHUN B ciydae HaJld-
yng "9acToTHBIX " Pe3oHaHCOB MbI HCIIOJIb30BaM TeopeMbl A.Il. MapkeeBa, oTHOCAIIMECS UMEH-
HO K "pe30HaHCHLIM" CUTYyaIsIM 1 HECKOJILKO «KOPPEKTUpPYIoIe» npeodpasopauus Ilyankape -
Bupkroda.

6 YwucuaeHHble HNCccJjieJ0BaHu:A IOJIOXKEHU paBHOBeCHUA

Ucnionwbays auciennbie MeToibl, peasmzoBanabie B CCB Mathematica, MoykHO JIOKaJIBHO ITPOUH-
rTerpupoBaTh nuddepeHiuaibHble ypaBHeHHsI OlPaHINYeHHOl 3aaun (n + 1)— TeJ, HaiijeHHbIe
peIleHns 3alUCaATh B BUJE HHTEPIOJIAINOHHBIX (PYHKIIUN HA OIPEIEJIEHHBIX IPOMEXKYTKAX Bpe-
MEHH, a 3aTeM IIOCTPOUTDH (ha30BbIe TOPTPETHI UCCIETYEMbBIX MOJOKEHNN PABHOBECUS U OICHUTH
BEJIMYNHY BO3MYIIEHUN HAYAJIHHBIX KOOD/IMHAT.

Ha puc. 3 cieBa u300paxkeH rpaduk TpPAeKTOPUM TOYKH C OECKOHEYHO MAJIONH Mac-
COIf C HAYaJbHBIMU MAJIBIMA BO3MYIIEHUSMU OT CTAIlMOHAPHOI'O DPEIIEHUs 0 KOOP/IMHATAM
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(0.0001,0.0001) u o mpoexrmsam ckopocreit (0.0001,0.0001) miist 1BYXKOJIBIEBOH OrPAHUIEHHON
sagaun (3n+1)-rea (n=4)[10] npu 0<t<1000, a cupaBa u306parKeHbl OTKJIOHEHUST STON TPAeK-
TOPHUHU OT IOJIOYKEHUST PABHOBECHS.

Ar(t)

0.005 |
0.004
0.003 |
0.002 |
0.001 5

\\\\\\\\\\\\\\\\\\\\t
200 400 600 800 1000

Puc. 3. I'padukn TpaeKTOpPUHN TOUYKYU W OTKJIOHEHUS] TPACKTOPUHU TOYKH.

Jlamabie rpaduUKu TOCTPOEHBI IIPY MTOMOIIM CJIEIYIONNX HHCTPYKIuil cucrembl Mathematica:
3n

x[t]mo B Z (z[t] — zi)my
1

se=welll = Ty 2]~ 22)? + (lt] — 522

o ] ylmo " (ylt] — y:) _
v =W Gy g 2 Gl = 02 + Gl —
sol=NDSolve; [{ x"[t]l-2wy'[t] == sz, z[0] == z” + 0.0001,

z'[0] == 0.0001,y"[t] + 2wzlt] == slyl, y[0] == y* 4+ 0.0001,
y'[0] == 0.0001 }, {z,y}, {t,0,1000}];

ParametricPlot [Evaluate [{x[t],y[t]}/.s01],{t,0,1000}, AxesOrigin— {x",y"},

AspectRatio -> 1]

Plot[Evaluate[((x[t] - z*) + (y[t] - y)»)¥? /. r11, {t, 0, 1000},

AxesLabel—{"t "Ar(t)"}]

7 Aunumanus rpaduveckoii uadopmarumn

CymeCTBeHHym IIOMOIIb B ITIOHMMaHUN MeEXaHU3Ma JABHU2KEHUA MOT'YT OKa3aTb "BI/I3yaJII/ICTI/ILIe—
ckue'"'v aHUMAaIMOHHbBIE BO3MOXKHOCTH cucTteMbl Mathematica, mossosstonie HabIIOIATh TBUKE-
Hre 6ECKOHETHO MAJIOi MacChl B [MHAMUKE, KaK (pyHKuio Bpemenu. [Iporenypsl 1/isi anuMaImn
rpaduaeckoit nndopmalu, HAIMMCAHHBIE B cpefe Mathematica, moapobHo mpeacTaB/IeHbl B pa-
6ore [11].
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Puc. 4. I'paduk gaBuzkeHnst HEYCTOWINBOM CTAIMOHAPHON TOYKU JABYXKOJIBIIEBOM OIPAHUYEHHON 3a/1a9H (3n+1)—
ten (n=4) s IByX MOMEHTOB BPEMEHH.
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AnsoTanus. B pabore paccMoTpeHO MaTeMaTH4YecKoe MOJASTUPOBAHUE IMepeHoca HeTIHON TITeH-
KM Ha TOBEPXHOCTH MOPSI C YYETOM METEOPOJIOTMYECKUX ycjoBuu. HedrTsiHasi MieHKa siBJsieTCst
MHOTO KOMIIOHEHTHOM, JIJIsT KayKJION M3 KOTOPBIX yUITEHBI MPOIECCHl JErPAJAINNA U UCIAPEHUS Ha
OCHOBE (PU3UKO-XUMHUYECKUX CBONCTB KOMIIOHEHT. TEOPUTUUIECKYI0O OCHOBY MATEMATHYECKUX MOJIE-
Jiell COCTOBJISIFOT YpaBHEHMSsI THAPOJIMHAMUKNA MOPsi, YPaBHEHUSsI IIEPEHOCA U TPAHCHOPMAIMM KOH-
meHTparuu. UnucaIeHHoe MOIEIMPOBaHNE TTPOBOIMIIOCH HA PA3HECEHHON CETKE CO BTOPBIM MOPSIIKOM
TOYHOCTH IO HMPOCTPAHCTBY U HEPBBIM 10 BpeMeHU. Kak MOKa3bIBAIOT YHMCJIEHHBIE PACYETHI, PaC-
IPOCTpaHEHUE HEMPTSIHOIrO IMSATHA HA MMOBEPXHOCTH MOPsi CUJIBHO 3aBUCUT OT CHJIbI, HAIPABJIEHUS 1
CKOPOCTHU JIBXKEHUS TAHKEPA.

KuaroueBrbie ciaoBa: Kacmuiickoe Mope, HedTsiHOE 3arpsi3HEHNE, MATEMATUIECKASA MOJIEITb.

1 Bsenenue

Wcrounuku 3arpsasuennsa Kacrmst MHOTOOOpa3HBI U PACIIOJIOXKEHBI Ha TeppuTopun Beex IIpuka-
CIUHMCKUX TOCY/IaPCTB, BKJIIOYAs NX MOPCKHUE aKBATOPUU. BOJIBIIYIO TOTEHIINAIBHYIO YIPO3Y /I
Kacnns ns-3a noabEéMa ypoBHS MOPsI IPEJICTABIIAIOT 3aKOHCEPBUPOBAHHBIE HE(DTSIHBIE CKBAYKITHBI
1 IpuOperKHble HePTEIIPOMBICIIBI, ABAPUHN Ha Pa3BEIOYHBIX CKBAaYXKMHAX W TPAHCIIOPTHBIX CPejl-
CTBaX, & TaKyKe TPAHCIPAHUYHBI [IEPEHOC 3arPI3HSIONINX BEIecTB (MeTa/lIoB, HeDTENPOLyKTOB
u T.J1.) o pekam Bosra, Ypasa u ap.

Cepepnbiii Kacrnit saammaetr seero 0,5% oT obmero o6bema Boapl B Mope. B pesyinbrare mH-
TeHCU(DUKAIIUY TPOIIECCOB OCBOEHUSI YIJIEBOIOPOIHOIO ChIPhsl, KAK B IPUOPEXKHON, TAK U B IIEJIb-
¢oBoIt 30HE, MOpE TOJABEPTaeTCsI 3arpsI3HEHNI0 HePTEPOLYKTAMI M COILY TCTBYIOIINM UM TOKCH-
kanTamu. Kpome Toro, Kacnuiickoe Mope IpUHUMAET CTOKU PEK, HECYIIUX C CODOIl PasimIHbIe
3arpsA3HAIONIE BeIecTBa. BCE 9TO oIpee/sieT MOBBINIEHHBI YPOBEHb aHTPOIIOIEeHHON 3arpss-
HeHHOCTH Mopsi. Kak n3BecTHO, HeTsIHAST OTPAC/Ib 10 IJIyOMHE U MHOIOOOpa31io HeraTUBHBIX BO3-
JeMCTBUI Ha OKPYKAIOIILYIO CPETy IIPEBOCXOIUT BCE APYTrUe OTPACN TOILITMBHO-9HEPIeTUIECKOTO
KoMILIekca. Hanbosiee oIy THMO 9TH BO3AECHCTBUSI IIPOSIBJIAIOTCS B YCIOBUAX HOOBIYH, IOITOTOB-
KH, [1epepaboTKK U TPAHCIOPTa yIJIEBOJOPOJIHOIO ChIpbst U HedTenpomaykTos [1,2,3].

I'maBHBIM 3arpsi3HuTEeIeM MOpPsi, 6€3yCJIOBHO, ABjsieTcsa HedTh. HedTsiHble 3arpsas3nenust mo-
JAaBJISIIOT pa3BuTHe PUTOOEHTOCA N PUTOILIAHKTOHA Kacmus, mpeacTaBAeHHBIX CHHEe-3eIeHbIMI
U JIMaTOMOBBIMH BOJIOPOC/ISIMU, CHUXKAIOT BHIPAOOTKY KHUCJIOPOA. Y BeJuvdeHrne 3arpsi3HeHUs OT-
pHUIIATE/IbHO CKA3bIBAETCS U HA TEILIO-, Ta30-, BJIAro0OMEHe MEK Iy BOIHOI IOBEPXHOCTHIO U aT-
Mocdepoii. 3-3a pacupocTpaHeHns Ha 3HAYNTEIbHBIX ILJIOMAAIX HEMTAHON IJIEHKN CKOPOCTH
HCIIAPEHUsT CHUYKAELTCSI B HECKOJIBKO pa3. 3arpsizaenue Kacrnniickoro Mopst BeJIET K rubeJin OrpoM-
HOT'O YMCJIa PEJIKUX PBIO U JAPYIUX >KUBBIX Oprann3mMoB. Hanbosiee HATJISIIHO BJIMSHIE HEPTIHOTO
3arpsi3HEHUsT BUIHO Ha BOOILIABAONINX ITHIAX.

[Tpu mporHo3mpoBaHME BO3MOXKHBIX M3MEHEHHUI PEXKMMa MOPSA W WX SKOJOTMIECKUX CHCTEM
[IOJI, BJIMsIHAEM aHTPOIIOIE€HHBIX BO3AEHCTBUI, B ITOCIEIHEE BPEMS s YCIIEIIHO UCIOJIb3YIOTCA Me-
TOJABI MATEMATHIECKOTO MojeaupoBanus. OTHAKO JI0 HACTOSIIIEN0 BPEMEHH HET OOOOIIAONIINX
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paboT, B KOTOPBIX JOCTATOTHO IMOAPOOHO OCBEIAINCH OBl KaK 0CODEHHOCTH AWHAMHUIECKUX IIPO-
[IECCOB B MOPSIX, TAaK U UCIOJIb3yeMble JJjIsi MX OIUCAHUI MaTeMaTHIeCKUe MOJIEJIN.

Teopernieckyio OCHOBY MaTeMaTHIECKUX MOJEJIE COCTABIISIIOT YPaBHEHUS THIPOITHAMUKH
MOPsI, YPaBHEHUs IIePEeHoca U TpaHcOpMaluy KOHIeHTpauun. HeoOXoguMo OTMEeTUTh, 9TO II0-
JOOHBIE MOJIEJIN CYIIECTBEHHO HEJIMHEHHBI U HeCTAIMOHAPHBI. [IpeanamMepeHnoe u ecTeCTBEHHOe
BOBIEHCTBIE YeJIOBEKa Ha OKPYXKAIOIIyIO CPeIy NMPUBOJUT K 3aJaHUIO JTOIMOJTHUTEIHLHBIX BO3MY-
MIEHNH, BJIUSIONINX Ha (POPMUPOBAHKE UCCIEIyEeMbIX IPOIeccoB. [Ipu MareMaTnvecKoM MOJIE/IH-
POBAHUN IIPOIECCOB PACIPOCTPAHEHHSI IIPUMECEl 0YeHb BasKHLIM 3TAIOM SIBJISETCS pa3padoTKa
n BbI60p COOTBeTCTByIOH_[eFO BBITUCJIUTEJIBHOT'O aJITOPUTMa U AIIIIPOKCUMaIlun ypaBHeHI/IH nepe-
HOCA.

2 MaremarudyeckKasi MOJeJIb

IIpn n3ydennu pacnpocTpaHeHUs B MPUPOJIHBIX CpelaX TaKUX 3arpa3HUTeNell aHTPOMOTeHHOTO
IIPOUCXOXKJIEHNS, KaK XUMHUYECKNE OTXOJbl NPOMBIIIJIEHHBIX MPEIIPUATHI U CEJIBCKOTO XO3sTii-
CTBa, IMUPOKO UCHOJIL3YIOTCS MATEMATHIECKIE MOJIEJIN U YUC/IeHHbIE 3KcepuMeHTs Ha D9BM. B
BOJI0EMAX-OXJIQUTE/IAX IIPOCTPAHCTBEHHOE M3MEHEHUE TEeMIIEPATYDbl HEBEJUKO (He MPEBbIIAeT
200). CoorBeTcTByIOIIEe N3MEHEHNE IIJIOTHOCTH HAMHOTO MEHBIIE CAMOW BETMYUHBI IJIOTHOCTH
Bosibl. [losToMy crparuduiiupoBaHHoe TedeHHe B BOIOEME MOYKHO OIHUCHIBATH YPABHEHUSIMU B
npubsmkennn Byccunecka, T.e. B ypaBHEHUSX JIBUKEHUS IEPEMEHHYIO BEJNYNHY [JIOTHOCTU BO-
Jbl MOYKHO 3aMEHUTHh HEKOTOPBIM IIOCTOSIHHBIM €€ 3HaYeHHEeM Be3Je, 38 UCKII0YEHUEM 4YJIEHOB,
MIPEJICTABJISIONINX aPXUMeIOBY cuy. st 60JIbIIMHCTBA BOJOEMOB CYIIIN BEPTUKAJIBHBIN PasMep
BOJIOEMa 3HAYHUTEJFHO MEHbIe XapaKTEePHBIX NOPU30HTAJBHBIX pa3MepoB. llosTomy TedeHnume B
BOJI0EME MOYKHO PacCMaTpUBaTh KaK TeUEHHE B MEJIKOBOJIHOM Oacceitte. C y1ueToM 3TUX 00CTOsI-
TEeJIbCTB paclipesie/ieHNe JaBJIeHIs 110 BEPTUKAJIN B TaKUX BOJIOEMaX MOXKHO IPUHATH I'MJIpOCTa-
TUYIECKUM, TaK KaK BEPTUKAJIbHAS COCTAB/IAIONIAsT yCKOPEHUs Oy/IeT HAMHOTO MEHbIIE YCKOPEHUsT
CHJIBI TS?KECTH, TOIJIa CUCTEMY ypPaBHEHUI ONUCBIBAIONLYIO JUHAMUKY BOJOEMa 3allicaTb B BU/IE:
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Ecnu npeanoioKuTh, 9T0 OTKJIOHEHNE CBOOOIHOM TOBEPXHOCTH OT €€ HEBO3MYIIIEHHOTO TOPH-
30HTAJILHOT'O TIOJIOYKEHUSI HE3HAUNTE/ILbHO B CPABHEHUU C IIYOMHOM, TOTJIa MCKJIIOUUB JIaBJIEHUE
U3 MHAMUYECKUX ypaBHeHuil (1-4) ux MOXKHO IPEJICTABUTH B BUJIE:
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Ypasuenust (5-8) mocsie ux 3aMbIKaHUsT KAKAME-JIUO0 MOJIYIMIIMPHIECKIMU COOTHOIIEHUSIMU,
CJIeJIyeT JIOIOJHUTH PAHUYIHBIME yCjaoBuaMu. Kcium Ha moBepxXHOCTU U OOKOBBIX CTEHKAX OHU
boJiee WM MeHee OYEBHUJHBI, TO JIJIsi PA3BUTOIO TYPOYJIEHTHOTO TEYEHUsI HAJ| IIEPOXOBATON I10O-
BEPXHOCTBIO HE CYIIECTBYET OOIIEITPUHATOrO CII0C00a 3aJaHusl YCJIOBUH JIJI TTPOJIOJILHON COCTaB-
JIsgToneil CKopocTu Ha TBepoil mosepxunoctu. Hanbosiee pacrpocTpaHeHHbIM SBJISIETCS YCJIOBUE
CKOJIbYKEHUsI, 3anucannbie B Buje [4,5]:
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BBIBO/I, KOTOporo jan Ksonom. 3nech - Vt koadduriment TypOysenTroii Bsizkoctu, Kb=0.014
— IMIIUPpUYIECKasd ITOCTOAHHAAI.
[Tepenoc HEMTAHON MIEHKN HA TTOBEPXHOCTH MOPST MOJEIUPYEThCST YPABHEHNEM KOHBEKITHN:
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Hasnane Ha moBepxHOCTH MOPsI IJIEHKH HE(PTH MOYKET CYIIECTBEHHO U3MEHUTH TMIPOIMHAMI-
YecKHue XapaKTEePUCTUKN CBODOIHON 11oBepxHOCTH MOps. Jlesio B ToM, 94TO 1ipu nu3MeHeHun (DOPMbI
IIOBEPXHOCTHU, COIPOBOXK/IAIONIEM JIBUYKEHUE YKUJIKOCTH, ITPOUCXOJUT PACTIKEHUE WJIM CKATUE
MJICHKW, T.e. M3MEHEHNEe TMOBEPXHOCTHONW KOHIEHTPAIINN BEIMIECTBA. DTH N3MEHEHUs TPUBOIAT K
[OSIBJIEHUIO JIOTIOJTHUTE/IbHBIX CHJI, KOTOPBIE U JIOJIXKHBI OBITh YUTEHbl B TPAHUYHBIX YCJIOBUSIX,
HUMEIOIUX MECTO Ha CBOOO/HON MOBEPXHOCTU KUIKOCTH.
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Mpbr orpaHmYnMcs 37eCh paccMOTpeHneM HedTSIHON IIJIeHKOW, KOTOPYIO MOXKHO CUYHMTATD
HEPACTBOPUMOI B MOPCKOI BOJE. DTO 3HAYUT, 4TO HedTsiHAs ILJIEHKA HAXOIUTCA TOJBKO Y IIO-
BEPXHOCTH WM He MPOHWKAET BIVIyOb MOpPCKOH Bombl. Ecim ke medrsHas maeHka obJagaja Obl
HEKOTOPOIi 3aMETHOI pacTBOPUMOCTDHIO, TO HEOOXOMMMO OBII0 ObI IPUHATH BO BHUMaHUE IIPOIIEC-
col qudpdys3un Mexy HedTIHON IEHKOW 1 00HeMOM MOPCKOI BOJIBI.

3 YucaenHoe perieHue

YucsieHHOE MOJI€TUPOBAaHNE TTPOBOAUIOCH it Karraranckoit e, (hU3NKO-XUMAIECKUE Tapa-
MeTPbI KOTOPOI IpeJicTaB/IeHbl B TaduIe 1.

Hust aucsiennoro pertennsi 3aga4u (5-11) ucrosb3yercss MeToJ paciielyieHusi 1o (usnde-
CKUM TIapaMeTpaM B KOMOWHAIIMM METO/a JPOOHBIX ITAroB IO MPOCTPAHCTBEHHBIM IE€PEMEHHBIM
[6,7,8]. duckpernsanust oT/ebHBIX 4IeHOB ypaBHenus (10) IpOBOAUTCS ¢ MOMOIIBIO KOHETHO-
Pa3HOCTHBIX BBIPAXKEHUH, IIEHTPUPOBAHHBIX OTHOCUTEIFHO TOYKHA CETKU (z + %, j). st anmpok-
CAMAIU KOHBEKTUBHBIX 4YJICHOB IIPUMEHSETCd IIPOU3BOJIHAA IIPOTUB IIOTOKA IOBBLIINIEHHOI'O IIO-
PsJIKa TOYHOCTH.

4 PesynbTaThl

[TocTpoennass mMaTeMaTudecKast MOJIEIb [TO3BOJISAET PACCUYUTATH U IIPOU3BECTU OIEHKY apeaJia,
oIpeJie/IeHNsT TPAEKTOPUil MUTrpaluii HedTAHOTO MATHA HA MOBEPXHOCTHU 10 akBaTopun Kacmmii-
CKOT'O MOPsI C YIeTOM: 00 beMOB pa3anToil HedTH, CBORCTB (dbpakiinii HepTH 1 METEOPOJIOTHIECKUX
YCJIOBUIA.

Puc. 1. Hedranoe nsaTHO B HAYAJIBLHBI MOMEHT BpEMEHU

Ha pucynkax 1-4 mokazana JIWHAMWKA PACIPOCTPAHEHUsI W HCHAPEHHUS] HEePTSIHOTO ISATHA.
Ha pucynkax 2,3 moka3aHO IOKOMIIOHEHTHOE M3MEHEHUE KOHIIEHTPAIIMU HeDTH B PE3yJIbTaTe
ucrapenus. Buano, 9To cHavYaa NCIapsaoTCss KOMIIOHEHTHI JIerKoit ppakmuu. JJaHublit pe3yibrar
TaKyKe 09eHb BarKeH, JIjIsI 9KOJIOTOB, CTPEMSIIMXCSI OIIEHUTD YInepO He TOJBKO JJI BOIHON Cpebl,
HO U JIIsI aTMOChEepDI, ITOCKOJIbKY, HA OCHOBE IPOM3BEIEHHBIX BBIUUCICHUN, MOYKHO OIIPEIEC/TUTD
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UCHIAPSTIONINECs KOMIIOHEHThI He(bTH U JIaTh OObEKTUBHYIO OIEHKY 3arps3HEHHs] OKPYKaroIei
cpejibl BOJIU3U pas3iinBa HeTH.
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Puc. 2. IlokommonenTHOE pacupeiesieHue KOHIIEHTPAIMA HePTU B HAYATBHBI MOMEHT BPEMEHU
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Puc. 3. Hedrsanoe naruo depes 3 gaca mociie pasinsBa
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Puc. 4. TTokoMIIoHEHTHOE pacIipe/ie/ieHne KOHIIEHTPAIMU HeMTH depe3 3 Jaca Mocje pas3iinBa, CKOPOCTb BeTpa 1
M/c
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Puc. 5. Usmenenne miommaau HedTSHOrO ISATHA, CKOPOCTh BeTpa 1 M/c



Computational Technologies, Vol 20, 2015 The Bulletin of KazNU, Ne 3(86), 2015 147

100000

98000

96000 N

94000

92000

90000

Macca, kr

38000 L

86000 N

84000 Y

82000

0 0,5 1 1,5 2 2,5

Bpems, yac

[

Puc. 6. lzmenenne maccol HepTu B Pe3ysIbTATE UCIIAPEHUs, CKOPOCTh BeTpa 1 M/c
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Puc. 7. VIamenenne KOHIEHTpaIyy HePTH B Pe3yJbTaTe UCHAPEHHs, CKOPOCTh BeTpa 1 M/c
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Tabauna 1. Pusuko-Xumudeckue cpoiicrBa Kararanckoit nedpru

N |Hazsarue BpyTTo Mounsgpras |ITmorrOCTB| T
dopmyna  |macca r/MIL. IaBJIe-
r/MOJb (20 C) uus, C
1 |1,3-mumeTnnben3o C8H10 106.165001]0.864 -47.872
2 |1-3Tmn-2-MeTuabeH301 C9H12 120.191597|0.884 -17
3 |1,2,3-TpuMeTnIOeH301 C9H12 120.191597(0.894 -25.375
4 |2-3tmii-1,1-mumernimukironentan | COH18 126.2392 |0.766 -43.94
5 |2-MeTHIOKTaH C9H20 128.255096(0.723 -80.1
6 |3-MeTHIOKTAH C9H20 128.255096(0.720 -107.6
7 |HOHAH C9H20 128.255096|0.717 -563.519
8 [1,1,2,3-rerpamernimukiaorekcan |{C10H20 140.265793(0.759 -36.93
9 |2,6-1uMeTHIOKTaH C10H22 142.281693|0.732 -66.87
10| nexan C10H22 142.281693|0.730 -29.673
11{4-meTnngekan C11H24 156.308304|0.743 -43.52
12|3-MmeTnngexkan C11H24 156.308304(0.743 -43.52
13|yunexan Cl11H24 156.308304|0.740 -25.5
14|momexan C12H26 170.334793|0.748 -9.57
15(2,6-qumeTnityHIEKaH C13H28 184.361404/0.756 -31.4
16|Tpunexan C13H28 184.361404|0.756 -5.4
17| 7-meTunTpUAEKAH C14H30 198.388 0.763 -9.33
18|rerpanekan C14H30 198.388 0.765 5.863
19(2,6,10-TpuMeTnII0IEKaAH C15H32 212.414597)|0.766 -19.8
20 |menTaieKaH C15H32 212.414597(0.768 9.95
21|rekcajiekan C16H34 226.441193(0.773 18.1
22|rentajekan C17H36 240.467697|0.778 22
23|2,6,10-TpuMeTHIIEHTaICKAH C18H38 254.494293/0.779 12.1
24 |okTaeKaH C18H38 254.494293(0.776 28.2
25|2,6,10,14-rerpamerminenragekan| C19H40 268.520905/0.8 12.1
26 |HOHAIEKAH C19H40 268.520905(0.7855 31.8
27(2,6,10,14-rerpamerniirekcanekan |C20H42 282.547485|0.784 22.1
28|reneiiko3an C21H44CH3|296.574097(0.79174 0.535
29|TeTpako3an C24H50CH3|338.653809(0.79915 0.439
30|menTako3aH C25H52CH3|352.680389(0.80125 3.739
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JlanHuble PUCYHKH XOPOIIO WJLIIOCTPUPYIOT uclapenue HedTU € MOBEPXHOCTU MODs. 3JECH
YETKO BUJIHO, YTO ITPOUCXO/IUT U3MEHEHNe KOHIIEHTPAIUN JIETKOU (bpakiuu HeTH, TeM CAMBIM
YBEJIMUUBAETCH JOJIsI TAXKeJIOH (DpaKIny, a C yBeJINIeHUEM KOHIIEHTPAIIUN BBICOKOBI3KUX KOMIIO-
HEHTOB IIPOIECC UCIapeHus 3ameisgercsa. Heyb3st He OTMETUTh, ITPENMYIIECTBO pa3paboTaHHOI
MaTeMaTU4YeCKON MO/Ie/I U aJI'OPUTMa €€ peasd3alyiy, II0TOMY YTO B KaKbli MOMEHT BPEMEHU,
HA OCHOBE IIPOU3BEJ/ICHHBIX PACYETOB, MOYXKHO JIaTh MH(MOPMAIUIO O cOCTaBe HeDTU 110 KAXKIOMY
ee KOMIIOHEHTY, a TaKKe IIPOHAOJII0NATEL IIPOIECC YBEJIUIEHUsT BA3KOCTA HEPTH.

Kak moka3siBaioT pacdersl, paclpocTpanenne HepTSIHOTO MISITHA Ha TOBEPXHOCTU CUJIBLHO 32~
BUCHT OT CHJIbI, HAITPABJIEHUS BETPA U CKOPOCTHU JBUKEHUsI TaHKepa. Pe3yabTaThl MOIempo-
BaHUsA TaKzKe IOKa3aJ i, YTO IIOCTYILJIEHHUE BOJI HpI/I6pe}KHbIX PEK HE OKa3bIBa€T BJIMAHHUA Ha
pPACTIPOCTpAHEHNE W MUTPAIMI0 HePTSIHOTO MATHA Ha MOpe. AHAJOTUYHO MOKA3aHHOMY BBIIIE
pe3yJIbTaTy, HUXKEe, Ha PUCYHKAX 5-7 MOKA3aHO M3MEHEHUE ILIOMIAIN, MACChl U KOHIEHTPAIMH
paszsuToii HedTH, IpU cKOpocTH BeTpa 1 M/c.

5 3akJroueHue

Ha ocnoBe ypaBuenuit ruipoluHaMuK MOpsi ObLIa TOCTPOEHA MaTeMaTHIeCKas MOJIEJNIb TIEPEHOCa,
HEPTAHOTO IATHA HA TOBEPXHOCTU MODPsi, COCTOAIIAA U3 YPABHEHUN JBUKEHUS, HEPA3PBIBHOCTH
U repeHoca HeTsiHOTO TaTHA. B paccMaTpuBaeMbIxX 3aja4dax HeTsIHAS IJIEHKA, KOTOpast CInTa-
eTcsd HEPACTBOPUMOM B caMO KUJIKOCTH, T.€. BEMECTBO HAXOJIUTCH TOJIBKO Y TOBEPXHOCTH U HE
[POHUKAET B IV1yOb »kujikocTu. [Ipu sToM HedTsHAS TIIIEHKA CInTAaeTCs HeckuMaeMoit. [iist perrre-
HUs yPABHEHUS JIBUKEHUS IIPUMEHSETCA METO/I paciierieHus mo ¢pusndeckuM napamerpam. Ha
[IEPBOM TAIl€ HAXOJATCSI KOMIIOHEHTBI CKOPOCTH METOJIOM JIPOOHBIX II1aroB, a ypaBHEeHUE KoJieba-
HUsT CBOOOIHON ITOBEPXHOCTH U YPaBHEHUE I IEPEHOCA HE(PTSHOrO IISITHA, PEITAeTCI MaTPUIHOM
HPOTOHKON. BBl IPOBe/ieH YUC/IEHHBIN 9KCIIEPUMEHT IepPeHOca IUIEHKNA HedTH Ha ITOBEPXHOCTH
nBuzKyeiicsd xugkoct. KoppekTHo chopMyInpoBaHbl U ITOCTABIECHBI HAYAJIbHBIE U TPAHUIHDLIC
YCJIOBHS 3aJIa9M JIJI MOJIEJIA [IPOIIECCa MepeHoca HeTSHOrO MsITHA C YIETOM PEXKMMHBIX [1apa-
METPOB OCHOBHOTI'O IIOTOKA U METEOPOJIOTUYECKUX YCJIOBUI.

[TpeumyrtiecTBo pazpaboTaHHON MaTEMATHIECKONW MOJIE/IM U AJITOPUTMa, €€ PEaIU3AIUU B TOM
YTO, Ha, OCHOBE IIPOU3BEJIEHHBIX PACUYETOB, MOXKHO J1aTh NH(MOPMAIUIO O cOCTaBe HeMTH M0 KaxK-
JIOMy ee KOMITOHEHTY, & TaK:Ke IPOHaOJIIJIaTh IPOIEecC yBejaundeHus Bsi3koctu HedprTu. C Toit
[EJIBI0, YTODBI 0KA3aTh YHUBEPCAJIBLHOCTH pa3pabOTAHHON MOJIEN I YKa3aHHOT'O IIPOIecca,
MPOM3BEIEH KOMILIEKCHBIN pacdeT JiJisi pa3IMIHbIX CKOPOCTEH M HAIpaBJIeHW BeTpa. DTO HO3-
BOJISIET UCCJIEIOBATEIISAM, 3aHUMAIOITAMCST OIEHKOM 9KOJIOTMIECKOr0 yInepba, OmpeeinB HyKHOe
HAIIPABJIEHUE U CKOPOCTb BETPA, IOJYIUTh CAMbIil OOBEKTUBHBIN PE3YJIbTAT IIPOIECCa PACIIPO-
CTpaHEHUs Ha ITOBEPXHOCTU BOJHOMN CPEJIbI.
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3ajlaun ypaBHeHUs IIepeHoca M gaepHO-Teodu3ndecKne
TE€XHOJIOT U
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WNucruryT nedrerasosoit reosoruu uM. A.A. Tpobumyka, HoBocnbupck, Poccust
KhisamutdinovAIQipgg.sbras.ru

Awnnoranusi. B HacTosimieM JTOKJIa/ie PACCMATPUBAIOTCS 33/1a9K YPABHEHUSI TEPEHOCA, CBSI3AHHBIE
¢ smepHO-reodusndecKuMmu TexHosorusgsmu. OCHOBHOE BHUMAHUE YIAEJIEHO MpobJieMaM BOCCTaHOB-
JIEHWsI TapaMeTPOB IO JaHHBIM u3MepeHuil. /laercs HEKOTOPBI 0630p COBPEMEHHOTO COCTOSTHUS.
IIpuBozsiTCcst HOBBIE PE3YIBTATHI IO PA3BUTHUIO MOMIXO/IA M METOJIOB “TOC/IeI0OBATEIbHBIE TPUOJIHKE-
HUS TI0 XapaKTEPHBIM B3aUMOJIEACTBUIM .

KuaroueBbie cioBa: YpaBHEHHE MEPEHOCA, SIIEPHO-TEOMU3NIECKIE TEXHOJOTUH, BOCCTAHOBJICHUE
HapaMeTpPOB, UHTEPIIPETAINS JAHHBIX U3MEPEHUM, YNCIEHHbIE METO/IbI

1 Bsegenune

YpaBHeHue IepeHoca MPUMEHSIOT JJid ONucaHus (DU3NKO-KUHETHIECKUX IPOIECCOB PacIpo-
CTpaHeHUs] YACTHI] B PA3JUYIHBIX Cpejax; B TOM 4ucje, B (PU3MKE PEaKTOPOB, B acTpodusu-
Ke U aTMOocepHON ONTUKE, B SAePHO-TeOMUNIECKIX TEXHOJOTUAX HU3yUYEHUS T'OPHBIX OPOJ
U HedTe-ra30HOCHBIX ILIACTOB, & TAKXKe IPHU UCCJIEeJI0BAaHUHU MOBEpPXHOCTeH mjiaHer. B HacTOs-
IeM JIOKJIaJle PACCMATPUBAIOTCS O0OpaTHbIE 33/la91 YPABHEHUS II€PEHOCA, CBA3AHHBIE C SJEPHO-
reopusnyeckumu rexuosorusvu( AIT). Henbsst He orMeruThb, 94TO MOC/IEIHUE BXOJAT B 0Osi-
3aTEeIbHBII KOMILIEKC «I'e0(PU3NIECKOr0 UCCAEI0BaHUs CKBAXKMH», YTO TaMMa-TaMMa METOJT MC-
[IOJTL30BAJICS TIPU BOCCTAHOBJIEHUM IIJIOTHOCTU ITOBEPXHOCTHOTO CJIOs JIYHBI M 9UTO YHCJICHHBIE
perennst 3aa4 06 AT opuenTupoBaHbI HA CYyIEPKOMIIBIOTEPHI.

B pabore peub ujeT o mocTaHOBKE OOPATHBIX 33184 YPABHEHUs [IEPEHOCA U YUCJIEHHBIX METO-
JlaX UX peIleHnst, O BOCCTAHOBJIEHUH IapaMeTpPOB KO(hPUITMEHTOB 9TOr0 YpaBHEHUs 110 JTAHHBIM
u3MepeHuii GyHKITMOHAIOB OT IIOTOKOB YACTHIL U 00 OIPEIeIEHIH COOTBETCTBYIONINX TAPAMETPOB
TOPHOII TIOPO/IbI, UCTIOJIB3YS sijlepHO-Teodusndeckue TexHojornn. OCHOBHOE BHUMAHUE YJIEJISIeTCST
PA3BUTHUIO IIOJIX0JIa U METOJA «IIOCJIEI0BATEIbHbIE TPUOJIMZKEHUS 110 XapaKTEPHBIM B3anMO/Iel-
cTBUAM», chopMyIMpOBaHHOIO aBTOpoM panee B [23], [31],[24]. IIpobiiema KoHCTPYyHpOBaHUST Ma-
TEeMaTHYECKOI, NI KOMIIBIOTEPHO, MHBEPCUH SABJISAETCH aKTYaJIbHOM KaK JiJisi MHOTUX IPODJIEM
[EPEHOCA YACTHII, TAK U JIPYTUX PA3MEJIOB HAYKH, U UTEPAINOHHBIE METO/IbI — OIUH U3 IyTeil eé
pemenus (cm., Haup.,|15], [9],[6], [10], [16], [12], [7])-

Jlnsg ypaBHEHUsI IIepEHOCA B PA3JIMUHBIX O0JIACTSX €ro MPUIOXKEHUS WM3yUIaloT Pa3HO-
ro rtumna obparuble 3amaun( cm., Haop., [10], [16], [11], [32], [4], [2]. Meromer "mociemo-
BaTesIbHbIE TMPUOJMKeHNsT 10 xXapakTepHbiM B3anMmogeiicrsusim” (IITIXB) passusaiaucs B cBsi-
30 C SIIEPHO-TeOhUNIECKIMI TEXHOJIOTUSIMA: HENTPOH-aKTUBAIMOHHBIM KapoTaykKeM, PEeHTIeH-
bryopeciieHTHBIM aHATM30M, UMILYJIbCHBIM HEeHTpoH-raMMa Kaportaxkem [19,20,29,21,30]. lms
SITEPHO-TeO(PU3NIECKAX TTPUMEHEHUN TUIUYIHBI BBICOKAS Pa3MEPHOCTH, 3aBUCHMOCTb CEUEHUI
B3aMMOJEHCTBUN OT SHEPIruil, MHOTO3JIEMEHTHBIN cocTaB cpel. Bcé 310 co3maér TpyaHocTn st
aHaJIN3a U PENIeHusl He TOJbKO OOpaTHBIX, HO U "IpsMbIx'"3a1ad.

IIpu reodusmtueckoM mccIeOBAHNN CKBaXKMUH, KaK [IPABUJIO, BOCCTAHABIMBAIOT ITapaMeTPhI
TOPHOI TIOPOJIbI U ee (DIIIOUIOB, ApAMETPbl CKBAKUHHBIX (DJIFOUIOB M HEKOTOPBIE jipyrue( cM.,
Hanp., [17,13,18]). AnasiorudHo, pedb UIeT O BOCCTAHOBJIEHUH [IADAMETPOB TOPHOI IOPOJIbI ¥ [IPU
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Pa3IMIHBIX JTAOOPATOPHBIX SIIEPHO-TEO(PU3MICCKUX METOJAX WU UCCICIOAHNH TOBEPXHOCTHBIX
CJI0EB JIpYTUX IJIaHET. B yc/ioBusiX, KOTJa CJIOXKHA CTpOTasi MaTreMaThdecKasi WHTEPIPeTalus,
CYIIECTBYIOT U IIOJIy9IaiOT pa3BUTHE TPUO/IMKEHHBIE MTOAXOAbI K IPO0/IeMe WHTEPIIPETAIINY JTaH-
HbIX. McTOprdecKkn OIHUM U3 MIEPBBIX SIBJISLIICS ITOJIX0/] HA OCHOBE TPUOJIMAKEHHOTO PACCMOTPEHUST
IIPOIECCOB TIepeHoca ypasHeHusMu muddysuonnoro tumna. imaa 3amenienus, 1uddy3noHHast
JITMHA, BPEMs »KU3HU — BOT XapaKTepHbIE WHTErpajbHbIE HapaMeTPbl TOPHBIX HOPOJ, IOJIe-
JKaIllie BOCCTAHOBJIEHNO. KOHEUHO, 5TW TapaMeTpbl sIBJISUINCH MPOMEXKYTOUHBIMUA Ha IIyTH K
UCTUHHBIM TEeTPOMU3NIECKAM, K COIEPKAHUAM IJIEMEHTOB, MUHEPAJIOB, OKHCJIOB 1 T.n. WHO-
I8 JJIsi MHBEPCUH HUCIOJIb3YIOT CHHTETUIECKUN IOIX0/I, B KOTOPOM OOBEINHSIIOT KaKue-JIubo
NpUOIMKEHNA K IPOIECCY TMePeHOCa W 3aBUCHMOCTH IMOKA3AHUN OT ITapaMeTpPOB, MOIyJIeHHbIE
KaK 9KCIIEPUMEHTAJIbHO, TAK M MOCPEJICTBOM BbluucaeHuii Merogamu Monre-Kapiyo(cm., Hanp.,
[26,33]). MHoro THIa IpUbINzKEeHHbIH TI0IX0/ K HHBEPCUU, UMEIOIIIH HEIIOCPEICTBEHHOE OTHOIIIe-
HUIO K UMITYJIbCHOMY HEATPOH-TaAMMa KapoTarKy, PA3BUBAJICSI BO MHOIUX paboTax, BKJIOYas my0-
sukanuu [28,27]. B 9T0M 110/1X0/1€ SHEPreTUUecKuil CIIEKTD Y-KBAHTOB NPUOJINZKAETCsI JIMHEHHOM
KOMOUWHAIIMEN CTAHJIAPTHBIX MOHOIJIEMEHTHBIX CIIEKTPOB, KOTOPbBIE IOJIYUEHBI JTaD0OPATOPHBIME
nzmepenusmu. Kosddumuentsr muneitnoit kombunarum, yields, mojexxar onpeenerunio. Yields
SIBJISTFOTCS BEJTMINHAMY, aHAJOTUIHBIMU KO3 MUIIMEHTAM PErPECCUU B JIUHEHHBIX MOJEISAX Ma-
TEMaTUIeCKOil CTATUCTUKU, B 3a/a4aX MHOXKECTBEHHON JimHeiiHO# perpeccun (cM., Hamp., [5]).
Ounu sBasiorcs "mpomekyTodHbiME" HApAMETPAMU; IIOITOMY, JaJiee, OTHOIIEHUs] Pa3THIHBIX
yields ¢BsI3BIBAIOTCSI ¢ OTHOIIEHUSIMA COOTBETCTBYIOIIMX KOHIIEHTPAIUN 5JIEMEHTOB-CTAHIAPTOR.
DyuKIFOHATbHAS 3aBUCHMOCTD MEXK/Ty OTHOIIEHUSIMU KOHIIeHTparuii 1 koahdunuentos (yields)
[OJTy9aeTcsl SMIMPUIECKN Ha OCHOBE JIADOPATOPHBIX U3MepeHwuii. JloCTOMHCTBOM MOXO0a SIBJIsI-
ercsd BO3MOXKHOCTL IPUOJIMKEHHO OIEHUBATL COCTaB MOPHOHM mopoibl B "peanbHoMm Bpemenn"
JIBUKEHUST KAPOTAXKHOTO pubopa. B oTiimvane oT BBIMEN3/I02KEHOTO B HAIIIEM IOJIXOJE MBI OCHO-
BbIBAEMCsl Ha (TOYHOM) ypaBHEHHH IiepeHoca. Bosiee Toro, IOoCKOJIbKY B M3BECTHOM CMBICJIE OHO
BTOPUYHO II0 OTHOIIEHUIO K OIPEIEJIEHHOIO THUIA MAPKOBCKHM CKaYKOOOpa3HBIM IIPOIECCaM H
nensiMm MapkoBa, TO ncmno/ib3yeM 31oT dyHmaMenTaabHbiil dakt. [Ipobiema ompenenenns mapa-
MEeTPOB KO3(DUIMEHTOB ypaBHEHNs IEPEHOCA SKBUBAJICHTHA 3ajade 00 OIPEJIC/ICHUN ITUX YKe
[apaMeTpoB, BXOJANINX B T€ WU WHBIE PACIPEIETEHUs YKA3aHHBIX MAapPKOBCKUX IPOIECCa WJIH
nenn . BosaMoXkHa TPaKTOBKa paccMaTPUBAEMOTO 31eCh KaK 3a/a4d BOCCTAHOBJIEHHUS IIapaMeTpPOB
COOTBETCTBYIOIUX MapPKOBCKHUX IIPOIECCA WJIM IEIU 110 HEKOTOPBIM 3aJ[aHHBbIM "m3MmepeHusiMm" |
BKJIIOYasl M3MEPEHNsT T€X WU MHBIX MaTEeMATHIeCKHX OXKHIAHWI; TO €CTh Mbl MOYKEM TPaKTO-
BaTh U3y4aeMoe KaK HEKOTOPBIE TPODIEMbI MATEMATHIECKON CTATUCTUKHU. V MBI HCITOTB3yeM 3TY
9KBUBAJIEHTHOCTD, & UMEHHO, IIPEXK e BCErO, CBOWCTBO & IUTUBHOCTH, IIPOU3BOIsT HEOOXOTUMbIE
pasbueHust B MPOCTPAHCTBE TPAEKTOPHUI YACTHUII, BbIJIE/Isis TOJIMHOXKECTBA "XapaKTepHBIX TPAaeK-
Topuit" W IpenCcTaBisss MATEMATHIECKNE OXKUIAHIS KaK CyMMY COOTBETCTBYIOIINX CJIAraeMbIX.

IlepBolil mar B u3/1araeMoM IIOXO0/e COCTOUT B BBIOOPE U HA3HAYEHUN HEM3BECTHBIX IapaMeT-
poB. B kadecTBe TakOBBIX paccMarpuBaeM (4YHCIIOBbIE) IUIOTHOCTH aTOMOB WJIM JIPYTUX YACTHII,
KOTODBIE YYaCTBYIOT B «XapPaKTEPHBIX B3AUMOJEHCTBUsIX». OHU SABJISIOTCS MCTUHHBIMU HEU3BECT-
HBIMHU, U [PU HAJUIUH B3aUMHO-OJHO3HAYHBIX COOTBETCTBUN U€pEe3 HUX BBIPAXKAIOTCS JIpPyTHe
mapaMeTpbl. Mbl pazsuBaeM 1ojxo 1 Metojibl [IITXB, Beiesisas, Kak 1 paHee, IOMAMO Xapak-
TEePHBIX B3aMMOJIEHCTBHIL, TAKYKEe MHOXKECTBA XapaKTEPHBIX TPAEKTOPUI U BBOJSI MATPUILY Xapak-
TepHBIX B3amMojeicTBuil. OTMeTHM, 9TO B PEATMCTUIHBIX YNCIEHHBIX SKCIEPUMEHTAaX, COPIIPO-
BOXKIAIOIIUX PA3BUTHE IOJXOJ/A, HA KAXKJIOM HTEPAIMOHHOM IIare ¢ WCIOJb30BAHUEM METOIOB
MonTte-KapJsio perratoTcst COImyTCTBYIONINAE MPSIMbIE 33 1AM,
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2 (O6o3HaueHusi, MOJIeJIb CpPeJbl U CeYeHUs B3auMOJeiicTBUii

2.1 TepmuHoJiOrusi, ypaBHEHUsI IIEPEHOCA

[ycts (M., mamp., [8,18]) (X) = R® ® (S1) ® [0,00) — dasoBoe MPOCTPAHCTBO KOOP/MHAT,
Hanpasiennit u suepruii, rue (S1) — cdepa pamuyca 1, u z = (1,02, F) € X. Kak v = v(F)
obo3HaUYaeM CKOPOCTH dacTHil, v = |v|{2. Beromy gasiee, rje BO3MOXKHO, COXpaHsieM 0003HAYEHHsI
u3 [23], [31], [24]; u TakxKe, KaK B HUX, IPYNIHUPyeM U3ydaeMble 3aja4u B ¢hopme npobiem 1 u 2,
niu 330249 1 u 2.

Ob6o3Ha"MM:

(V) — upocrpancTBeHHast 061aCTh, B KOTOPOil paccmarpuBaercs: nepenoc yacrui, (V) C
R3; B ciywae, B koropoM (V) He cOBIaaeT co BCeM TPOCTPAHCTBOM U SBJISETCA JIUIIH €ro da-
CTBIO, MBI IIPEJIIIOJIATAEM, UTO 9Ta 00JIACTD BBIIYKJIas 1 9TO €€ rpanutia (OVi) siBisieTcst KyCOIHO-
IJIQJIKOM, TaKOU, YTO HOPMaJlb K Hel CyIIeCTBYeT IIOYTU BCIOLY;

(@) = (Vo) ® (51) ©[0,00), (G) C (X);

(V) — nmonobmacts B (Vig), BelecTBeHHBIN cocTaB KOTOPOiil nouyexxur onpesenennto; (V) C
(Vo)

qin(t,x),qo(t, r) — IJIOTHOCTH 3aJAHHBIX MCTOYHUKOB YACTHI[ COOTBETCTBEHHO B 1-ii m 2-it
npobJieMax; MpeJoaraeTcst, 9To Mo MPOCTPAHCTBEHHON IEPEMEHHOM 7 3TH IIJIOTHOCTH OTJINIHbBI
or 0 JiuIIb B HEKOTOPBIX OrpaHuydeHHbIX nojobiactsax B (Vi);

Gin(t,x) m ¢(t,x) — da30BBIE MIOTHOCTH YACTUI] COOTBETCTBEHHO HAYAJIHLHOIO U KOHETHOT'O
Tunos B 1-if 3a7a4de; Bo Bropoit 3ajade @(t,x) ectb dazoBas mwiorHocTs yactui; Py (t,x) =
[v|pin(t, ), P(t,x) = |v|p(t,x) — wIoTHOCTH (CKAJISIPHBIX) IIOTOKOB YACTHII;

Yin(z) n X(x), S’;L u St — 1OJIHBIE MAKPOCKOIMYIECKHE CEUeHNs B3aNMOICHCTBHIL 1 JnHeii-
HbI€e nHTEeTrpaJiIbHbIE OIlIepaTOPhI paCCeAHNA COOTBETCTBEHHO JIJIsI JaCTUIl HAYAJIBbHOT'O I KOHEYIHOI'O
(ocHOBHOIO) THIIOB B 1-if IPOGIeMe; B pobieMe 2 X(z) u ST ecTh COOTBETCTBEHHO MOTHOE MaK-
POCKOIIMYECKOEe CeYCeHUE B3anMOJCHCTBUA U JIUHEHHBIA MHTErPAJIbHBINA OllepaTOp PaCCesAHUS;

Q+ — JIMHEHHBI HHTErPaJIbHBIN OnepaTop B pobJeme 1, onmcsiBaomuii mosiieHne (poxKie-
HI€) YaCTUI] OCHOBHOTO THUIIA B PE3yJIbTaTe B3aUMOJIEHCTBUSI YACTHIL HAYAIBLHOTO TUIIA CO CPEJIOH,
q(t,z) = [QTP;n](t, 2) — MWIOTHOCTH UCTOYHUKOB YACTHUIL OCHOBHOIO THIa (B mpobieme 1),

I = [|v|¢(t,z)&(t, x)dtde, i = 1,...,Np,— 3amaHHble JuHefHbIe (QYHKIHOHAILL OT
&) = |v|o(-), Ny < 003 &i(+,+) — BecoBble yHKIMHI, XapaKTepu3yoliue npuoop.

Cpasy yenoBuMes, 4TO ec/ii 06/1aCTh NHTerPHPOBAHUSA He YKa3bIBACTCs, UTO y2Ke GBLIO BbIIe,
TO OHA COBIAJIAET CO BCell 001acTbio nuTerpupoBanus. [l s onepaTopon S+ S+ u Q1 npocrpan-
CTBEeHHas IlepeMeHHas € RS siBjsiercst IapaMeTpoM; uepes3 Sm, S 1 () 0603HAUNM HHTETrPAJIbHbIE
OTIEPATOPHI, CONMPSIyKEHHbIE COOTBETCTBEHHO K SZ St u Q+ Kaxnas mapa onmepaTopoB 3aaeT-
sl COOTBETCTBYIOIIUM $IIPOM, & UMEHHO, [OCPEJICTBOM MaKPOCKONMYECKUX MU depeHIa bHbIX
cevennii B3aumogeiicreuit:  Si, (2, E — ', E'|r), S(2, E — (', E'|r) u nocpeacrsom dbyHKIMN
Q(2,E — ', FE'|r). Cunraem, 910 BCe TPU A/pa SIBJISIIOTC O00OIEHHBIMU ILJIOTHOCTSIMHE 10 BTO-
poit nape nepemenubix (o 2, E') u msmepnvbivu byHKImusivu 1o nepBoit nape (o 2, E). Mbr
paccMarpusaeM ciydait "Hepasmuoxkaomux" cpeg B (G) u canraercs, aro [ g (t,x)dvdt =1,
S, z)dedt =1 maro Vr € (G) 0< Xp(z) <Cx, 0<X(z)<Cy, Cx < oo; Takke
canraercst, uro [Q - 1](z) < Cg < 00. 3amerTnM, 4TO MaKPOCKOIINYECKHE HHTErPaIbHbIE ceve-
st paccesmuit [y, - 1)(z) u [S - 1])(z) ssasmorcs craraeMpivu noIHbIX cedennii Xy, () u X(z)
cOOTBeTCTBEHHO. B npobsieme 1 1pu pOXKIEHUM YaCTHIbI KOHEYHOTO THUIIA YaCTHIA-POJUTEH
JII0O0 TIOTTIONIAETCsT, MO0 BIZKUBAET (PAcCenBaeTCsl), U3MEHsIsl SHEPIUIO U HalpasjeHne. Makpo-
CKOIMYECKIE CEYCHUs ITUX B3AMMOJICHCTBHUIT SIBIISIOTCS JacTsAME (CIaraeMbIMK) CeIeHuin Xy, (+)
u [Sin - 1](-) coorercrrenno. Hampumep, posieHne Y-KBAHTa BO3MOMXKHO KAK IPH HEYIPYIOM
paccesiHUM HeHTPOHA, TaK U [PU PaJIMAIMOHHOM 3axBarTe (IOIJIOIIEHNN) TI0CIIE/HETO.
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B obenx mpobsiemax IepeHoc 4acTuIl paccmarpuBaercss B obsactu (G) B MHTEpBaJje Bpe-
men [0,+00); (t,x) € [0,400) ® (G). B 1-ii 3a1aue cucrema ypaBHEHHUI IepEHOCA B WHTEIPO-
nuddepeHnnaibLHOR HopMe ecThb

{ 82;;” + (0, Voin) + Zin®in = S Din, + Giny Pin = |V]bin, (1)

% 4 (0, V) + XD = 5T® + QV by, D = |0]0.

Warerpo-mud depennuanbaoe ypaBHeHUE Jist 2-i1 331291 €CTh

ZZ?—F(U,V@Z))—}-E@:SJr@—l-qo, b = |v|o. (2)
B obenx mpobiemax cInTalOTCS 3aaHHBIME HadaIbHBIE yCaoBus. [Ipudem B 3amade 1 camraem
HAYAIbHYIO (basoBYIo IVIOTHOCTD ¢(t, T)|;—¢ TOXKIeCTBeHHO paBHoOill Hy/i0. Eciu (G) ne copnayiaer
¢ (X), To B obenx 3amadax, T. e. mist (1) u (2), na rpanune (0Vg) cauTaloTcs MOCTABIEHHBIMI
cranjgapTHble "HyseBble" TpaHUYHBIE YCIOBHUs (OTCYTCTBHs IOTOKA YacTHI[ M3BHE). B ciyudae
HEOIDAHUYEHHON Cpellbl PACCMATPUBAIOTCS PEIeHUs] YpaBHEHUI mepenoca, "crpemsimnuecs"k ()
upu |r| — 0o. B obeux npobiiemax Mbl paccMaTpuBaeM 0600IIEHHbIE PEIeHIs] COOTBETCTBY IOIIIX
3asia4 cucreMbl (1) u ypaBaenust (2), KOTOpbIe JalOTCsI HHTErPAIbHON (hOPMOIi COOTBETCTBEHHO
nst cucrembr (1) u ypapmenns (2). B ciyuae, ecm (V) me cosmamaer ¢ R3, ¢ menbio yuera
IPAHUYHBIX YCJOBUN JIJIsI MHTErPAJILHON (POPMbI YpaBHEHHUH CYUTAETCHA, YTO IMPOCTPAHCTBEHHAS
cpena Bre (V) 3amosiHena abCoOTIOTHO TOTTIONIAIOIINM BEIIECTBOM, MAKPOCKOIUIECKOE CEUCHIEe
KOTOPOTI'0 Tak»Ke He rpesbintaeT nocrosunoii C'y;. Hakonerr, mpeimosaraercst, 4T0 BEPOSTHOCTH CO-
ObITHSI "HE MeHee UeM jg IOCIeJ0BATEbHBIX PACCeTHNI JacTUIBL" SIBJISIeTCS BEJIMIUHON, CTPOro
oT/IeSIeHHON OT 1 I.H.; 3/1eCh jo €CTh HEKOTOPOE 3aJ@HHOE HATYpaJIbHOEe Yncio. [oBops «4acTu-
1a», IMEeM B BUJIy TAKOBble Kak B mpobjeme 2, Tak u J0OyI0 M3 JBYX TUIOB B mpobseme 1.
[Tpu aHHBIX NPENOIOKEHUAX TOCTaBIeHHbIe 3a1a4n s (1) u (2) paspermuMbl eMHCTBEHHBIM
00pa30oM, U COOTBETCTBYIOIINE PEIIeHNsT MOT'YT OBITh 3amnucanbl B ¢popme psaa Heiimama. Mbr
paccmarpuBaeM Bce (ha30Bble TIOTHOCTH TTPUHAIIEIKAIIME MHOYKECTBY OOOOIIEHHBIX TLIOTHO-
creil KoHeIHBIX Mep. MHTerpaibible ypaBHEHNsI, O KOTOPBIX TOBOPUJIOCH BBIIIE, 3AIIMCAHBI B TEX
’Ke 0003HAYEHUsIX, YTO U B JIaHHOI pabore, B 23], [31]; mosTOMYy 3/1€CH MBI X HE TIPUBOJIUM.

Bee Becosble dynkimm £ B HacTosIEl paboTe CYUTAIOTCS OrPAHUYEHHBIMU KyCOYHO-
HEPEPBIBHLIMU (DYHKITUSIME U TAKUMH, ITO BCE JIMHEHHBIE (DYHKIIMOHABI I CYIIECTBYIOT U O/I-
HO3HAYHO onpejesiennl. [IpenonaraeM, 9To HOCUTEH TIJIOTHOCTEH ¢4y, B IEPBOH TIpobJIeMe u gg BO
BTOPOH He mepecekaioTcst ¢ Hocurensymu dyuknuit £ . Hapsmny ¢ dyaknmonasamu I, , KoTopbie
SIBJISIIOTCS TAKYKE COOTBETCTBYIONIUMU CPEJHUME 10 TPACKTOPUSIM YaCTHIl, CIUTAEM 3aJaHHON
HEKOTOPYIO II0CJIEI0BATEIbHOCTD { Z; fi”{ HETIPEPBIBHBIX (DYHKINH OT MCKOMBIX MTapaMeTpOB.
[Ipeanonaraem, 9To Vi MOyau 3TUX (PYHKIWH ABIAIOTCS OTAETEHHBIMU OT 0 U OrpaHUYeHHbI-
Mu cBepxy. Hampumep, B kKadecTBe z, MOTYT (DUI'YPHUPOBATL JIUHEHHDIE (DYHKIIMOHAJIBI OT P u
KaKue-Tnbo MaTeMaTUIeCKUe OXKUJIAHWS 10 TPACKTOPUSIM YaCTHII,

B nacrosimeii paboTe Mbl HHTEpecyeMcst opeieserneM KoaddurmenTos cucremsl (1) u ypas-
HeHus (2), a UMEHHO, MAKPOCKOIIMIECKUX CEUeHUi B3auMmojeiicTuil st « Takux, aro r € (V);
6ojiee TOYHO, — MBI UHTEPECYEMCSI BOCCTAHOBJIEHHEM HEKOTOpOi coBOKymHocTH N Iapamer-
POB, O KOTOPBIX YK€ TOBOPWJIOCH KaK O IJIOTHOCTSIX YACTUIl B XapaKTEPHBIX B3aWMOJEHCTBHU-
sIX M KOTODBIE BXOJST B 9TU cedeHusl. Boimeykasanubie koabduimentsl st 7 € (V) Boccra-
HaBJIMBAIOTCA 110 3a/IaHHOU COBOKYIIHOCTU {d,}f\i "f N)s u3MmepeHuil, nan HaOJIIOIEHN, 3HATE-
Huit nociaegosarensuoct {Ji, - -+, Jy,, } HeIpepeIBHBIX (DYHKIN OT HCKOMBIX [IAPAMETPOB, LJe
Ji=1I1i/z, i=1,Ny. N < Ny. Herambro sru N mapamerpos OyiyT OlpejieeHbl B CJie-
qytomeM pasgeie. O6oznauum: (Gy) = (V) @ (51) ® [0,400), duJ— cTonbupl JAHHBIX H3-
MEPEHUN U TEOPETUYCCKUX BBIPAKCHUN (3an1/1(:ef/’1) JIJISI 9TUX U3MepeHuil Kak (PyHKIN OT mapa-
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Metpos; d = (dy, - ,dn,, )T, J = (J1,- , Iny, )T Obosmaamm takxke: [ = (Iy,--- Iy, )T

(zlv T ZNM)T-

V2=

2.2 Mopgess BemecTBeHHOro cocraBa obsactu (V)

C ¢dusuveckoil TOUYKU 3peHUsT Mbl HHTEPECYEMCsI, BOODIIE TOBOPSsI, BEIIIECTBEHHBIM COCTaBOM 00-
aactu (V). OrpanmanBaemcs 371ech ciaydaeM, korga (V) ectb ofHOpOIHAS Cpelia M COCTOUT U3
nabopa K KOMIIOHEHT ¢ O0beMHBIME JoJsIMU , k = 1,..., K. B kadecTBe KOMIIOHEHT MOTYT
paccMaTpUBATHCA KAK MUHEPAJIBI C 33/IAHHBIMU XUMUYECKUMH COCTaBaMU, TaK M OTIEIbHbIE XU-
Mudeckue sjeMeHThl. O003HaUUM KakK (v CTOJIOEI] BhICOThI K, 3JIeMEHTaMU KOTOPOI'O SIBJISTFOTCSI
00 beMHBIE JOJU (i, =1,..,.K; a=(ay, - ,ag)’. ycrs

Aa = A, (3)
rie A — (K — N) x K marpuna, a A — crojiber; Bbicorbl K — N,

ecTh 3ajannas cucreMa K — N JiMHelHBIX ypaBHEHUiI CBA3U Ha KOMIOHEHTHl o; K — N > 1.
[Iycre, nasee,
Aneqa < )\neq (4)

€CTh 3a/JJaHHasd CUuCTeMa KOHEYHOI'O YHCJ/ia Kneq JIMHEITHBIX HEepaBeHCTB Ha KOMIIOHEHTBHI ¢, I'Zie
Apeq M Apeg — HEKOTOPBIE Kppeq X K MaTpuia u cTosoer BBICOTH Ky,  cooTBerTcTBeHHO. CUn-
TaeM, ITO CTOJIONLI (v IprHazjexKaT obsacta A,

AE{a:aERK, Apeqt < Apeg, A=A}, A c RX. (5)

Kak nepsoe B cucreme (3) Beerja dpurypupyer ypaBHeHUe

K
Zak = 1. (6)
k=1

B cucreme HepaseHCTB (4) B KadecTBe MEPBBIX BCerja paccMaTpuBaeM K HEpaBeHCTB
0; >0, i=T,K; K< Kne (7)
HerpynHo Buzers, uro Beaencrsue (6) — (7)
VEe1,K:0< oy < 1.

Hasee, 3akmouaem, 4o A ecTh BhIIyK/Ias orpanmdentuas obnaacts; A C (0,1)% ¢ RX.

Iycrs pj, j =1, Ne, — 4mucioBble IIOTHOCTH (MM 0ObEMHBIE KOHIIEHTpanun B 1/ m3) Beex
XUMUYECKUX 3JIEMEHTOB, cojepxKaruxcst B (V). BeauuuHbl p. HOJTHOCTBIO ONPEIENSIIOTCsT 3Ha-
YEHUSIMU CTOJIONA (v, SIBJISISICH COOTBETCTBYIONIUMU JIMHEHHBIMA KOMOUHAIUSIMA €r0 KOMIIOHEHT
ag,k = 1, K. Cincok XuMmYecKux aeMenTon [1,---, N.] Mbl pazbmpaeM Ha JBa HOJCIHCKA:
[1,--- ,N]u [(N+1),---, N]. B nepsoii nupobseme nojcnmucox 1 cocrapisiiorT Bce Te 3JeMEHTHI,
HA KOTOPBIX [IPOUCXOAT B3AUMOIEHCTBUS, B IIPOIECCE KOTOPBIX N€HEPUPYIOTCA JACTHUIIHI KOHEU-
HOro (BTOpOro) THna. B mpobyeme 2 MoJCIUCOK 1 COCTABIIAIOT 3JIEMEHTBI, HA KOTOPBIX UMEIOT
MECTO PaCCesHUs 3aJIaHHOI0 BbIJIEJIEHHOTO Tulla. B mpobieme 2 foiyckaeM, 9TO OJIUH U TOT YKe
XUMUYIECKUI 9JIEMEHT, BXOJsI B J[BE PA3JIMIHBIE IPYIIIBI KOMIIOHEHTOB, MOXKET OBITh ITPEJICTABIICH
CBOMMH COOTBETCTBYIONIMMU IJIOTHOCTAMU B 0boux mnojcrnuckax. Hampumep, cojepkanusi aTo-
MOB BOJIOpO/ia BO dilionjie u B MUHepaabHOM ckejiere dopmaruu( ropHoit mopoast). B obenx
1po0JieMax O BbIJIEJIEHHBIX 3/IeCh B3AUMOJEHCTBUAX OY/IET TOBOPUTHCH KaK O XapaKTEPHBIX, HJIH
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IJIaBHBIX (B3amMoJelicTBIAX). Bymem obosnadaTs Kak p croabder (p1,--- ,pn)L, T e. cronber u3
YHUCJIOBBLIX ILJIOTHOCTEI 3JIEMEHTOB IIepBoiil rpynnbl. MmeeM, 9To

p=Ta, tne T —3amamnags N X K warpumna, o€ A.
[Iyctrb U={p:p=Ta, «€ A}. Beegem orobpazkenue
Tv:A=U, p=Ty(a)=Ta VYae A, U=Ty(A). (8)

[Ipeanonaraem, aro 1y oCyIecTBIAsSIET B3aNMHO-0JHO3HaYHOE oToOpaxkenue A ua U. Cunraercs,
. T K
9TO BCE 3JIEMEHTHI 1j; MaTpuIpl 1 ABIAIOTCA HEOTPUIATEIbHEIME 1 9T0 Vi € 1, N ijl Tij >

0. Tem campim, mockombKy Vi 0 < o < 1, 10 Vi € 1,N pi = Z]K:1 Tija; >0mp; < Zszl Tij.
O6osraunm Iy = {p: Vi€ 1,N 0<p; < Z]K:1 T, }. Nneem, uro U C Iy C RY. Muoxkecrsa
U u Iy, kak u A, SBJISIFOTCSI BBITYKJIBIMA OTPAHUIEHHBIMEI OOJTACTSIMHE.

Bynem obozHavaTh Kak T];[l oTobpazkeHue, obpaTtHoe K 17,

Tt U— A a=7p).
D10 06paTHOE MOXKET ObIThH 3aIIMCAHO B sIBHOI (popMe Kak
T, U= A A={a:Ta=p, Ada=\pecl}.

Cocrasum K x K marpuity B , B nepBbix N cTpoKax KOTOPOU pacroJiaraeM MaTpuily 17, a B
nocieaanx K — N crpokax — marpuiry A.  Cocrasum Takxke crosber (p; A) Bbicorbl K Takoi,
9TO

(p7)‘)TE (pla"' ,,ON;)\IV" 7)‘K—N)'

Orobparkenne TA? KaK Pa3 CBS3aHO C PEIIEHNEM CUCTEMbI JITHEWHBIX ajareOpaniecKux ypaBHEHU I
Ba = (p;A), pel; (9)
B CUJIy B3aMMHO-O/ITHOSHATHOT'O COOTBETCTBUA ME2KIY A n Z/{Z

|B| =det||B]|| # 0 . (10)

2.3 Crpykrypa ko3ddunmeHToB ypaBHeHusi neperoca B obsaactu (V)

Konkpernsbiit Bus ko3 dunmenTos ypasaenuii meperoca B (1) u (2), csg3anubix ¢ obimactsio (V)
obmero Buza, naH B [23,31,24]. Orpanudnmcs 3/1€Ch JIUIIb 3alUCHIO BEJIMYNH, OTHOCSIIIUXCS K
XapaKTepHBIM B3aUMO/JIEHiCTBUSIM B PACCMATPUBAEMOM CJIydae OJHOPOHOMN obsacTu. B npobieme
1 mosa xz € (Gy) cuuraercs, 9To ) A A

QY =Qy +Qy,
rje Q(J)r €CTh HEKOTOPBII 3a/[aHHbBIN, U3BECTHBIN U HE3ABUCSIIUN OT p WU ( ONIEPATOP; ONEPATOD
Q; cuuraercs ToxecTserno pasuev myito sue (V), T e. s ¢ (Gy), n

N
Qf = pidf Vae(Gy),

j=1

rie q;f, j=1,---, N, — "mapuuajbHble" oOIepaTopbl, OMUCHIBAIOIINE POXKIEHNE JACTHUI] OCHOB-

Horo Tuna Ha 1 atom sjementa j. Ilomaraem, uro see g, j = 1, N, SB/ISIOTCS TOXKJIECTBEHHO
HysIeBbIME orieparopamu Bee (V).
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B mpobaeme 2 cauraercs, aro B (V)
G+ _ &t 4 &+
ST =8y +5,,

rje S{f eCcThb TOXKJIECTBEHHO HyJieBoil oneparop Vo ¢ (Gy ), 1. e. Bue (V), u

N
j=1

T7le TTapIiaJibHbIE OTEPATOPHI b;r, j = 1,--- N, onmuchIBaIOT paccesHus BBIJIEJIEHHOTO XapakK-

rTepHoro Tuna Ha 1 arom snementa j. B (V) omeparop S’ar OTBEYAET BCEM OCTAJILHBLIM THIIAM
paccesnus. st v —~ METOJIOB B cily4ae KOMIITOHOBCKOI'O PACCESHNUs CJIe/lyeT CKOPPEKTUPOBATH
TEPMUHLI; CJIEIyeT FOBOPUTE O IJIOTHOCTH 3JIEKTPOHOB U IApLIHUAILHOM CEYEeHUH Ha 1 3JIeKTPOH.

Bce napumanbuble ceuenust, (GUrypUPYIOIINE BhIIIE, PACCMATPUBAIOTCS KaK OIPAHUYEHHBIE B
COOTBETCTBUU CO CBOIICTBOM OFpaHI/I‘{eHHOCTI/I IIOJIHBIX CEeYEHUI. OTMeTI/IM qT0 BSaI/IMOILeI/ICTBI/IH
ONMCBIBaEMbIE OTIEpATOPaAMU Qb u S+, I/II‘paIOT B paCCManI/IBaeMbIX pobjieMax 0coOyI0 POJIb.
Mu1 roBOpuM 00 3TUX B3aUMOJIEHCTBULX KaK 0 "XapakTepHbiX". MOXKHO TPaKTOBATL, UTO OCTAIb-
HbIE B3aMMOJENCTBUS SABJISIFOTCS JIUIIb COMYTCTBYIOIMMMA W "MeImaromuMu’  JJist onpeaeIeHust
paccMaTprUBaeMbIX IapaMeTpoB. BeemeM Teneps s 06eux paccMaTpuBaeMbIX Ipobiem, 1 u 2, j
- € TIOJIMHOYKECTBO «XapaKTePHBIX TPAEKTOPUIl » , ONIPeJIeisisl, ITO Ha KaXKJIOH TPAeKTOPUHN 3TOTO
j - TO HOJIMHOYKECTBA COIEPKUTCS XOTH ObI OJIHO j - € XapaKTepHoe B3auMoeiicTue; j = 1, N. B
HOCJIEYIOIIEM pa3jiesie, pa3BuBas TEPMUHOJIOIUIO, BBEJAEM TaKKe MATPUILy "XapaKTepHBIX B3a-
umozericruit"

3 IlocranoBKa 0OpaTHBIX 33724 BOCCTAHOBJIEHUsSI MTAPAMETPOB

3.1 IlpeaBapuresibHBbIE 3aMeYaHUs

B coorBercTBUM CO CcBOMCTBaME CE€YEHMIT B3aUMOIECHCTBUN, UCTOYHUKOB M I'PAHUYHBIX YCJIOBHIA
peIeHnsT TPSIMBIX 3314 00eNX PacCMaTPUBAEMBbIX IIPOOJIEM CYIIECTBYIOT U €IMHCTBEHHBI Vo € A
U npejicraBisiores B popme cxogsmerocst psiyia Heitmana [18].

Cronbunt z,I u J asisiorcs cronbuamMu-QyHKIUIMI oT « € A; 1JIs IOoCaeqHero u3 Hux
3alnIIeM:

J:A—=J, Jc RN, (11)

rie qepe3 J obo3HadueHo MHOXKECTBO 3HadeHuit crosbia dyukiuit J. B HekoTropoMm cMmbicse uc-
xonuyto "cucremy ypaBHeHuit m3mepenuit" qst obenx n3ydaeMbIXx TPOOIEM BOCCTAHOBJICHUS ITa-

paMeTpOB 3alMIIEM B BUJIE
J(a) —d =0 OTHOCHTEIHHO HEM3BECTHBIX « (M p). (12)

Cuauraem, uto orobpaxkenue (11) siBjsieTcss HENPEPBIBHBIM U OrPAHUYEHHDBIM. KoMIIO3unus
Jo Tyt wm croxuas dbyHKms J(T]\}l()) or p € U, orobpazkaer U na J,

JoTy U= J. (13)

DTOo TOoCIeIHeE TaK¥Ke SIBJISIETCsI, KaK HETPYIHO BHJETh, HEMPEPBIBHBIM U OIPAHUYEHHBIM. MbI
copMyIUpyeM HECKOJIBKO Jiajiee o0paTHbIe 3aa4u JJisi 00enX HAIIMX IIPO0JIeM KaK 3aJadl pe-
IeHus cucTeM, cieytomux u3 (12), caurasi upu 9T0M, 4TO
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(i) memsBecTHBIE (v TpUHAJJIEXKAT HEKOTOpOil momobsactu Aj, Ay C A; p € Uy, Uy =

T (Ar);

ii) cyxxenmst orobpaxkenmuit (11) na A; n (13) ma U; aBisoTcs roMeoMopdu3MaMu, 1

(iti) d € J(A1) = J o 13/ (Ur).

B cuny Tpéx BbIIIeaHHBIX IPEIIIOIOKEHU pereHnst 06enx 0OpaTHBIX MIPOOJIEM CYIIECTBYIOT
U eIMHCTBEHHBbI. Harmeil 1e/ibio, 1 3T0O—OCHOBHasI 1EJIb JAHHOI pabOThI, sIBISIETCsT TIOCTPOEHUE
IUCIEHHOTO METO/IA JIJIsST PEITeHNsT OOPATHDBIX 38187 B paMKaX TOCTABIEHHBIX JIBYX TPOOJIEM.

Beeném xkBaipaTHYIO TUATOHAJIBHYIO MATPUILy-(DYHKIUIO Z mopsiaka Njs ¢ JuaroHaJbHBIME
saeMentamu Z); = z;, i = 1, Ny. Marpuna Z sasiserca nesbipozxiennoit na A, nycrsb Z -1
— obparHas K Heil MmaTpuna-bynknus, onpeaerennas ua A. Kax merpyano sugers: J = Z 711
[TosTomy cucrema Ha A 3alluChIBAETCST TakyKe B (popMax

Z' I —d=0, I-Zd=0.

Metospr TITIXB ocroBeiBatorcst Ha cBoiicrBax( cM.[23,31])

N
j=1
Lij/pj=01) umpu p; -0, i=1,Ny,j=1,N, (15)

rae cjaracMble I” OIINCBIBaIOT BKJIAJIbI B (bYHKLLI/IOHaJIbI IZ oT j—FO XapaKTepHOT'O BBaI/IMOﬂefI-

) (ch)

T . .
cTBHS, a cjaraemoe [ Z( — 0T ocTaJbHbIX( HeXapaKTepHbIX) B3auMogeiicTeuil. Obosnaunm: [

— cToJjiber] ¢ KOMIIOHEHTaMI Ii(Ch) = Zjvzl Iij, i=1,N. Paznoxenue (14) siBisiercs c/iecTBI-
eM pa30HeHus IPOCTPAHCTBA TPAEKTOPUIl Ha HIOJMHOXKECTBA XapaKTePHBIX TpaeKTopuil n "ocra-
rounoe"momuoKecTBO. CBOjicTBO (15) BBITEKAET M3 CBOMCTB CIIyYAiHOroO HpOIecca HepeHoca
gacTul U (axTa, 9TO Ha KayKJOH TPAeKTOPHH j - I'O IOJAMHOXKECTBA XapPaKTEPHBIX TPaeKTOPHil
COJIEPZKUTCsT XOTst bl OJIHO j - € XapakTepHoe B3aumojeiicteue; j = 1, N.

Breném Ternepn “omopHyo” TOUKY p(o) B U u Ny x N marpuiy A, mojiarast Jjisi 3JIEMEHTOB

ocCJIeTHE:

aij % (pj — p\) = Iy — Ij(p?), i=T,Nas,j=1,N. (16)

Nmeen:

I=10 4 A(p — pO) + 1M (p0); (17)

0603HaYNB, HaKOHel, ¢, = Zd — (") — T (Ch)(p(o)), nepenuiieM 12 B Bue
Alp— p») — ¢, =0 orHOCHTENBHO HEH3BECTHBIX QU p, (18)

bopMasIbHO TIOYTH MAECHTUIHOM paHee paccmorpeHHoMmy B ([24]). Dror paccMoTpeHHBIH citydaii
nosyuaercst, ecm nojarars pl®) = 0.

MozkHO BHIETH, IPUBJIEKAst KJIACCHIECKYIO (OPMYILy KOHEUHBIX puparienuii Jlarpamska, 4To
Marpuiia A MOKeT HHTEPIIPETHPOBATHCS KAK COCTABJICHHAs U3 IIPOU3BOJHBIX, B3STBIX B IIPOMe-
ayTounsx Tourax mexay p0 u p.

3.2 @opmysMpOBKa OOpaTHBIX 3a4aY

Teneps, ucxons us (18), chopmynupyem, kaxk u B ([23,31,24]), obparuble 3amaun st 06enx
mpobJIeM KaK 3aa9i PEeITeHns] KaKOi-T1n00 U3 TpeX CHCTEM:
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A(@)(p = ) = cz(a) =0, (19)
p—Ta=0, (a,p) € A1 @Uy,

Al)(Ta—p)—c,(a) =0, ac A, n (20)

Aoy (p)(p— V) —c. 0Tyt (p) =0, pelh, (21)

[PU HAJINYIHUHU, BO-IIEPBBIX, OPAHUYEHHUI B COOTBETCTBHU €O cucKoM (i) — (4i4) pasmena 3.1 Ha-
cTosiiero naparpada i, BO-BTOPBIX, HIXKEC/IEIYIOIIEro YCIOBUSL Ha PaHr MaTpuiibl A, a UMeHHO,

RgA(a) =N VYa€ A . (22)

Bynem roBopuTh 06 3THX cUCTEMaX Kak O CHCTeMax YPaBHEHUI J1j1s1 BOCCTAHOBJIEHUS TapaMeTpoB,
oboznauasi kparko SEPE( System of Equations for Parameters Evaluation). B npumenenun k
cucreme (21), Kak HETPY/HO BHJETh, yciaoBue (22) TpaHchOpMUpPYeTCs: B yCJIOBUE

RgAoY (p) =N Vpelh. (23)

Hamomunwm, wro

Ao Ty (p) = A (), o0 T3 () = ol ().

Kak u B ([23,31,24]), Mbl orpanmarBacMcst H3y4eHHEM METOJ0B perenus cucreM (19) u (21).
CdopMmynupyeM Takzke 3TH 3aJa49d B XOPOIIO M3BeCcTHOU "Bapuarmonuoii"dpopme, uMmesi B BU-
Jly MOCTPOEHNE UTePAIMOHHbIX mporeccoB. Ilycrs W ecTh KBajpaTHas nuaroHaJbHAs MaTpPHIA
nopsaka Ny ¢ MOJOXKUTEILHBIMEA AUAroHaIbHLIMU daeMenTamu, Wi > 0, ¢ = 1, Nps; 1mycTb,
Jtajiee, Kak OObIIHO, (~, ) — CHMBOJI CKaJISIPHOTO TIpon3BeieHust. [locTaHOBKU B Ha3BaHHOI popMe

3allUChIBacM KakK:

inf((A(p - p(O)) - Cz)T7 W(A(p - /0(0)) - Cz))7 (av p) € A1 ®@U, upn (24)

ycaopun  p =Ta,

inf (40 T3 (0)(p = ) = e T ()T, W (A T3 (0)(p = ) = c: 0 T35 ())), (25)
pEUL;

peJinoJiarast, KOHETHO, ITO BBIIOJIHSAIOTCS BCE BBINECKA3AHHbBIE OTPDAHUYEeHUs U ycyioBusi. VTepa-
[IMOHHBIE [IPOIECCHI JIst perienust 3aa49 (24), (25) olnpeesisioTcst 1 3alUCHIBAIOTCS aHAJIOTUIHO
romy, uto u B (|23,31,24]); KaK peleHusi COOTBETCTBYIOMIUX 3a/1a4 KBAaJIPATUIHOIO IPOrPAMMIU-
POBAHUSI.

Pesynbrar Hacrosimeit paboTbl MOXKHO PACCMaTPUBATL KaK OOOOIEHNE IMOCTAHOBOK, ITO/IXO-
na u Merozos ITITXB u3 ([23,31,24]) Ha Gosiee mmpoKUii Kiace 3aad; a TakyKe Kak yJIydIlIeHne
panee IOCTPOEHHBIX. B 9acTHOCTH, OCPEJICTBOM HOBBIX IPEJJIOYKEHUH Oblia paccMOTpeHa 3a-
Jlada 0 BOCCTAHOBJIEHHU (MACCOBOfi) ILIOTHOCTH TOPHOI HOPOJIBI 110 JAHHBIM H3MEPeHui y — 7y
kaporaxa([25]).
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YHuceHublii aHAJN3 THAPOAMHAMIUYECKNX MPOIECCOB CBAPOYHOM
BaHHBI 1PN 3JIEKTPOAYTOBOII CBapKe

A. ZKaitnakos, P. CynranrasueBa, B. Memgpasuesa

Keipresckuit ['ocynapcrsennsriit Texauaeckuit Y HuBepcuTeT
np. Manaca, 66, bumkek, Keiprerscran
{jainakov-41,renasultangazieva,medralieval@mail.ru

Annorauusi. B dannoti pabome mposedeH CPABHUMEAbHDIT AHAAU3 MAMEMAMUYECKUT MOdeael
CEAPOUYHBIT BAHH MPU IAEKMPOOY2060T CBAPKE, MOCTNABAEHDL 2PAHUYHBLE YCAOBUSA HA NOBEPTHOCTU
€6apouHoli BaHHBL 8 NPUBAUNCERUU C80000HOT NOBEPTHOCTNU BAHHDL U 8 YCAOBUAL 63aUMOITICMEU,
€ NOMOKAMU SAEKMPUUECKOT 0Y2u, NPUBEOEHbL PEZYABIMAMDBL YUCAECHHBLL PACHEMO8 OAA 060UL CAY-
waee

KuarouesBsblie ciioBa: Duekrpoayrosast mwiazma, MIJ] ypaBHeHust, cBapodHasi BaHHA, TEH30D HAIPsI-
JKEHUH, TepMOKAINIIpHas KoHBeKIws, 3dpdexT Mapanronu

1 Bseneunune

CBapka MeTaJLIOB IMUPOKO IIPUMEHSIETCSI B COBPEMEHHON TEXHUKE U SIBJISIETCSI OJHUM U3 CAMBIX
BasKHBIX TEXHOJIOTUYIECKUX ITPOIECCOB BO MHOTUX ODJIACTSX IIPOMBIIIJIEHHOCTH. BO MHOTHX CJIy-
JasiX cBapKa — Hanbosiee 3(pPEeKTUBHDBINA WM €IUHCTBEHHO BOZMOXKHBIN CII0COD CO3IaHUs HEPA3b-
eMHBIX COeIWHEHHUl W moJiydenus Tpebyemoil mo reomerpun u dopme Koucrpykimu. [lomyaen-
HOE U3Je/Ire JIOJXKHO He TOJIBKO OTBEYaTh KOHCTPYKTHUBHBIM (pbopMaM, HO M TaKXKe MEXaHUIeC-
KUM U (PUBUIECKUM CBOMCTBAM TOMY HA3HAYEHUIO U TEM YCJIOBUSAM IKCILIyaTAIIUN, IJIsT KOTOPBIX
oun co3gatorcs. CBapKa sSIBJIFAETCA BECbMa CJOKHBIM (PU3UKO-XUMUIECKIM 1 METAJ LIy PrUIeCKIM
IIPOIIECCOM, B XOJe KOTOPOTO METAJLI IIBa W OKOJOIIOBHASI 30HA IIPeTepIeBaioT (ha3oBbIe Mpe-
BpaIlleHNs U CTPYKTYPHbIE U3MEHEHHsI, YTO, B CBOIO OYEPE/lb, BAUAET Ha (PU3IUKO-MEXaHMIECKUE
XapaKTEePUCTUKU MaTepraja. AProHoyroBasl CBapKa HEIJIABSIIIIIMCST 9JIEKTPOJIOM 00eCIeanBaeT
BBICOKOE KadIeCTBO IIBa, XOTsI HEBLICOKAs MPOILIABJISIONIAA CIIOCOOHOCTD JAHHOTO BUJIA CBAPKH B
HEKOTOPBIX CJIyYasiX sIBJISIETCS 3aMETHLIM HeJgocTaTrKoM. CBapKa aproHOM IPUMEHSIETCSI JIJIs CBap-
KU JeTaJiell U3 JIETMPOBAHHBIX CTaJIeil IIBETHBIX METAJIJIOB, B TOM YHCJI€ HEIIOBOPOTHBIX JeTaJieil.
Aprou TspKesee BO3IyXa M IPHU IOJJIyBEe aproHa B CBaApOYHYIO BAHHY, ITOCJEIHUNA BLITECHSIETCSI
OTTYJIa, UTO TO3BOJIAET M30€KATh MPOTEKAHUS XUMHUICCKUX PEAKIINii ¢ BO3IYXOM B CBAPOYHOI
BaHHE, K TOMY >Ke, IIPH CBapKe B OOLIYHOI Ccpejie cBapOYHAasl BAaHHA C PACILIABJICHHBIM METAJIIOM
COJIEP2KUT IPUMECH, KOTOPBIE IIPUA B3aNMOJECHCTBAN C BO3/yXOM BBITOPAIOT, OCTABJAIOT Harap u
obpaszyror nophl. TakxKe, BMeCTe ¢ aproHOM OGLIYHO HMOJAETCS OKOJIO 5% BO3IyXa ¢ KHCJIOPOIOM,
YTOOBI C2K€Ub 3arpsi3HEHUs, KOTOPbIE MOT'YT IIONACTb B CBAPHYIO BaHHY u3BHE. TakuMm oOpas3oM,
aproHOYTOBasl CBAPKa HEILIABAIINMCS 9JIEKTPOIOM IO3BOJIAET Y€TKO KOHTPOJINPOBATH TIIyOUHY
IIPOIJIABJICHUA MeTaJljla, IIOJIyYUTh Ka4eCTBEHHBIN IVIAJKUHA CBAPOYHBLIA IIOB, HE yCTYIIAIOIMNNI
10 IMPOYHOCTH, AHTUKOPPO3UOHHBIM M IIPOYUM CBOIICTBaAM OCHOBHOMY MeTaJlty. KomItbioTepHOE
MOJIEJINPOBAHKE IIPOIECCOB CBAPKU IMO3BOJISIET MOA00pATh ONTHUMAJbHBIE CBAPOUYHBIE PEXKUMBI,
YMEHBINUTD J1epOPMAIIIN OT HArpPeBa, PacCINTATh IVIyOMHY MPOILIaBIEHUS U IPOQPUIL CBAPOU-
HOIT BAHHBI, YTO ITO3BOJIAET ONTUMU3UPOBATH TEXHOJOTHUIECKHH mpoIece cBapKu. Borpockr dhop-
MHUPOBAHUSI CBAPHOTO COEINHEHMST TECHO CBSI3aHBI ¢ HEOOXOIUMOCTHIO U3y UEHUsT TIPOIECCOB JTBU-
JKEeHUsI MeTaJljla B CBapOYHOM BaHHE. BbICTpoOe IIpoTeKaHue MPOIEeCCOB, BBICOKAS TeMIlepaTypa u
3HAYUTE/IbHOE U3JIYIEeHHE IIPU CBapKe OOYCIABINBAIOT CJIOYKHOCTD MPSIMOIO U3YUEHUS PEATbHBIX
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rporieccoB. Jljisi a/leKBaTHOTO TEOPETHUIECKOTO OIHUCAHUS IIPOIECCOB, IMPOTEKAIONINX IIPU CBap-
K& MEeTaJUINIeCKNX MATEPUAJIOB, TpeOyeTcs NMPUHUMATh BO BHUMAHUE CJI0YKHOE B3amMOJeiicTBIE
PA3JIMIHBIX (PU3NUECKUX IIPOIECCOB U SABJIEHUMN, CBA3AHHBIX C HAIPEBOM U IIJIABJIEHUEM OCHOBHOI'O
MaTepuaJia Mpyu BO3JAeCTBUN UCTOTHUKA HArpeBa. B3anMoIefiCTBYIOT MeXK Ty CcOOOil TuapouHa-
MUYECKHe, TEMIIEPATYPHBIE U 3JEKTPOMATrHUTHBIE MOJISI, & TAaKXKe MOJI YIPYTUX HAIPSKEHUN,
00yCJIOBJIEHHBIE CUJION TpaBuTanuu. MomempoBanie TaKuX MPOIECCOB MEJIecO0Opa3HO JJIsd Oll-
TUMU3AIANA TAPAMETPOB PEXKMMa, CBAPKHU W TOJYyYEeHHUS CBAPHBIX COEJMHEHUM C YIIydIIeHHBIMHI
KadeCTBEHHBIMHI XapakKTepucTukamu. [Ipormecc mpomiaBiaeHnst OCHOBHOTO MAaTepHUaJIa, sIBISETCS
KOHEYHBIM DPe3yJIbTaTOM TeIJIOBOT'O U CUJIOBOI'O B3aUMOJIEMCTBUSI TEXHOJOTNYECKOI0 UCTOYHUKA
SHEPruu ¢ 00pabaTHIBAEMBIM MaTEpUAJIOM. XapaKTEPUCTUKK CBAPHOTO IiBa (pasMmepsbl, ¢hopMma,
MUKPOCTPYKTYpPa U T.JI.) ¥ IIPOIECCHl TEIIONEepeadn B TBEPIO-KUJIKOM uHTepdeiice B 3HAUN-
TeJILHOI CTEIleHN 3aBUCAT OT HOTOKA YKUJKOCTH B CBApOYHYIO Banny. B pesysibrare, 4To0BI 110-
JIYIUTH XOPOIIMHH MPOTHO3 (DOPMBI IITBA, & TAKXKE TEILIOBbIE IUKJIBI U BBI3BAHHBIE OCTATOYHBIC
HAIIPSI?KEHUs] BOKPYT 30HBI CBAPKHU (TJ1€ PUCK II€PEJIOMA SIBJISIETCSI CAMBIM BBICOKHM ), HEOOXOMMO
[IPUHUMATH BO BHUMaHHUE pa3BuTue (DOPMUPOBAHUSI CBAPOUYHOI BaHHBI U ee JUHAMUKY BO Bpe-
Menu. [1yOnHa mpoILIaB/IeHns, a TakKe ero popMa OIpeIe/seTCsa KOHIeHTPaleil BBOIUMON B
30HY cBapku sHeprueil. st mocrpoennst Hanbosiee TPaBUIBLHON MOJIEIN HEOOXOIUMO YIUTHIBATH
KaK KaTOJHbIE SIBJICHUS, TAK W AHOJHDLIE C yIETOM CJIoeB nuddy3uOHHOIO B3AMMOICHCTBUS U
[POCTPAHCTBEHHOIO 3apsijia. Ha OCHOBe SKCIIEpUMEHTAJIbHBIX JAHHBIX U aHAIN3a (PUHIECKUX
IIPOIIECCOB B 3JIEKTPUUECKOI Jyre MOXKHO YCTAHOBUTH XapaKTep paclpelesieHus U IlapaMeTpbl
peryjnpoBaHus IMJOTHOCTU TOKa Ha aHO/le, OIPEJE/IUTh OINTUMAaJIbHBIE yCJIOBUA BEJACHUA IIPO-
1ecca CBapKu, KOTopble OynyT obecrieunBaTh TpedyeMble FreOMETPUIECKUE U IKCILIyaTaInOHHbIE
XapaKTEePUCTUKU CBAPHOI'O COE/IMHEHU.

1.1 TIlocranoBka 3amadn

Hoarue Togpr MaTeEMaTHIECKOe MOJIETNPOBAHIE 9JIEKTPOIYTOBOH CBAPKH TIJIO PA3/IETLHO MO JBYM
HAIPABJICHUSIM: MOJICJINPOBAHUE JIEKTPUIECKON JyI'M U MOJETUPOBAHUE CBAPOYHOlN BaHHBI [1].
B mocnennne romb paspaboTaHbl MOJAENH, KOTOPbIE PACCMATPUBAIOT W JEKTPUIECKYIO JyTY U
CBapOYHYIO BAHHY 110 €JUHON MOJIEJIU C yIETOM UX B3aUMOJIEHCTBUS MeX Iy coboit. B ocHoBe Mo-
nenn jiexkut cucreMa MIJL ypaBHeHmit 77151 Beeil pacaerHoit obytactu. Cxema pacdeTHoit ob1acTu
mpesicTaBiaeHa Ha puc. 1
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Puc. 1. Cxema pacuerHoit obact
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ITpu sanucu MI'/l ypaBuenuit B Hanbojiee mpoCTOM BUIE IIPEITOIATAETCS, ITO B IJIEKTPOILY-
FOBOM pa3psjie BBIIOIHSIOTCS CASIYIONINE YCAOBUsL: CPEJIa sIBJISIETCS CILIOIITHOM, MEXKLy CKOPO-
CTHIO HedOopMaIlii U HAIIPsI?KEeHNEM CYIeCTBYeT JIMHeHasl CBsI3b, TeUeHne Ta3a, JaMIHAPHOE, BbI-
MIOJIHSIETCsT YCJIOBHE JIOKAJIHHOIO TEPMOINHAMUIECKOTO PABHOBECHUsI, N3JIyYeHNE NOHM3UPOBAHHO-
ro ra3za obbemuoe. [l cBapodIHO BAaHHBI BRIIBUHYTHI Cjeylomue npomyiienus: [Ipomece ceapku
OrpaHUYUBAETCH CTAIMOHAPHON TOYEYHON CBAPKOM € HEILIABAIINMCS 3JIEKTPOIOM B 3aMKHYTOM
06’1361\16, Te4YeHndA JJaMUHapHbIE, HOCKO.HBKy pasMep BaHHbI OTHOCHUTEJIbHO MaJl, B IIPEIAIIOJIO?KEHN N
JKECTKOI IOBepXHOCTH aHoia. Jdpyrumu cioBamu, gedopMaliyst TOBEPXHOCTH CBAPOYHON BaHHbI
HE BJ/INAET Ha paCUYeTHBIC fABJICHUA IIePpEHOoCa. y“II/ITI)IBaH, 9TO cucTeMa OCeCUMMETPpUIHA % = O,
OTCYTCTBHE BHEIIHEH 3aKPYTKHU I'a3a U HAJOXKEHHOIrO H3BHE MATHUTHOIO moJjs, cucrema MI'JL
YPaBHEHUI B IMJIMHAPUIECKUX KOOPJUHATAX HPUMET BUJL:

YpaBHeHNE HEPA3PBIBHOCTHU:

19 (pru) 0 (pv)

ro or + 0z =0 (1)

VpaBHeHUsT IBUXKEHUsT IJIS PATUAILHON COCTABJISIIOIIEN:
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Cucrema (1) monosiHsieTcst 3aBUCHUMOCTSIMU TEIIOPU3NIECKUX KOI(DMUIMEHTOB 1171a3M000pa-
3yIOIIEro ra3a M PacIyIaBJIEHHOI'O >KMJKOIO MeTajljla M3Jeds OT TeMIepaTypbl U JIaBJICHUS.
Wcrnonp30Balbl  cieytolme ODO3HAUEHUs: V - pPajdajbHas CKOPOCTb,U - aKCHaJbHasl CKO-
poctb, P- nammenwme, T-Temieparypa, j -IUIOTHOCTh TOKa, F-HaIpsI>KEHHOCTH SJIEKTPUIECKO-
ro noJisgt, H-Hamps2KeHHOCTh MATHUTHOIO IOJIA, P - IJIOTHOCTL, O-3JIEKTPOIPOBOIHOCTH, A -
TEIIONPOBOHOCTD, [i- BA3KOCTD, Cp- TEIJIOEMKOCTDh IIPU IIOCTOSHHOM JIaBjeHud, h - sHTagbmmd,
¥ - u3jrydaresbHas CIIOCOOHOCTb. B ypaBHEHUU JIBUKEHUSI:

0, JJIS JyTh (7)
Y pg — pgB(T — Ty)  ist BaHHBI
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5- ko3 dunmeHT TepMuUecKoro paciunpenusi. JlaHHoe ciraraemoe 00YCIOBJIEHO CyMMOIl CHJIBI
MHEPIMH U BBITAJKHBAIONIEH CHJIBI B CBaApOYHOI BaHHEe B mpub/rkennun bByccenaka. Bruicokume
TeMIlepaTypHbIE IPaJUeHThl, KOTOPblE HMEIOT MECTO B CBApOYHOI BaHHE, MOTYT BBI3BATh €CTe-
CTBEHHBII TOTOK KOHBEKIIMH MU3-38 3aBUCUMOCTH ILJIOTHOCTH PACILIABICHHOI'O METAJIIa OT TEeMIIe-
paTypr, HOSTOMy cqauTaeM IIOJICSHBIM OICHUTDL BKJIA/ JAaHHOI'O CJjIaraceMoro. B ypaBHeHI/II/I QHEep-
UM MCTOYHUKOBBIN WileH S, YIUTHIBAET ITOTEPH TeILIa Ha ItapjieHne. OH IMOKAa3bIBAET ITOBEIIE-
HUE y,ZLeJIbHOfI TEIJIOTHI IIJIaBJICHHNYA BO BpPEMsA N3MCEHEHUA (1)3,3: TeIJIOTa IIOTJIOIIaeTCA BO BpeMsd
ILJIABJIEHNUSI, TO €CTb IIPU U3MEHEHUH TBepaoil ¢asbl K »KUIAKON, U BLICBOOOXKIAETCI B IIPOLIECCE
saTBepJeBanus. Hy -yje/bHas SHTAIbIINSL.

L T>1
Hy=< ik T <T<T,s (8)
0 T<Ts

OHTAJbIINA CBA3AHA C y,ZLeJIbHOfI SHTAaJIbIIHEH d)OpMyJIOfIi
h = CpT + le f

Ucxonnas cucrema MI'J ypaBHeHHiT peraercs B MepeMEHHBIX 'BUXPb-(QyHKIMA TOKa W - Ha-
NPSI?KEHHOCTD BUXPsI, 1P~ DYHKINS TOKA, Y - PYHKIUS JIEKTPUIECKOIO TOKA, KOTOPhIE B CJIydae
MUJINHJIPUYECKON CHCTEMBI KOODJIMHAT U OCEBOIl CUMMETPHUU OLPEIESIIOTCS COOTHOIIIEHUAMU:

1 /0v Ou
W=7 (a - dr) ©)
Y _ M _
= 1o
ox . ox .
or )z 02 rJ (11)

BBenennbie HOBBIE epeMEHHDIE ¥ U Y YIOBJIETBOPSIOT YPABHEHUSIM HEPA3PBIBHOCTU U COXPaHEe-
HUS 3apsjia. Torjga ucxomHast CUCTEMa 3allUIeTCs B CIeIyIoNeM KaAaHOHUIECKOM BHUJIE:

loz (o)~ (#22)] -2z a0 -

aar {bi (ap)} ber=0 (12)

I'ne - uckomast byHKIM, TPUHIMAIOITAA 3HAUYEHUT w,Y, h u X ; a, b, ¢, e - HesmHETHbIE KO3]-
bUIMEHTHI, COOTBETCTBYIONINE KaXKI0My u3 ypasHenuit. Eaunas dopma 3ammucy mo3BojisieT mpu
pelIeHN CUCTEMbBl YpaBHEHHUI MCIIOIb30BaTh OJWH U TOT K€ aJI'OPUTM pacdera. s perrerust
Oy YeHHO# cucTtembl nuddepeHnnaabHbIX yPaBHEHNH HEOOXOIMMO 33/1aTh TPAHUIHBIE YCJIOBHUS
s gaHabiX GyHkmuil. [Tocko/bKy ypaBHEHHS CHCTEMBI SBJISIIOTCA YPaBHEHUSIMU SJLIHIITHIE-
CKOT'O THUII&, TO I'PAHUYIHBIE YCJIOBUS JOJI?KHBI OBITH 3aJIaHBI 10 BCEMY KOHTYPY, OXBaTBIBAIOIIEMY
pacueTHyto obsacTb. s cpaBHeHHs Mojesieil, IpejcTaBIeHHbIX B pabore 2| - [3] u paborax
[4]- [5] paccunrbiBaloTcst 06e Mogesn: 1) Permaercst Best cucrema MIL ypasnenuit Jyist s71eKTpu-
9eCKOM JIyTW W CBapOYHON BaHHBI, OJJHAKO CBAPOYHAsI BAHHA PACCMATPUBACTCA B IIPHUOJIMKEHIH
cBOOOTHOH ToBepxHOCTHU. PacueTHble JaHHBIE 3JEKTPUUECKON JIyTH MCHOJB3YIOTCS JIJIs OIeHKN
TEIJIOBOTO IOTOKA B CTOPOHY BaHHBLI. Ha cBOOOIHOM MOBEPXHOCTH BaHHDBI YIUTHIBAETCST TEPMOKa-
NAJLIAPHAA KOHBEKIIHS.

2) Cucrema MIJ] ypaBHeHuii peraercst mpu COBMECTHOM PACCMOTPEHHHU IIPOIECCOB B JICK-
TPUYECKON Jyre W PacIIaBJIEHHOM MeTajlie oOpabaTbiBaeMOro M3Ae/ds ¢ YIeTOM UX BA3KOI'O
B3aUMOJEHCTBUS MEXK/Ty COOO# M TePMOKAIUIISIPHON KOHBEKITUH.
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1.2 TI'paHumYHbIEe yCJIOBUSA

JLj1st IepBoit MOJIe/IM ITOCTABUM I'PpaHUYHbBIE YCJIOBUS I Beeit obsractu. [locranoBKa rpaHUIHBIX
yCJOBUU JJis CTOJIOA JIyTI'M He BLI3bIBAET 3aTPY/IHEHUI, TaK Kak I[OJ00HDbIE 33Jaui PEINaJIiCh
HEOJIHOKpaTHO. Ha ITOBEPXHOCTH BCEX CTEHOK YCJIOBHEM 3aMKHYTOCTH OObeMa OyIeT yCIOBHE
Henporuraemoctn: ¢ = 0. Temmeparypa cTeHOK 00J1aCTH, KOTOPhIE He B3aUMEIeHCTBYIOT MeXK-
ny coboit mpurnmaercs pasaoit Ty = 300 , tem cambim onpenessiercs h = h(Tp). Pyukunus
3JIEKTPUYECKOTO TOKA X = % OyHKIMSA W OLpPEHe/IsdeTcs U3 YCJIOBUS Ipuinnanus. st Topia

'
I
= [ ordr, Ry - paqmyc katopHOro nsiTHa. Pacupenesnenne TeMiepaTypbr y

2n [ ordr 0
0
TOpIIA KaToHa 3aJaeTcsl JIOO C yIeTOM SKCIIEPUMEHTAIbHBIX JaHHBIX, JTHOO 3a1aeTCsT YPIOKOB-

KaToja: X =

CKHM DpacClIpeJIeJICHUEM:

To(r) = (Ty — Tp) (1 - ;{;)m <1 + éﬁm) + T

rae T, -TeMIepaTrypa KAIIEHUS KATOMAHOTO MATEPUAJIa, M - CTENEHb HAIOJHEHUA MPOQIIa TeM-
nepaTypol. Ha ocu cronba BoimosnsioTes yeaosus cuMMerpun. Ha rpanune "nyra-anon nys cu-
creMbl "BUXpb-QyHKIMSA TOKa " ucnoab3yercss meronuka ['pssaosa B.JI. u Ilonexxaesa B.U., npu
KOTOPOM 3HavueHne (pyHKIUU W He UCIOJIb3YIOTCH, & BBIUAC/IAETCS Y IOBEPXHOCTH 3JIEKTPOIOB B
y3JIaX CEeTKH, OTCTOAINIUX Ha OJWH IIAr OT CTEHKH.

I'panuunble ycJIoBUs JJIs CBOOOZHON IIOBEPXHOCTH CBAPOYHON BAHHLI MOLYT OBITL JBYX TH-
IIOB: KUHEMATHUYECKUE - yCTaHOBKa CKOPOCTH Ha }KI/I,[LKOfI I'paHuIie, 1 JMHaMUYIeCKue, CBA3aHHbIEC C
napienneM. Popma CBOOOIHON OBEPXHOCTH CBAPOYHON BAHHBI OIIPEIE/ISIeTCs U3 YCJIOBUS OaJIaH-
ca BHYTPEHHUX U BHEIIHUX CHUJI HA €€ IIOBEPXHOCTHU. |'paHuvHbIe yCJIOBUS HA CBOOOIHON I'DAHUIIE
Iyra- KUOKA METaJLl BKIIOYAIOT B CeOs:

— HopmaJsibHBIe HAIIPsI?KEHNST OT OaJIaHCa JTaBJAEHUS KUJIKOCTH U CUJI BSI3KOIO TPeHUsI, bastaH-
COM KAIMJIAPHBIX CHJI M CHJI JABJICHUS JYyTH B IyT€ YCIOBAA CBAPKH, 3AIMCAHBI C yI€TOM TEH30pa
BASKNX Halnpskenuil. B paMkax mapmoii 3ama49m MBI pacCMaTpUBaeM TPAHUILy pasiesa Jyra-
BaHHA [JIOCKOH, II03TOMY HOPMAJLHYIO COCTABIAIONLYIO HE PACCMATPHBAEM.

— TanrennuanbHas COCTABJIAIONIASL:

ov _ 000
Moz~ ar or

TO €CThb KacaTeJIbHbIC HalIPAXKEeHN A BbI3BaHbl 3aBUCUMOCTBIO KOS(beI/ILH/IGHTa IIOBEPXHOCTHOI'O Ha-

(13)

TS2KEHUsI PACIIABJIEHHOIO METaJljIa OT TeMIepaTypbl. B npubrmKkenun cBOOOIHON TOBEPXHOCTH
CBapOYHO} BAHHBI TEILIOBOH MOTOK OT JIyrd OOBIYHO PACCMATPHUBAIOT B CJIEAYIOIIEM BUJIE:

q(r) = ¢ exp<—2’;> (14)

o2
2mrs

rje () -KOJIM4eCTBa TeIlia OT JIYTHU, Tg-PaJuyC aHOIHOrO IsiTHA. JlJist Hameil 3a/1a4u BOCIIOJIb3Y-
eMCsl YUCJIEHHBIMU JTaHHBIMU TI0JISI TEMIIEPATYPHI JIEKTPUYIECKON JIyT'n, TOT/Ia

(15)

TemioBbie moTepu C IIOBEPXHOCTU CBapO‘{HOﬁ BaHHBI BKJ/IIO9alOT KOHBEKTHUBHbBIEC IIOTEPU, paJiua-
IUMOHHBIC ITOTEPU U IIOTEPU Ha HCIIapeHue:

Geconv = A (T - TO) Qrad = O¢€ (T4 - T(;l) Qevap = thfg (16)
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rie Ty - TeMmeparypa OKpyzKaroleil cpeanl, o.- Koaddunnent Credana-bonbimana, € - u3ayda-
TesIbHas CHOCOOHOCTDL BemlecTsa, hyg - yaenbnas TeraoTa ucnapenus,W,- CKOpOCTb HCHAPEHNUs,
KOTOpasl HAXOJIUTCS U3 CJIEAYIOIMEro MPUOIMKEHNUSI:

log W, = Ay, + log P — 0,510g T

A, - TIOCTOsSTHHAS, 3aBUCAIIAS OT MaTepuaJa 00pabaTbIBAEMOTO U3IEIINs.
['paruvnble yc/I0BuUS JIjIsI JyTH:

w W h T x
0102 | u=0 =0 |T=T1, — 1
v=0 = 2
0103 | u=0 W _ _|T=T1, £
v=0 &= = .
w —
003 =0 ayp _ T=T.(r) X=X
v={ Fra
=20
ar ar
03¢ |u= w=0 |T=T, 7
v=0 7, A oy
AB = w =0 3 Oy _, 0T, ds
farrT g T faTa; ki
['paruvnbie yc/I0BUS /I CBAPOYHON BaHHDI:
w Y hT X
AB 19adT |y=0 - AT - 9T dx
W T ar gy Ay 3z "
—a,2(T%, = T7) = Wh,, — je,
BC u=f ¥ = 0 £: aTg‘-_-:-;g . aTI a)_"q
- s I =A== —_— =0
v=0 AR * a9z z
_G.EEET-i-- ﬂ*)
AE dw o aT =0
ar ar A
CF w={ y=0 | 6T _ _
ar ¥ 2n
EF w=0 - T ax
v y=0 |dr i X _ 0
ar z

ITo BTOpPOIT MOJIE/TH, TIPU COBMECTHON PACCMOTPEHUN JIyT'HM U BAHHBI U3MEHSIIOTCST TOJIBKO YCJIO-
Bust Ha rpanutie AB "ayra-Banna": p,wg = parcWare — %g—%%—:, oCTaJIbHbIe I'PAHUYHBIE YCIOBUS
OCTalOTCsl Hem3MeHHbIMU. JljIs1 M3ydyeHUs BIUSIHUS TOCTAHOBKU T'DAHUYHBIX YCJIOBHI 10 0benM
MOJTEJISIM, OBLIN TTPOBENEHBI YUCIeHHbIe pacdeThl mpu Tokax [=150A u [=200A, xyra ropur B
cpese aprosa nipu gasiennn P=0,1 Mlla B 3amMmkHyTOM 00'bEME, TIPU MTOCTOSTHHOM MEYKIJIEKTPO/I-
HOM PaCCTOSIHUU B HMM, B KA4eCTBE MaTepHaJia aHO/[a UCIIOIb3yeTCs ajJioMuanii. Pazmeps! mpyru y
KATOJ[a IPUHUMAJIUCH PABHBIMU Pa3MepPy IIJIMHIPUIECKOTO 3JIEKTPO/a U PaBHBI 1MM, Temiepa-

Typa B nenTpe KaromHoro naraa 18000K. BokoBbie crerHkn KaToga u CTAOUIN3UPYIOIIHE CTEHKU
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Tabauna 1. Pusndeckne XapaKTEPUCTUKHU ATIOMIHUS.

Tplava K hf97 ,ZL)K/KI‘ ﬁ7 1/K TS7 K 7117 K € SoaaeB L7 VZL)K/KF
933 1,08 %107 | 2,34%107° | 922 947 104 | 4,25 | 3,93 %10°

nojiepxkuBatorcst pu temueparype T=300K. Pasmepsr ayru y anoma dbopMupyorcs B Ipo-
1ecce pacdera B COOTBETCTBHUU C ITOCTABJIEHHLIMU YCJIOBUAMU. PacueTHble NaHHBIE JJIsi YUCTOTO
ATIOMUHUS:

2 OO6cyxkaeHue pe3yJIibTAaTOB

Ha puc. 2 npejcraBiiennl oJisi PACX0/I0B ra3a JiJisd 3JIeKTPUIECKO IyTH, PACCIUTAHHBIX 110 0DenM
MOJIEJISIM.

=] 2 4 £ | ta 12

) [puomsenne CEOCOIHON TOBSPNHO- 0) CoBMecTHOR DACCMOTPEHME IVTH H BAHHB
€TH czapouyolt BannL

Puc. 2. Jluanu paBHBIX pacxXofoB raza B ayre, [I=150 A

B pesysibrare cOBMECTHOIO JIEHCTBUSI COOCTBEHHBIX 9JIEKTPOMATHUTHBIX CHJI M CHJI BABKOCTH
rasza 3JeKTpUIecKas Jyra PeHEPUPYET OCHOBHON TOPOUIAILHLIN ra30iMHAMAIECKII BUXPh, KOTO-
prfI BOBJICKaCT B CBOE JIBUXKEHUE IIOYTHU BCIO OCHOBHyIO Maccy rasa. HpI/I IIOCTaHOBKE I'PAHUYIHOT'O
YCJIOBHS JIJIsI BUXPsI CKOPOCTH 110 MeToxy Ilarankapa, BUXpb CKOPOCTH OLPEIEJISIETCsT TOJBKO JJIst
BHYTpEHHEH 00JIaCTH, a UCXOAHBIE TPAHUYHBIE YCIOBHU JJIs (DYHKIIMU TOKA CTABUJIMCH KaK JIJIst
TBEpAOH HempoHuaeMoil crenku. IlosroMy momobHast HOCTAHOBKA I'PAHUYHBIX YCJIOBUNA TOPMO-
3T MOTOKU 3JIEKTPOJLyTOBOM IJIA3MBI, JUHUKM PacXojia ra3a 6ojiee CKOHIEHTPUPOBAHBI B OCEBOI
JacTH, IPOKAUNBasi BeCb ra3 B CTOPOHY aHOIHOIO MSATHA. Bs3Koe B3aMMOIeHCTBHE OCHOBHOTO
BUXPs C OKPY2KAIOLIUM HEIOABUKHLIM I'a30M BOBJICKAET B JIBUKCHHE OCTABLIMNCS Ta3 y XOJIOI-
HBIX YTJIOB ILJIa3MaTpOHa, 00pas3ysl YIJIOBble BUXPH C HEDOJIBIION MHTEHCHBHOCTHIO U 0OPATHOTO
HaIpaBJIeHUSI.

ITo BTOpOIT MOJIETM TOTOKHU TIJIA3MbBI U TIOTOKH PACILIABJIEHHOIO METAJIJIA PACTEKAIOTCA B pa-
JUaJIbHOM HAIPaBJIEHUH, PaJuajbHble CKOPOCTH B JAHHOM CJIydae BBIIIE, YTO IIO3BOJISIET 3a-
XBaTUTh OOJIBIIYIO MACCy ra3a B JBUYKEHHE OCHOBHOIO BHXpPsi. TakxKe, 3T0 crocobcTByer OoJree
MHTEHCUBHOMY BBIHOCY TeILJIa M3 IPUOCEBOI 06JIacTH aHOIa Ha IepudepHuio W HarpeBy rasa y
cTeH I1asMaTpoHa. zorepMbl 6ojiee BLITSHYTHI B paguaJbHOM HalpaBieHnn, popMupys bojee
"k0J10k000pa3Hy0" HPOPMyY BHIMMOIl TPAHUIBI YT 110 CPDABHEHUIO C [IEPBBIM ciydaeM (puc. 3).
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0 2 « 8 8 1
a) [Mpudmkenne cE000IHOH NOBEPRHD- 5} CoBxecTHOE PACCMOTPEHHE TVTH H BAHHEL
CTH CE2DOHHOH EaHHE

Puc. 3. Uzosunun remueparyp B cBapo4Hoii gayre, I=150A

B upubiimkennn ¢cBo60IHOM HOBEPXHOCTH B 00beMe CBApOYHOI BaHHLI 00Pa3yIoTCs ABa BUXP: A
-IIOBEPXHOCTHDIN, HAIIPABJIEHHBIN OT MEHTPa BaHHBLI K €e KpaeM, U B - y ocu, Ha JIHe CBAPOYHOI
BaHHBI OOBEMHBIII BUXPb, HAIIPABJIEHHBI TPOTHB 4acoBoil crpesku (puc. 4a). [ToBepxuocTHBII
BUXPb 00pa30BaH pe3ysbTupylomieil cuy Apxumeaa u MapaHroHn, KOTOpbIE MMEIOT OJIMHAKOBOE
HalpaBJ/IeHHe, B TO BpeMs, KaK CUIbl JIopeHIa HHAyIUPYIOT KOHBEKTUBHBIE IOTOKN ITPOTHBOIIO-
JioxkHOrO HanpasjeHus. C yBesmdenuneMm cujibl Toka j10 [=200A Bo3pacTaer poJib 3J€KTpOMAr-
HUTHBIX CHJI M 9TOT BUXPb YBEJIMYNBAETCSI B 00beMe, 3aHUMAasl MTOYTH BCIO IEHTPAJIbHYIO YaCTh
cBapoyvHO# BaHHLI. Ha moBepXHOCTH OCTaeTCsl TOHKUH CJI0# PACIIaBIEHHOTIO METAJLIA, BOBJIEUEH-
HBIIl B paJuajbHOE JIBHXKEHHME OT IEHTPa BAHHBI K KPasiM TePMOKAIMLISIPHBIMUA CHJIAMH. DTO
MIOJITBEPKIAET TOT (PaKT, ITO POJIb TEPMOKAIUJIISPHON CUJIBI BO3PACTAET IPU CUJIAX TOKA B
200A. IIpu cuite Toka B [=250A B 00beMe cBapOUIHOI BaHHBI HAOJIFOIAETCS TOJBKO OJINH BUXPb,
HAIPABJIEHHBII 110 9acoBoii crpesike (puc. 46).

B
1) BEXTODHAA RADTHHA CBapouKofl BAHME | O) MIOTHHHME DPACXOJOB PACTUABTEHHOTO Me-
[=150A a1, [=250A

Puc. 4. Biinanune cuibl ToKa Ha THIPOJUHAMUKY CBAPOYHOM BaHHBI

[Ipu ydere BA3KOro B3amMOJIENHCTBUS SJIEKTPUUECKON JyI'M U CBAPOYHON BAaHHBI B 00beMe
BaHHBI OCHOBHOI BUXDPb HAIIPaBJIEH OT IEHTPa BaHHBI K €€ KpasM, U BTOPOU BUXPb IPOTUBOIO-
JIO2KHOT'O HallpaBJIeHus 00pa3yeTcs y KPaeB BAHHbBI 33 CUYeT U3MEHEeHUs 3HaKa IPAJIMEeHTa [TOBEPX-
HOCTHOTO HaTsizkeHus (puc. 5). BaaumoseiicTBue ¢ OTOKAMU 3JIEKTPUIECKON YT yBEJINIUBAET
pajaJibHble pa3Mephbl BAHHBI U yYMEHbINAET IVIYOMHY MPOIJIaBJIeHUsS MeTaslia. ['eomeTpruyeckue
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A
A0 4

A1 5

Puc. 5. Uzonunun pacxona u nu3orepMbl B cBapo4uHoil BanHe, [=200A

Tabuiniza 2. 3aBUCUMOCTD TAPAMETPOB CBAPOYHON BaHHBI OT CUJIbI TOKA.

I, A CBobomHast TOBEPXHOCTH Bsaumogeiicrsue ¢ myroii
Rv (Mm) Hv (mm) Rv (vm) Hv (Mm)
1=150A 24 0,8 2,8 0,8
1=200A 3,2 1,2 4 1
1-250A 4 1,6 5 1,2

pa3Mepbl BaHHBI IIPU PA3JIMYHBIX CHJIaX TOKa, PACCUYUTAHHBIE IO 0OEUM MOIEJISIM IIPEICTaBIEHbI
B Tabsuie. ['eomeTpruteckue pa3Mepbl CBAPOYHON BAHHBI B 3aBUCUMOCTU OT CHUJIBI TOKA
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Moseab THApaBINYECKOTO pa3pbiBa IJIACTA HA OCHOBE MEXaHUKN
n puabTpaluu B TeTEePOreHHo cpe/ie

B.1. Ienskonckuii', H.K. Kopcakosa! u JI.2K. Axmen-3axn?

! Uncruryr Tugponunamuky uM. Jlaepentoesa CO PAH, Hosocubupck, Poccns
2 Kasaxcknil HAIMOHAIBHBIA yHHBepcHTeT UM. anb-Papabu, Anmars:, Kasaxcran
penkov@hydro.nsc.ru,kors@hydro.nsc.ru,darhan_a@mail.ru

Awnnoranusi. [Ipemmoxkena HOBas MaTeMaTWdecKash MOJENb THUAPABIMIECKOTO pa3pbiBa ILIACTA,
OCHOBAHHAsI Ha MOHSATHUU NeTEPOreHHOM, TPEIMHOBATO - HOPUCTON cpenbl. 1Ipn sToM mcnosb3yroT-
Csl TIPEJIIIOJIOYKEHM S, IPUMEHsIEMble B TEOPHUM YIPYTOro pexkuma puiabrpanuu. 3akadka (Qionia B
IJTACT COMMPOBOXKIAETCST PACTSI?KEHIEM CKeJIeTa TIOPOJIBI IO/ BO3IEHCTBHEM OO bEMHBIX HAIPSIKEHMIA.
Ecnu str HanpsizkeHust JOCTUTAIOT HEKOTOPBIX KPUTHIECKUX 3HAUEHNN, CKeJIeT IJIACTa O{BEPraeT-
Csl yIIPYTO-IIACTUYECKOMY Pa3pyIIeHHIO C 00pa30BaHUEM TPEIIUH, PACKPBITHE KOTOPBIX Ha MOPS KK
GoJiblre cpemHero pajmyca mop. Momesb IocTpoeHna Ha OCHOBE YPaBHEHUI yIPyroro pekuMa (puib-
TpallUyd B I'eTE€POreHHOU IIOPUCTOI cpejie.

[Toy4ens! (hopMyIIbL, TO3BOJISIIOIINE ONIPEJEIUTD BEJINYNHY 30HBI TUIPABIMYECKOIO PA3pbIBa U CTe-
TIeHb PACKPBITHUsI TpeluH. [[poBeeHbI pacueThl U TOCTPOEHBI TPadUKU 3aBUCUMOCTH TJIYOMHBI 30HBI
PacCTpPeCKMBaHUA U PACKPBITUA TPEIIUH JJId Pa3JINYHbIX 3HAYEeHUII KOHTypa NUTAHUA CKBAa’KUHBI.
Ha naceimaO! MOAeIN IjI1acTa IPOBEJEHBI SKCIIEPUMEHTHI 110 BJIUAHUIO I'HIPABINYECKOIO Pa3phI-
Ba BOIM3M CKBAaXXWHBI HA €€ PACXOJ. DKCIIEPUMEHTHI MOKA3aJN YBEJINUIEHNE Ha IMOPSIOK IIPUTOKA
dironia K CKBayKUHeE.

KuroueBbie cioBa: ruapaBiIndecKuil pa3pblB, TPEIUHOBATO-TIOPUCTAS Cpela, 00bEeMHbIE HAIPsI-
2KEHUsI, COBMECTHOCTD AedopManuii, GUIbTpanys B reTePOreHHOi cpeJre.

1 Bsegenue

[TocTpoenne maTemMaTHIeCKON MOjIe/I, KOTOpas ObLIa Obl aIeKBATHON PeaJbHOMY IIPOIECCY THI-
paBsmueckoro paspbisa miacra (I'PID), npencrasisier coboii 10BOIBHO CI0XKHYIO Tpodsiemy. Or-
YaCTU ITY CJIOKHOCTH MOYKHO OOBSICHUTH OTCYTCTBHEM B HAYYHOW JINTEPATYPE HOCTOBEPHBIX
9KCIIEPUMEHTAJIBHBIX UCCIEIOBAHUMN, PE3YIbTATHI KOTOPHIX MOTJINA ObI COCTABUTH OCHOBY JJIsI IIO-
CTPOEHHS MATEMATUYECKON MOJIe/IM. DKCIEPUMEHTHI ¢ MEXaHUYECKUM pPa3pbIBOM OIHOPOIHBIX,
He [OPUCTHIX U He HACBIEHHBIX (BJIIonI0M acTul (cM., Hanpumep, [1]) He orpaxaior B mocra-
TOYHOI CTENeHU IIPOIECC THUAPABINIECKOr0 PAa3PhIiBa PEabHOIO ILIACTA.

C apyroit CTOPOHBI, UMEIOIINECS IOJIEBbIE JTaHHbIE BEChbMa, CKYIHBI M OTHOCSTCSI, TJIABHBIM
obpa3oM, K (DUKCAIMH IIOCJIEICTBYI, a HEe K YCTAHOBJIEHUIO OCHOBHBIX (PAaKTOPOB, BJIUSIOIIMX Ha
I'PII. IlpakTtuaeckoe npumenenne I'PII yka3zpiBaer Ha ero 3¢peKTUBHOCTD B 9aCTH yBEJINICHUSI,
110 KpaiiHeil Mepe, Ha IIepBOHAYAJILHOM 3Talle, IPUTOKA YIVIEBOIOPOIOB K CKBAaXKHMHAM, ITOIBEP-
TaBIITIMCSI BO3IEHCTBUIO THAPABINTIECKOTO pPa3phiBa.

[To-BugmMOMy, IEPBBIMU IOIBITKAMHI ITOCTPOEHUST MATEMaTHIECKON MOJEIN THAPABINIECKO-
ro paspsiBa Iiacta 6buin paborsr [2,3]. FO.IT. 2Kenro co3man MeTONUKY HHIKEHEPHOI'O pacue-
Ta ['PII. B kadecTBe MCXOMHBIX JIAHHBIX TPUHUMAJIICH XapPaKTEPUCTUKH CKBAYKUHBI, IJIACTa W
JKHUJIKOCTH pa3pbiBa (BoJla ¢ 1I€CKOM), TeMil 3akauku. Oupe/iessiach JIMHA, PACKPBITHE U [IPO-
HUATIAEMOCTh oquHOo9IHOM TpermuHbl ['PII, ycTheBoe maBiienne Ha CKBayKMHE, IPOI0IKUTETLHOCTD
poIecca pa3phiBa.

B noxxoge Iepkunca-Kepna [3] 3a1a4a o rujgpapindeckoM pas3pbiBe ILUIACTA OJUMHOUHON Tpe-
[IMHOM CBOAMTCSI K PEIIEHNIO HEJTMHEHHOI0 HHTErpo - AudGepeHnnaabHoro ypaBHeHNs, KOTOPOe
[IO3BOJISIET OIPEIE/INTD JJINHY U PACKPBITHE TpernuHbl. O630p APYrux MaTeMaTHIECKIX MOIeIei
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nan B pabore [4]. Ormerum 3sech paGorsl [5-8], B KOTOPBIX B TO Win WHON MojuduKanum pas-
BUBAJIUCh UJIEHM HCCJICOBAHUIl [IPOIecca CKBAasKUHHOTO I'MJIPABINYECKOrO Pa3pblBa ILIACTA IIPU
HaJIMYUK OJIHOH TpemuHbl. [IpeickasaTh OpHEHTAIMIO TaKOil TPEMIMHBI B ILIACTE IIPAKTHICCKU
Hepo3MoxkHO. Ciyuan ¢ o6pasoBaHueM CHCTEMbI U3 HECKOJILKHUX TPEIIMH He PACcCMATPUBAJINUCD.

Huxke mpepyaraerca maremarmdeckas monenab I'PII, ocHoBaHHas Ha MHBIX IPeJ/ICTABJICHHU-
X, & UMEHHO, IIPEIII0/IaraeTcs, ITO IIPU TUAPABINYECKOM pa3pbIBe ILJIACTa BOKPYT CKBAXKUHDI
obpazyercsl reTeporeHHas TPEIITHOBATO-IOPUCTas cpejia ¢ HeKOTOPOI IJIOTHOCTBIO pacipeee-
Hug aucia tperud. [logsiienre TpenuH BO3HUKAET B CAydae, KOTJa OObLEMHDLIE HAIPSKEHUS,
pacTaruBalolee CKeeT IOPO/bl, JJOCTUTAIOT IPeIebHOI0 3HAYeHUSI.

2 VYupyruii pexkuM (puabTpanum B reTePpOTeHHOI IIOPUCTO cpeJie.

Broipazkenue jyist ¢cBOGOJHOI YIIPYTOil SHEPTUH [IPU BCECTOPOHHEM PACTSI?KEHUU (CXKATUH) yIpYy-
roro MaTepruaJia UMeeT BU/L

1 K
2 2
F = p(ug — §5ikuz‘z‘) + 5 Ui
_ 2
rae K = A+ $u - MOIy/Ib 0OOBEMHOIO PACTS?KEHUsl, Uik - OTHOCUTEJIbHBIE JlepopMaIuu, A, i -
Koo purmenTs JIsiMa, HampsiyKeHust o, = —pdi, P - JaBaeHne, 0;, - cuMBos Kponekepa. B co-

oTBeTcTBUU ¢ 3akoHOM ['yka 01, = Ku;;0;,, 1 COOTHOIIIEHNEM JIJIs IEPBOrO MHBAPUAHTA TEH30Da
nedopmaruit

uil + uga + uss = AV/V = Ap/K moxHo 3anucars jguddepeHnuanbHoe ypaBHEHE JJIsi H3Me-
HeHus o0beMa IPU yKAa3aHHON BBIIIE 1ebOPMAIUH CPEJIbI

5= 1 14V
K Vdp’
riae V - BbLIEJEHHBIH 00beM cpeipl, § = w - K03 DUIUEHT CKUMAEMOCTH (yIIPyroem-

Koctn) cpepl, F,v - momyas FOura u kosddunuent Ilyaccona coorBercrsenno. VuTerpupysi
BBIIIICAHHOE ypaBHEHUE C yUETOM YCJIOBUN paBHOBECHUSI CKeJieTa IOPUCTOH Cpelbl ¢ (DIIOUIOM,
3aIOJTHSIIONIAM [TOPOBOE ITPOCTPAHCTBO, OJIY UM

V = Voexp(B(p — po))-

3nech unmekc 0 0bo3HaYAET BEJIMINHBI B COCTOSHUN PaBHOBecHUsi. [IpuMeHnTEIbHO K 00beMy
[IOPOBOI'O TIPOCTPAHCTBA B euHuIEe PU3nIecKoro obbeMa (mopucroctu m) ra dhopMmysa Ipuod-
peraer BU

m(p) = moexp(Bs(p — po))- (1)

[TopucrocTs HEBO3MYIIIEHHOH YacTh IiacTa mo = 0.2 obmuit KosdduimenT yupyroctu 3 =
mpBs + Bs ~ 1,6 x 1074(MIla)~! srmouaer ynpyrocrs dumonga 35 ~ 1073(MIla) ™! n1a nedru
u ~ 3% 1074(MIla)~! ama Bompr, m ynpyroctu ckesera mopoant s ~ 10~4(MIla)~! (latm=0,1
MIIa) [9,11]. I3 dopmysst (1) cremyer, uro npu penpeccun (OypeHUN CKBaXKUHBI, TPOU3BOJICTBE
I'PIT — ruzjpaBindeckoro paspbiBa IUIacTa) p > po W MOPUCTOCTD ILIacTa Bo3pacraer m(p) >
Mo, Upu Jenpeccun (BbI30Be MPHUTOKA) p < Py U MOPUCTOCTL yObiBaer m(p) < mg. Pexxmmbl
perpeccuy U JEINpPecCui MOTYT XapaKTepU30BATbCsS CBOMMHU 3HAYCHUAMU KOI(MPUIUMEHTOB Sy 1
B— yupyrocTu, BhIYHC/IsseMbIME 110 Mojyssim FOnra n xkosddunuentam Ilyaccona st mukios
PACTSIZKEHUST U CXKATHsI COOTBETCTBEHHO.

I3MeneHre MOPUCTOCTH BIUSIET HA BEJIMYUHY IIPOHUIAEMOCTH Iutacta. V3 ussecTHO dop-
mysbl Kozenn-Kapmana ciiejyer, 9To 3aBHCHUMOCTD MPOHUIIAEMOCTH IIOPUCTOIO MaTephaja OT
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€T0 TTOPUCTOCTH C TOTHOCTBHIO BEJIMYNH OOJIee BHICOKOTO TTOPSIIKA MOYKET OBITh BBIDAYKEHA B BUIE
k(m) ~ A.m?, rie koscdbdunuent A, 06paTHO MPONOPIHOHANCH KBAJIPATY Y/CIbHON OBEPXHO-
CTH TIOPOBOTO TTPOCTPAHCTBA, U3BUJINCTOCTH TTOPOBBIX KAHAJOB M 3aBUCUT OT CPEIHETO pa3Mepa
YACTHII, CJATAIONTNX CKeJleT cpesibl. B pasHOBecHOM cocrostmuu ko = k(mg) = A.m§. Iponu-
aeMOCTh I1acTa GyJleT BO3pacTaTh IIPU yBEeJMYEHUN JaBjeHus (perpeccuu) uin yoblBaTh Ipu
CHUKEHUU JIaBJieHus (jienpeccun) B coorBeTcTBun ¢ hopmysioii Kozenn mo 3akony

ki = koexp(3p+(p — po)), (2)

e B4 - KO3DDUIMEHT yIpyroro pacTsKeHus ckemera, f_ - Koaddurment cxarus. Kombu-
HAIMST YPABHEHUS JIBUYKeHUs (DJIIOUJa B IIOPOBOM IIPOCTPAHCTBE CPeJibl B BUE 3aKoHa [lapcu c
3aKOHOM COXPAHEHHSI MACCHI IIPUBOJAUT K YPABHEHUIO ITHE30IIPOBOIHOCTH, OIUCHIBAIOIIEMY VIIPY-
ruil pexxum puibTpanun. PeyxuMam pernpeccuu u Jernpeccuu COOTBETCTBYeT C¢BOi KoadduiimenT
[IbE30IIPOBOAHOCTH. 3a,/1a49a 0 CMEHE PEXKUMOB (PUIILTPAIUU, KOrIa KOIMDMUIMEHT IHE30IIPOBO/I-
HOCTH U3MEHSIETCS CO CMEHOU 3HAKa ITPOU3BOIHON OT JABJIEHUS [0 BPEMEHU, ObLIa PACCMOTPEHA
B pabote [10]. 31ech ke OGbLIO OTMEYEHO, UTO «IIPU YIPYTO-IJIACTUYIECKOM PerKIMe (DUIBTPAIN
snedopMalus MoPoJIbl B KaXK/IOM 3JIEMEHTAPHOM 00'beMe IIPOUCXOJIAT [TOYTH MI'HOBEHHO, TO €CTh,
TEKYYECTH MTOPOJIbI He HADJIIOIACTC ».

Du3NKO-XUMHYECKHE IIPOIECCHI, ITPOTEKAIOIINE B I'eTEPOIeHHBIX CPEJIaX, 3aBUCAT OT Xapak-
Tepa pacipejiesieHnsi Pa3MepoB 1Mop B KOHTHHYyMaxX. OOBIYHO MOJIbI PACIIPEIESIEHUN PAa3MEPOB
IIOP BO BJIOYKEHHBIX CpeIax, IO KpaiiHeil Mepe, Ha MOPSAI0K OTJIMIAIOTCS APYT OT apyra. [lostomy
MOPUCTOCTh CPEJi, KAK MOMEHT BTOPOIO MOPsiJiKa OT (DYHKIMHM pacIpe/ie/ieHnsi Pa3MepoB oD,
U TIPOHUIAEMOCTb, KAK MOMEHT YeTBEPTOrO IOPSIKA, CYIIECTBEHHO OTJIMIAIOTCI B KayK/IOH u3
BJIOYKEHHBIX CpeJ.

KosnaecTBo mapameTpoB, XapaKTepU3yIOIINX I'€TEPOreHHYIO cpeny, 0ojibiiie Habopa mapa-
METPOB, OIPEJIESIONIINX OJHOPOIHYIO CILIOIIHYIO cpejly. BaxKHelnuM sBjsgeTcs mapaMmeTp, OT-
BETCTBEHHDLIN 32 OOMEH TEILIOM, Macoi (pJronja mjin pacTBOPEHHOI'O B HEM BEIECTBOM MEXKITy
KOHTHHYyMaMu. VHTEHCUBHOCTH OOMEHa 3aBUCUT OT COOTHOIIEHUS XapPaKTEPHLIX I'€OMETpUYe-
CKUX ITapaMeTPOB BJIOXKEHHBIX CPeJ: pa3Mepa OJIOKOB U paCKPBITUS TPEINH, HAITPUMED, B CJIy-
Yae TPeIUHOBATO-IIOPUCTON CPEJbl, a TAaKXKe OT XapaKTepa IIPOIEcca U CBOWMCTB IOJBUKHOIO
durona.

PaccMoTpum mporiecc JBU2KEHUsT OJIHOPOIHOM YKUJIKOCTU, KOTOPbBI IIPOUCXOJIUT B 000X KOH-
tunyymax 1, 2 [12| u noguunsiercs: 3akony lapceu:

k;
v; = ——gradp; (i=1,2) (3)
i

rjie Ui, Pi, ki, i - CKOPOCTD, JaBJEHUE, IPOHUIAEMOCTb CPeJl U BA3KOCTH (DJIIOUJIA, U 3aKOHY
COXpaHeHNdA MaCChI
d(mip)

ot

B sTom ypasuenuu m;, p, t, ¢; - IOPUCTOCTD, IJIOTHOCTH YKUJIKOCTH, BPEMsI U IIJIOTHOCTD UCTOU-

+ div(pv;)) + ¢ =0 (4)

HUKOB WJIM CTOKOB, JEHCTBYIONNX B Kax/JI0i u3 cpe. Ecnm B cpesie 1 mim 2 HeT WHBIX BHENTHUAX
MCTOYHUKOB MJIM CTOKOB, TO JIOJI2KHO OBITH BBITIOJTHEHO YCJIOBHE OOMEHa 00beMOM IepeTeKaoIei
KUITKOCTH

2 = —q1 =4g.

Bamernm, uro cucrema ypasaeHuil (3)-(4) npuMeHNMa M IS OIMCAHUS [IPOIECCOB TEILIOIe-
peslavi 1 KOHBEKTUBHOI Juddy3un pacTBOPEHHOTO BEIIECTBA.
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Moyenp mporiecca TEIUIONPOBOJIHOCTH B I'€TEPOreHHON cpejie Oblila BIEPBBIE IIPEJJIOKEHA
JL.U.Py6unmreiinom [12]. [Tomobuas momenb 6blia paccMoTpena B pabore [13] npu nocrpoenun
YPaBHEHUI JBUKEHUS OJHOPOHON »KUJAKOCTU B Cpele C ABOMHON IOPUCTOCTHIO (O,ZLI/IH U3 Bapu-
AHTOB reTeporeHHoON cpe/ibl). OcHoBanHast Ha 3akoHax (2.1) m (2.2), cucrema ypaBHeHHI nMeeT
BHI:

Sap =B b (= 12) (5)
Baechk Bi = dm;/dp; - K03bOUIMEHTBI CKUMAEMOCTH IOPOBOIO IPOCTPAHCTBA BJIOYKEHHBIX
cpel. Eciu B mopax comep:KuTcst CxKUMaeMasi KUJIKOCTh, TO B KO3 MUIIUEHTHI J00ABIISETCs 10~
HOJIHUTEJIHOE CJIaraeMoe, a ypaBHeHUsl (5) CTAHOBSITCsI HEJIMHEHHBIMU.
YpaBreHust cucTeMbl (5) CBA3aHBI IPYT € IPYTOM HepeToKaMu q; = —q2 = —¢q. OHn onpee-

asttorest [12,13], Ha ocHoBe ana/m3a pasMepHoOcTeil 1o hopmyIie

«Q
q= *(pl —p2)’
ol

rJe (v - mapaMerp, XapakKTepu3yonuil BHyTpeHHIT 0OMEH B reTepOTreHHON cpejie. AHAIOTn-
Has Gopmysa obMmeHa IpuMeHsiiach B pabore[l4| npu onmcanum mporecca HeCMeIBaOMeHcst
duIbTpaI, COIPOBOXKIAIOIIEcs poreccamu auddysnn, nepenoca cojeil u remia. Cucremy
(5) sanmiieM B pa3sBepHYTOM BHUJIE

ﬁApl = 51% + g(101 —p2), @Am = 52% - g(171 —p2) (6)
p o p p

Eciin npoHUIIaeMOCTH BJIOXKEHHBIX Cpell 1 U 2 10 BeJIUYUHE CYIIECTBEHHO OTJIMYAIOTCS JAPYT
OT Jipyra, HaIpuMep, B ciaydae (GUIbTparu B TPEIMHOBATO-TIOPUCTOi cpeje, To cucremy (6)
MOKHO ypocTuTs [13].

Ilycre cpena 1 upencrasiisier cob6oil paspeKeHHYIO0 CUCTEMY OTHOCUTEIBHO KPYIHBIX TPEIH,
a cpejia 2 - Meskoropucrbie 610k, O6beM TpelnH MeHbIIe 00beMa OJI0KOB, a X IIPOHUIIAEMOCTH
60JIbIIIe ITPOHUIIAEMOCTH OJIOKOB, TO €CTh, ko < k1 u 1 < (o CpaBHHUBasi IEPETOKH, B CUCTEME
(6) ycranaBimBaeM, 4TO IEPBLIM CJAraeMbIM CIIPaBa B IIEPBOM YPABHEHUH CUCTEMBI U CJIAraeMbIM
cJIeBa BO BTOPOM YPaBHEHUU B CPABHEHUU C APYTMMHU aHAJOTHMYHBIME UJIEHAMEH MOXKHO IIpeHe-
6peub. B pesysbrare u3 nepBoro ypasHenusi cucreMbl (6) MOXKHO BBIPA3UTh JIABJIEHUE B CPEJIe 2
B Buje (mHIEKC 1 omyten)

p2 =p —nAp, (7)
a IJIg JABJIECHUS P B cpene 1 mosydaeM ypaBHEHNE
Op 0
— —n—(Ap) = A 8
5, 15, (Ap) = 4p (8)
B ypasuenusx (7) u (8) npunsrs! obosuatenus 7 = tki/(1uf2),n = ki/a
Takum obpaszom, cucrema (6) pacnagaercs Ha jpa ypasuenust (7) u (8), KOTOpbIe MOXKHO pe-
IaTh MOCJIENOBATENBHO.
Ecnu mapamerp oOMeHa yCTPEMHTHL K HYJIIO, TO CUCTEMA BBIPOXKIACTCA B OJHO yPaBHEHHE, OIU-
chIBaloOIee YIPYruil pexxuM (PUILTPAITUN KUJIKOCTH B OJIHOPOTHON TOMOTEHHOU CpeJie.

B pabore [13] 6b110 OTMeUeHO, UTO BBejeHHe B 3akoH Jlapcu (3) JONOJHUTEIHHOIO WIeHA
peJlaKCcallii B BUJIE

k 0
v = —;Vp— 85 VP
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B KOMOMHAIINH C 3aKOHOM COXPAHEHHsI MACChI TOXKE [MPHUBOJIUT K yPaBHEHHUIO (8).

2.1 Vupyro-dunbrpanmonnas moaens I'PII (rugpaBiaudeckoro paspbiBa mJjacra).

I'mnpasiuyeckuii pa3phiB IIACTa, KAK OTMEYEHO BBIIIE, ITPOUCXOUT B CJIyUae, KOTIa BeJIUINHA
pelpeccuu p — po JOCTUTAET KPUTUYECKOe 3HAUYEHU Py — P IIPU KOTOPOM pacTdAKeHUe CKesleTa U
yBeJIMUEHHe OPUCTOCTH, onpejiessemoe ¢hopmyinoii (1), IpuBoJAT K pas3pyIIeHHO CKeIeTa ¢ 00-
pa30BaHMeM TPeIWH BHyTpH tacta. Ecim co3mars gasienne BO (hIIIOUIE, HAXOAAIMIEMCS BHYTPH
CKBaYXUHBI, Dy > Py, TO B KOJIBIEBON 00JIACTH Ty > T > Ty MO2KET 00pa30BaThCsi CUCTEMa, TPe-
IIUH, U [OPEXKJe OJHOPO/HAs Cpe/ia MPEBPATUTCA B TeTEPOTreHHYI0. B mporiecce ocyInecTBIeHUST
I'PII Bremusst rpanuma obsactu 7 = 74 (t) pacTpeCKUBaHUsS MOXKET PACHIUPITHCS C T€IEHHEM
Bpemenu t. Ha 3roil rpanuie gaBienne XKujakocT p(7x) = Px MOXKHO CUHTATH IIOCTOSIHHBIM. Ta-
KM 00pa3oM, B IIPOIECCE THAPABIMIECKOTO pa3phiBa 00Pa3yIoTcsd TPU KOHTUHYYMA, B KOTOPBIX
JBUKETCS KUJIKOCTD: BJIOYKEHHBIE JIDYT B JApyra KOHTUHYYM 1 - cucTeMa TPEmUH U KOHTUHYYM
2 - cucrema «OJIOKOB», COCTOSIINX U3 HECKOJHKO MU3MEHEHHOU IOPO/JIbI, & TaKKe KOHTUHYYM 3 -
9acTh He MOJBEPIIIerocsi pacrpeckusanuio mwiacrta (Puc. 1).

Puc. 1. Cxema mepepacrpeieieHusI TaBJIeHNUsI TIPU BO3HUKHOBEHUN TPEIIVH.

Jlaxke Ipy 3HAYNTEILHON PEIPEecCuy Ha IIACT, IOPsIKa HeCKOJILKUX JgecaTtkos MIla, seauyn-
Ha [0Ka3aTe/Isl IPU IKCIOHEeHTe B (hOPMyJIax Jijisi HOPUCTOCTH U IPOHUIaeMocTu Sy (p—pg) Oyuer
MaJIOil B CpaBHEHUHU C €JIWHUIIEH, U [T03TOMY MOXKHO B PA3JIOXKEHUSIX SKCIIOHEHT OI'PAHUIUTHCS
AByMs diaeHaMu. [Ipu 9ToM M3MeHeHUsI [IOPUCTOCTH Mg, M3 B 00JacTIX 2 U 3 OyIAyT MaJIbIMU B
CpPaBHEHWMH C HAYAJIBHBIM UX 3Ha4YeHueM mg. Heckoabko Gosibinine n3MeHeHust OyayT HabIIoqaTh-
CsI B BEJIMIMHAX IIPOHUIAEMOCTH ko, k3. HadasibHas mpoHUIIaeMOCTh B PABHOBECHOM COCTOSTHUH
nacta ko OGBIMHO cocTapgeT BemmanHy mnopsaka 100 M/l (mummmapen)~ 10~ 3m?2,

[TopucrocTh M1 U HPOHUIAEMOCTH k1 CHCTEMBI TPEIUH (KOHTUHYYM 1) OIpejiesisieTcst BeJn-
YMHON X PACKPBITUsI h M IJIOTHOCTHIO paclpeiesieHus TPEIUH B IpocTpaHcTBe. V3BecTHO, 9TO
CpeHsIst 00beMHasI CKOPOCTh ¥11 ABUXKEHUSI BA3KOW YKUIKOCTU B IIEJIEBOM IIPOCTPAHCTBE MEXK LY
ABYMs IJIACTHHAME, PACIIOJIOXKEHHBIMHI JAPYT OT JIPYyra Ha PacCTOSHUM h, olpeesderca popmMy-
JIOH v11 = —%%. CpaBrauBast 3Ty HOpMyIy ¢ 3aKOHOM Jlapcu, moyanmM, 9To IPOHUIIAEMOCTh
k11 Tmesm IS TIOTOKA, KUJIKOCTH OICHUBACTCS BEJIMIHHON k1p = h? /12. Jlnst cpeiHUX BeJIMIUH
PACKPBITHS TPEIIMH BO BPEMs Pa3pbiBa ILJIACTA IIPOHUIAEMOCTDb k1 KOHTHMHYYMa 1 ¢ KOHEYHBIM

YHUCJIOM TPeNMH OyJeT Ha HOpsyiKu GoJblile IpoHuiiaeMocTu kg 6JI0KOB (KOHTHHYYMa 2 rere-
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porernoit cpeipl). Takum 06pa3oM, IPUMEHEHHE MOJIE/IN [eTePOT€HHON TPENIHOBATO-IOPUCTOMN
cpennl st onucanust mporecca I'PII MmoxkHO cunuTaTh mmpaBoOMepHBIM.

Amnamormano BeiBoy (opmysiel (1) mist MOPUCTOCTH KOHTHHYyMa 1 TPEIUH B pe3ysabTrare
MHTEIPUPOBaHUsI YPaBHEHMSI, OIIICHIBAIOIIETO AehopMaIinio 00 beMa TPEIUH, IOy IUM POPMYILY

ma(p) = A(H) - 1), ©)

Omna yoBieTBOpsier ycaoBuio nosiBienns rpemu mi(pyx) = 0. Koaddurnmenr A npescras-
JiieT coboit 00bLEMHYIO JIOJIIO MIeJiel B euHuIe 00beMa (PU3UIECKOTO MPOCTPAHCTBA U TOJJICXKUT
JasibHelinieMy onpejesiennio. OH, O4€BUJIHO, JIOJXKEH OBITH IIPOMOPIIMOHAJIEH BEJTUINHE PACKDPBI-
THSI TPENUH U IJIOTHOCTH pacipeiesienns ux ducia [N. B cooTBeTcTBUU C yCJIOBUEM COBMECTHO-
cti edpopManuii M3MEHEHNE TIOPUCTOCTH BJIOKOB B 00JIACTH T € (T4, ) € HAYATBHOTO 3HATCHUS
My = ma(ps) = ma(p.) = moe’P=—P0) Gyner paBHA H3MEHEHMIO OPHCTOCTH TPEIHH ¢ 06pAT-
HBIM 3HAKOM, TO ecTb dmo = —dmy O0pasoBanue TPENUH IIPUBOIUT K IIE€PEepPaCIpEIe/ICHUIO
HAIPY3KHU HA CKeJIeT IMOpoJibl. PasHuila MexK 1y JaBJICHHEM B TPEIIMHAX U JIaBJI€HHEM B OJIOKAX
YMEHBINAETCsI, OJIaroaps IeMy BEeJMINHA [IOPUCTOCTU OJIOKOB Oy/IeT COXPAHATH 3HATCHUE M.

ma = maePP27P) _ 1 = mePPe—po) Blo2—pe) _ ) —
moePP2=po) _ A(eﬁ(p—p*) —1) = m,. (10)

PackiapiBas B (9) 5KCIIOHEHTY B psiJl, OTPAHUYIMBASICh YJI€HAMHI [EPBOIO MOPsiKa MAJIOCTH,
nostyauM Bbipazkenue mi ~ AB(p — pi). C apyroii CTOPOHBI, IO ONpPEIEIEHII0 TOPUCTOCTH, Ha
JIF0OOM PACCTOSIHUM T OT OCU CKBaxKUHBL My = 2N h/27r. VI3 nosy4eHHBIX COOTHOIIEHNU T HaXO M
00BEMHYIO JIOJIIO IIeIeit

A= F/(rrB(p —ps)). (11)

3neck Besmuuna F' = Nh obo3HayaeT crereHb PacTPEeCKUBAHUSA TOpOoJbl. IIponsBons pasiio-
kerusi B (10), ¢ TOYHOCTBHIO JIO MAJIBIX YJIEHOB BTOPOIO MOPSJIKA JIJIsi CTEIEHN PACTPECKUBAHWS
noJtyuuM hopMyJry

F = 7['7’5(]7 - p*)m()ﬁ(fh - p*) (12)

Ha ckBaxkuHe JaBjieHUe B TpeIIUHAX U OJOKax paBHO p = pg. V3 dopmynsr (12) ast pac-
TpecKuBaHus 1iacta Fy, BOJM3M CKBAXKUHBI TIOJIYIUM BLIParKeHUE

Fy = 7T""wﬁ(pw - p*)moﬁ(pw _p*) (13)

IJIE Py, - JaBJIeHNe Ha CKBaKuHe. [Ipe/iosiarasi 4ucsio Tperus HensMeHHbIM, 13 dhopmyar (12),
(13) maiimem pacueTHyo HOPMYJIY JIJIsi OTHOIICHUS] BEJIMIMHBI PACKPBITUST TPEIIUH

F_h 1 (p—p)(p2—ps) (14)

Fi«w Py Tw (pw — P« )2

2.2 TlocranoBka u perreHue 3ama4uu o I'PII.

W3 npuBegeHHBIX BBIIIE BEJIUYNH, YIIPABJISIONINX MUAPABINYECKAM Pa3PbIBOM ILIACTa, CJIEILYET,
9TO € JOCTATOYHON JJIsT MHKEHEPHON MPAKTUKKM TOIHOCTHIO BO BHENIHEH 00/IacTH T > Ty MOYKHO
HOJIOKUTH Mg &~ mgy 1 k3 ~ kg. B 06s1acTi rujipaBindeckoro paspbiBa 1 € (ry, 7«)ma = my —
mi,m1 = Nh/(nr). 3 HepaspblBHOCTH HOTOKOB (DJIIOH/Ia CJejyeT GajlaHCOBOE COOTHOIIEHNE
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JIJIsT OOIIEro paIuaIbHOTO ITOTOKA vy (DJIIOUIa depe3 MPON3BOJILHYIO OKPYKHOCTh B N€TE€POTreHHO
cpeie

vo = A1 + (1 = Nvg; A = my/(my + ma) = my/myg (15)

Brinmmenm ocHoBHBIE ypaBHeHUsI (DUIIBTPAIINU B TeTePOreHHOil cpejie. BoccranaBiuBas HIK-
HUe MHJIEKCHI JJisi 0003HAUEHUs] HCKOMBIX BeJIMunH B ypaBHeHusx (12), (13), mosyunm st obia-
ctu 7 € (T, )

6p1 0
— —n=—(4p1) = A =p1 —nA 16
5y 5, (A1) = Api,p2 = p1—nApy, (16)
rne 7 = th?/(12uB2),m = h?/(12a), « - mapamerp obMeHa DIIONIOM MKy KOHTHHYYMAMMT
reTepoOreHHol cpeibl, B2 - Koadbduuent obieit (ckeser mwioc dion) 06beMHONR yIPYTOCTH
6710k0B KOHTHHYyMa 2. Bo BHermeit obsactu r > 1, (t) JaBaeHUE p3 YIOBIECTBOPSCT OOBITHOMY
YPaBHEHUIO [IbE30IIPOBOIHOCTH
Ip3

W = K}Apg, (17)

rje koadpdurment k = ko/(uf3). Pemenne ypasuenuit (16) u (17) 10/KHO yA0BJIETBOPSTD
KPAEBBIM YCJIOBHSIM

P1(rw) = p2(rw) = Pw; P2(rs) = p3(rs) = ps; T — 00, p3 — Do, (18)

HaYaJIbHBIM YCJIOBUAM

t= Oap3 = D0, T« = Tw (19)

1 YCJIOBUIO HEPA3PBIBHOCTU CbI/IJIpraHI/IOHHOI‘O IIOTOKa Ha I'paHUIIE IIJIaCT-IreTeporenHasd cpejla

r =r(t);v3 = vg. (20)

PaCCMOTpI/IM CTalluOHapHOe JIBHU2KEHNE B CUCTEME KOHTI/IHyyMOB Ipu HaJIMYIUN B IIJIaCT€ HEKO-
TOPOro KOHTypa MUTaHus T = r(. llocienee n3 rpannvnbix ycjaosuii (18) samennm yciosuem
10 0 10 ]
p3(ro) = po. B arom ciryuae py = po = pu Apy = 5 (rki(h)Br) = Ape = 5. (rko%2) =0
Orcrona momydaem

(P« — Pw)k1(h)
In(re/ry)

(Ps — Pw)ko

rvg =Cs = In(ry/ry)

rog =C1 =

U3 (15) u yciaoBusi HEIPEPBIBHOCTH TIOTOKA IIPU " = T’y CJIEJyeT COOTHOIIEHNUE

kO(p* - pO) Pw — Px
= Me1(R) 4 (1 — XNko). 21
In(ro/ry) ln(r*/rw)( (h) +( Jko) (21)
B uacrtHocTH, Ha rpamuiie 30HbI pacTpeckuBaHusg A = 0 u 718 OIpeesieHus: TTyOMHbBI 30HbI
r = ry(ymEbl TpenwH) u3 BbipaxkeHus (21) mocie npeobpazoBaHUil MOTYIUM YIOOHYIO ISt

MH2KEHEPHBIX MPUIOKEHUN hOopMyTy

Pw—Px Px—PQ

T =10 " Oyt 0.

Eciin BBecTn obosnavenue v = (py — p«)/(Pw — Po), TO npeabaymasi hbopmysa npuobperer
OPOCTON BUJT
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Ts = Tw (710/70111)’y (22)

[Tpumem p,,=50MIla, p,=35MIla, pg=25MIla, r9=300 M, r,=0,125 M. ITogcTapss 3Tu 3Ha-
vyenns B (22), naiinem r,=13,32 M.

Pacripeiesienne naBiieHnst B 30HE PACTPECKUBAHUS, YJIOBIETBOPSIONIEE YCAOBUSM P(ry,) =
Pw; P(Tx) = P, IMeET BHJL

Pw — Px
P=pw— ———In(r/ry).
In(ry/ry)
[TosicraBisist BeIpazkeHue Jisi Jasjienus B hopmyiay (14), mocse HeKOTOPBIX Ipeobpa3oBaHuit
JJIsl BEJIMYMHBI PACKPBITUS TPEINUHBL IOIy9aeM 3aBHCAMOCTD

h/hy =1/ry(1 — ln(r/rw)/ln(m/rw))2 (23)

@Oyukuust h(r) He sIBJISIETCST MOHOTOHHON U JIOCTUTAET JIOKAJIBHOI'O MaKCUMyMa

Ary [T
ho= Py = hy g
e2In*(ry/ry)

O

B TOUKE T = Ty, = Tx€ °.
[TockoIbKY MPOHUIIAEMOCTH OJIOKOB 3HAUYUTEIBHO MEHBIIE ITPOHUIIAEMOCTH TPEIINH, TO PaB-
HOBECHOE COCTOSIHHE MeXKIy JaBjeHueM (puionsia B TeTeporeHHoil obaacTu macta Gymer ycra-
HABJIMBATLCSL J10CTATOYHO ObicTpo. I'padukn dyukimit h(r) s pasinyHbIX 3HAYEHNH KOHTYDA

npencrasiaeHsl Ha Puc. 2. Vcxomqubie mapaMeTphl IPUBEIEHBI BBIIIIE.

hih

N
s
. ‘ff\\ \\ \
~ \ \\
AN NN NN
\\ \\\\\ \\\5
R
. \u 2 RO
S \T\

Puc. 2. Packpoitue Tpemun. Kpussie 1-5 coorBercTByifor 3uadenusm ro = 100-500 m.

LIt MHXKEHEPHBIX PacYeTOB MOXKHO BOCITOJIB30BAThCSI M3BECTHBIM METOJIOM TOC/IeI0BATE b=
HOI CMEHBbI CTAIlMOHAPHBIX COCTOAHUI [16], cuynTad BEJUYUHY T, [Je P = pg, 3aBUCAIIEH OT
BPEMEHU U OIPEJICIIAIONIEN OJIOKEHNE PAINyCa BIUAHAA CKBaKUHBI TIJIPABINYECKOIO Pa3pbiBa
B IJIACTE C 3aJaHHBIM 00IUM KO3 duimenToM yupyroctu .

CranuoHapHOe pacipeie/ieHne JIaBJIeHust B 00/1acTh 7 < 7 < 7o UMeeT BUJL

P+« —Po r
=——In— . 24
P3 In(rs /7o) n o + Po (24)
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Dyuknus (24) yZ0oBIETBOPsieT IPAHUYHOMY YCIOBHIO Ha BHEIIHEM KOHTYDE U yCJIOBUSIM CO-
npsizKenust GUIBTparoHHoro noroka (20). Ymmoxkum obe dactu ypasuenns (17) Ha MHOXKUTED
rdr 1 IpOMHTErPUPYEM €ro B Ipenesax r = ry,r = rg. C yaeroM dopMmysibl auddepeHIimpoBa-
HUST THTErPAJIa C IePEMEHHBIMIE IIPEJEIaMI, YCIOBUS PABEHCTBA HYJIO (DUILTPAI[IOHHOTIO II0TOKA
Ha IPaHUIlE BO3MYIIEHNUS, a TakKe 3aBucuMmocTeil (22) u (23) mocse npeobpasoBaHuil MOy IHM
nmuddepeHIanbioe ypaBHEHHe JIJIs OLPEIeJICHIsT PAIITyCa BIIUAHUS 7'

dW (z)
dTl

rjie TPUHATH obozHauerust ¥ = 1o(71)/Tw, 71 = 26(As — D)t/((1 — ¥)r2), a bynxmua W (x)
MMeeT BHUJL

l=Inz

(25)

0.5(A\ — 1)

VeI T )y 201 2(v—1) 2y 2 _

W(z)=1[1-
Nurerpupyst (25) ¢ yaerom HadaabHOro ycsosus x(1) = 0, HOLyYuM 3aBUCHMOCTD

r1(2) = W(e)lna — /1 ’ Wf%x. (26)

Kak nokaspiBaroT pacuersl, Jijis OPaKTUYeCKUX OpuaoxkeHuii B dopmyse (26) mocrarodso
CIIpaBa COXPAHUTH IIEPBOE CJIaraeMOoe.

3 3akJrouyeHue

Ha ocnose ypaBuenunit yrpyroro pexkuma (GUIbTPAINN B T€TEPOTeHHOM TOPUCTON Cpejie TOCTPO-
€Ha MOJIeJIb THJPABINYECKOT0 pa3phiBa IIEPBOHAYAIBHO OJHOPOHOTO IJIACTA IIPU 3aKAYKe YKUJI-
KOCTHU CO 3HAYIUTENLHON pernpeccueii. [losrydensr anamnTutdeckne (hopMysIbl, TO3BOJISIIONINAE OIIPEe-
NeJINTHh OCHOBHBIE XapaKTEPUCTUKN TPUCKBAYKUHHON 30HBI B Pe3yJIbTaTe MPUMEHEHUS THIPABIN-
TEeCKOTr0 pa3pbiBa ITacTa ¢ HU3KOM MPOHUIIAeMOCThI0. IIpoBeieHHbIe Ha, HACBIITHON MOJIEIN ILIACTA
SKCIEPUMEHTHI OKa3bIBaIOT 3ddekTuBHOCTL I'PII Ha MPUTOK 1MOIE3HOIO MPOAYKTa K CKBAYXKIHE

Crcok urepaTrypbl

1. Kopues B.M., /lememkun A.I. Momenb cKadko06pa3HOroO MPOIBUYKEHUsT BEPIIUHBI TPEITUHBI THIPOPA3PHIBA
npu orcyrcrsun dbuaprpanun // TIMT®. 2004. —T. 45, Ne3. —C.164-179.

2. Kenaros F0.I1., Xpucrunanosud C.A. O rumpasamdeckom paspbise HedrenocHoro miacra // Uss. AH CCCP.

OTH. 1955. Ne5. —C.3-41.

Kern L.R., Perkins T.K. Width of hydraulic fractures // J.Petrol. Technol. 1961. —V. 13. —P. 937-949.

4. Ecunos /I.B., Kapanakos I1.B., Jlanur B.H., Yepnsiit C.I. MaTemaTndeckne MOen TUAPOPA3PbIBa ILJIACTA
// Borancamr. Texnosnorun. 2014. —T. 19, Ne2. —C.33-61.

5. Bapen6narr I'VMI. O HeKOTOpBIX 3aja4ax TEOPUU YIPYIOCTH, BO3HUKAIOIIAX IPH HCCIEIOBAHHM MEXaHU3Ma
THJIPABIMYECKOTO pa3pbiBa HedrernocHoro miacta // [IMM. 1956. —T. 20. —~C. 475-486.

6. Fapunos T.I. Mogenuposanue nponecca rumpopaspblBa IjacTa B ynpyroil cpege // Maremarnd. mopenup.
2006. —T.18, Ne6. —C.53-59.

7. Kapanakos I1.B., Jlanmuua B.H., Yepnsorit C.I. Mozens rumpopa3pbiBa IJIaCTa, BKIIOYAKOINAT MEXAHU3M 3aKy-
nopusanus tpermmu nporanarom // Becrrn. HI'Y. Undopwm. Texmonornu. 2014. ~T.12; Bem. 1. —C. 19-33.

8. Shelukhin V.V., Baikov V.A., Golovin C.V., Davletbaev A.Y., Starovoitov V.N. Fractured water injection wells:
Pressure transient analysis // Int. Journal of Solids and Structures. 2014. —V. 51, Issue 11-12. —P. 2116-2122.

9. Ilenkaues B.H. Paspaborka mractos mpu yupyrom pexxnme. M.: «Hemgpas, 1975.

10. Bapentaarr I'U., Kpeutos A.II. O6 ynpyro-mnactudeckom pexxkume bunbrpanun // 1955. Uss. AH CCCP.
—OTH. Ne2. -C.5- 13,

11. 2Kenros FO.I1. Mexanuka uedrerazonocuoro miacra. M.: «Henpay, 1975, — 216 c.

w



180 Beraucnurensuble Texaosiornu, T.20, 2015 Becruuk KasHY, Ne 3(86), 2015

12. Py6unmreiin JI.W. K Bompocy o pacrnpocrpaneHny reria B rereporenunix cpepax. // Uss. AH CCCP. Cep.
reorpad. 1948. —T.12, Nel. —C. 27-45.

13. Bapeun6mart I'"1., 2Kenros FO.I1., Kounna .H. O6 ocHOBHBIX mpejcTaBieHUsX Teopun (DUILTPAIUN OJIHO-
POIHBIX JKHUJAKOCTEl B TpemuHoBaThix nopoxax // IIMM. 1960. —T 25. —C. 852-864.

14. Jlamaes H.T., Kopcakosa H.K., Ileabkosckuit B.1. Muorodaszuast puabTpanust u 3J1eKTPOMarHuTHOE 30H U~
poBaHMe CKBaXkKuH. —Amarsr: «dBepoy, 2014.

15. IMony6apunoBa-Kounna I1.4. Teopus nsrmxkenus: rpyHToBbIX Boj. M.: «Haykas, 1977.

16. Yapusrit M.A. Merox nocjeaoBaTeIbHON CMEHBI CTAIIMOHAPHBIX COCTOSTHUI M €ro NMPUJIOXKEHUs K 3aJadaM
HecTarMoHapHoi dbunbrpanuu xuakocreit u razos // Uzs. AH CCCP. OTH. 1949. Ne3. —C. 323-342.



MopaenupoBaHne HeCTAIlMOHAPHBIX KOHTAKTHBIX 33424 JUHAMIKN
YOPYTHUX cpej
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Awnnoranusi. B mHacrosiimeit pabore JaHa MOCTAHOBKA HAYAJIBHO-KPAEBON KOHTAKTHON 3a1a9M IIPH
2KECTKOM CIIEIJIEHUH IIPSIMOYTOJILHOT'O TeJIa ¥ IIOPOIHOIO MAaCCUBA, IIPUBEJIEHBI OIIPEIEISIONINE YPaB-
HEHUs JIBUKEHUs, JTaH BBIOOD TOYEYHON pacdyeTHO cxeMbl U mabsiona. Ilpunsara sBHasA pasHOCTHAS
cxeMa, TTOCTPOEHHAsT Ha OCHOBE METO/1a OMXapaKTEPUCTUK C MPUBJIEYECHUEM WJIEU PACIIEIJIEHUS IO
MIPOCTPAHCTBEHHBIM KoopauHaTaM. [losyaens! paspemniaoniue pa3HOCTHBIE YPABHEHUS /I BHY TPEH-
HUX, TPAHUYHBIX, YIVIOBBIX, OCOOBIX M KOHTAKTHBIX TOYEK COIPAZKEHUS IT0JIOCHI M IIOJIYILIOCKOCTH.
Pemtena MomenbHast 3a1a9a 1T MCCIIEIOBAHNST HAMIPSI?KEHHO - J1e(POPMUPOBAHHOTO COCTOSIHUSI TIO-
BEPXHOCTHBIX COOPY?KEHHY, O0YCIOBJIEHHOTO COPOCOM TEKTOHMYECKUX HAIPSKEHUN HA TVIYOMHHBIX
TpeIMHAX B 3€MHON KOpe Ipu 3emierpsceHusx. IlocTpoensl mudpakiinoHHbIE KapTHHBI IIPOIEC-
COB PaCIpPOCTPAHEHUsI, OTPAKEHUS W IPEJOMJIEHNAS CEHICMUYECKNX BOJIH, XapaKTePUIYIOIINe MHOJIs
CKOPOCTEl M HAIIPSI2KEHUH B CpeJie ¥ TOBEPXHOCTHOM BKJIIOUEHUH, OCIIUJJIOTPAMMBI CKOPOCTEH 1 Ha-
NPsI2KEHUI Ha JTHEBHOI IOBEPXHOCTH, U IIPOBEJIEHO UCCJIEJOBAHNIE BOJIHOBBIX IIPOIECCOB IIPU PA3HOM
THUIE CEICMUYIECKOTO BO3IEHCTBUSI, MOJETUPYIOIIETO MPOIECCHl 0OPA30BAHUST B 36MHOU KOPe TPEITHH
OTPBIBA U CIBHTA.

KurodeBrie ciioBa: pacrnpocTpaHeHus! yIPYIUX BOJIH, TPEHIUHA, 3eMJIETPsICEHNE, II0JIe CKOPOCTeH,
M30JIMHUAY HAIPS2KEHUs], OCIIUIJIONPAMMBI CKOPOCTEHA.

1 Bsegenue

UccneoBanue mporieccoB pacupocTpaHeHus U udpakiind ceiCMIYeCKUX BOJH B 3eMHON KOpe
U UX BO3JIEHCTBUS HA HA3EMHBIE COOPYKEHUS OTHOCUTCS K aKTYaJIbHBIM [IpobJeMaM reopu3nK,
CefiCMOJIOTHH U CefICMOCTOMKOrO0 CTPOUTE/ILCTBA. XAPAKTEPHBIM [IJIsT 3€MJICTPICEHUN sIBJISIETCS
BO3HUKHOBEHHME B 3eMHON KOp€ IOJ JIEWCTBHEM TEKTOHUYECKUX HAIPSKEHUI TIIyOUHHBIX Tpe-
muH. [Ipu 3ToM mpoucxoauT cKkaukooOpa3HbIil cOPOC HANPSDKEHUN Ha TPEIUHE, TOPOXK A0
HECTAIIMOHAPHDBIE YIIPYTUE BOJIHBI, KOTODbIE, Judparupysi Ha 3eMHON MOBEPXHOCTH, MOPOXKIa-
10T MMOBEPXHOCTHBIE BOJIHBI, PA3PYIIUTEIbHbIE JIJIsT HA3EMHBIX COOPYKeHuil. 3/mech pazpaborana
MaTeMaTu4decKas MOJIEJb JJId U3y4YeHUs TaKuX siBjieHuii. ljisi perneHus HecTallmOHAPHBIX 3a-
Jad B YOPYTUX Cpelax ONHUM M3 HamboJiee yIOOHBIX B MPUIOKEHUIX METOJIOB sBJISIETCI MeTO/T
OUXapakTepUCTUK C HCIOJIL30BAHUEM Huieil MeToja paciierienns, pa3putoiit [ T.Tapabpunbiv
[1]. B macrosiieii paboTe TOT METO/| PA3BUT JIJIsl PEIIeHNs] KOHTAKTHBIX 38189 B3aNMOJICHCTBIS
YIPYIUX TeJl ¢ YIJIOBBIME TOYKAMH B yCJIOBHsIX ILI0CKOi Jedopmanun [2], [3]. IIpunsra siBHas
PA3HOCTHAs CXEeMa, [IOCTPOCHHAS Ha OCHOBE METO/[a OMXapaKTEPUCTHK C IPUBJICUCHIEM UJIEN PAC-
MIEIJIEHUS 110 IPOCTPAHCTBEHHBIM KoopaunaTaM. [loyyuensr paspemnaioniue pa3HOCTHLIE YPaBHE-
HUs JIJIs BHYTPEHHUX, "PAHUYHBIX, YIVIOBBIX, OCOOBIX U KOHTAKTHBIX TOYEK COIPSI?KEHUS ITOJIOCHI 1
noJIytiockocTu. Jlrst MoestmpoBaHus nporecca copoca HaIIPsIKEHUI Ha TPEIUHE UCIIOIB3YIOTCS
CUHTYJIsIpHBIE 0600IIeHHbIe (DYHKIMU 110 METOy, npejyioxkenHomy B [4]. [TpoBeieHbl dncieHHbIE
SKCIEPUMEHTHI TI0 OIIPEJIEJIEHUIO HAIPSIKEHHO-1e(DOPMUPOBAHHOTO COCTOSHUSA YIIPYTOro TOJIY-
[POCTPAHCTBA U YIPYIOro Teja npu ¢Opoce BePTUKAJIBHBIX U TOPU3OHTAIBHBIX HAIPSIKEHUNH Ha
TPeIUHE C UCIOJIb30BaHNEM (DU3UKO-MEXaHUIECKUX [TapaAMeTPOB, THUIIMIHBIX JjIsi TOPHBIX ITOPO/L
U CTPOUTEJILHBIX COOpy2KeHuit. [locTpoeHsl OCIMIIOTpaAMMBI CKOPOCTeH ITepeMelneHii THeBHOT
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MMOBEPXHOCTHU U YIPYTOro Tejia U AU PAKIIMOHHBIE KAPTUHBI OJIel CKOPOCTel 1 HAIIPSIZKEHUI IPHU
OTPaKEHUU ¥ IPEJIOMJICHUU YIAAPHBIX BOJH. VcciieloBaHo B/IMSHUE ITApaMeTPOB MACCUBA, TUIY-
OWHBI TPEIIUHBI U XapaKTepa BO3ZHUKAIOMINX YAAPHBIX BOJIH Ha HAIPIKEHHO-1e(OPMUPOBAHHOE
COCTOsIHHE CpeIIbl U yIPYyroro reja. Takyke U3yd4eHo HallpsizKeHHO-I1e(MOPMUPOBaAHHOE COCTOSHUE
yIpyroro rejia (COOPy>KeHUs1) B 3aBUCUMOCTHU OT PACCTOSIHUSL JI0 SIUIEHTPA.

2 IlocTaHoBKa KOHTAKTHOI 3aa4u

PaccmoTpum cocTaBHYIO HEOTHOPOIHYIO YIPYTYIO CPELY B YCJIOBUAX IIOCKOM JlebOopMAaIiu: mo-
JIYIIPOCTPAHCTBO =1 > 0 OMHOPOIHON M30TPOIHOM yIPYTOii cpeb (cpena D1) C IIOTHOCTBIO p] U
koaddurmenramu Jlame A u 1, 1 TOBEPXHOCTHOE BKJIIOUeHME (cpesia Do — M30TPOIHOE yIPYTroe
TeJIO ¢ BBICOTOl di 1 mMpHHOH 2dy) ¢ IWIOTHOCTBIO py U Ko duimentamu Jlame Ao, pa, (puc.l).

Puc. 1. Yupyroe nosynpocrpanctso i ¢ HOBEPXHOCTHBIM BKJOYeHUEM Do

Hpe)monaraeTCH, 9TO OO0 HAYaJIbHOT'O MOMEHTa BpEMEHU CPpe/1a HaXOAUTCA B COCTOAHUU ITOKOA:

u =0,u® =0 (k=1,2), (1)

a npu t > 0 npoucxoauT cOPOC HAIPSXKEHUI Ha MOPU30OHTAJIBLHONI TPeIHe S, KOTopasl Paclojo-
ykena Ha roryoune L (z1 = L, |z2| < d).
FpaHI/IHbI TOJIYIIPOCTPaHCTBA U BKJIIOYECHU A CBO60)IHBI OT BHEHITHUX HaI'PY30K:

gg,) =0 (j:1,2) mpu 1 = 0, \332—613 |> da, (2)
gg) =0(j=1,2) mpma; =—di, |22 —dsz|<dy, (3)
gg) =0(j=1,2) mpul|zy—ds|=da, 0<z; <dy, (4)

rje d3 — TOpU3OHTAIbHAS KOOPJMHATA [EHTPA MACC YIPYIroro BKJIYeHus (CM. puc.l).
VciioBus Ha KOHTAKTHON T'DAHUIE IPOCTPAHCTBA U BKJIIOYEHUS OTBEYAIOT TPEODOBAHUIM II0JI-
HOI'O CIeIIeHnsl (KeCTKUii KOHTAKT):

2 1 2) /.
vy = vj( ), O'Ej) = J§j) (j=1,2) mpux; =0,|re —ds| < do. (5)

k . .
31eco al(j)(x, t) — KOMIIOHEHTBI T€H30DPa HalpsizKeHuii k-oil cpenpl B Touke © = (1, T2) B MOMEHT
k)

BpeMeHn , v; (x,t) — KOMIIOHEHTBI CKOPOCTeil IIepeMeIeHnii 3Tux cpeJ.
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Tak Kak Ha GECKOHEIHOCTH OTCYTCTBYIOT MCTOYHUKYM BO3MYITIEHUH, TO OUEBUTHBIM SIBJISICTCST
TpeboBaHume:
uj =0, 045 —0((,j=1,2) npullz|| = occ.

st onrcaHus JBYKECHUS YIIPYTOH CPe/ibl UCIIOJIb3YIOTCS JIBE CUCTEMbI AuddepeHnaibHbIX
YPaBHEHUN:

(k)
k k RTINS
Tips T = e gz (hh=12) (6)
U COOTHOIIEHUsT 0000IIEHHOro 3aK0oHa ['yKa:
o = Neu®his + e (w® +u®) (6,55 = 1,2) )

3/1ech 10 MOBTOPSIIONIUMCST TPEYECKUM HHJIEKCAM MPOBOJIUTCS CyMMEpoBaHue oT 1 10 2 (TeH-
k) _ ow® k)

30pHAsI CBEPTKA), U, 5o I

Kponekepa.

— KOMIIOHEHTBI 00beMHOil cuibl B k-0if cpefie,d;;— CHMBOJI

s monesiupoBanust cOpoca HAIIPsI?KEHUI HA TPEIUHe B IIOJIyIIPOCTPAHCTBE BBEIEHA 00beM-

1 .. . ., .,
nast cusia F() , KOMIIOHEHTBI FZ-( ) KOTOPO# OIIPEIEIISIIOTCS CUHTYJISIDHOM 00001eHHO# dyHKIInE
— IIPOCTBIM CJIOEM Ha TOPU3OHTAJILHOI Tpentune S [4]. B manHOM ciiyuae oHE UMEIOT CJIe/ Iy omuii
BUJT:

F{Y = ngloigls 05 (@) = ngloiglg 6(ar — DH( — |aaf), i =1,2 (®)

1

[Jie BLIpAyKCHIE B KBAIPATHBIX CKOOKAX — CKAvYOK KOMIIOHEHT TEH30pA HAINpsKeHuil Ha Oeperax
TPEINHBI, N — eJUHITHAS HOPMAJIb K ee IIOBEPXHOCTH, 37ech n = (n1,n2) = (1, 0), H(t) - dynk-
st Xesucaiija, d(r1) — neavra~-gyukinus Jupaka. IIpejanonaraercs, 4To CKaI0K HAIPIKEHU
Ha TPEIUHe N3BECTEH:

ngloig(r)lg = Pi(x,t), x€S,t>0. 9)
3/1ech B pacyerax OH MMeeT MMITY/IbCHBINH BUJI:
Pi(z,t) = Pte"™H(t) (a > 0), (10)

XapaKTepHbI I 3emiieTpsiceHuit. llpm onmcaHHBIX yC/IOBHAX HEOOXOMMMO OIPEIeIUTh
HaHpH}KeHHO—,ZLerOpMI/IpOBaHHoe COCTOdAHHNE CPpeJbl U ITOBEPXHOCTHOI'O BKJIIOYEHU A D1 U D2 opu
t> 0.

3 Ompepensionue ypaBHEHUS

Pemmenne 3asa4n ya00HO OTBLICKMBATL B 0€3pa3MEpHOM IIPOCTPAHCTBE IEPEMEHHBIX M HCKOMbIX
byHKIWMt, KOTOpBIE MOJIYYAIOTCs TI0CJIe BBejleHnst 0003Hauenuii |5

k)* k)* * % (m)x*
Cgmzcg). Cgc):Cé). S t:té).
Cgm)* CIm)* L* L*
po= T 0 ) j k) _
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k k k) 2 k k k) 2 k k
W =t = (7) 5 2 =l =k ()5 D =P - 20

Bech uHIEeKC * npuiaeTcs pasMepHbIM BEJTUUIMHAM; HHJEKC 1M OTHOCHTCSI K MaTepUasy, B KOTO-
POM CKOPOCTB IIPOJIOJIBHBIX BOJIH SIBJISIETCsl HambOOJbINeil; L* — XapakTepHBI JIMHEHHBIH pas-

(k)* Apt2m o (R)x My,
Mep; ¢ = )/ ZEoE, ey = 4/ F — CKOpOCTH pacnpOCTPaHeHH: HPOJOJIBLHBIX (cxarust-
k k
pacIMpeHnus) 1 MOIePEeYHbIX (CABUIOBBIX) BOJIH B K-TOil cpeje.
[Tocsie BBesieHMsT Oe3pa3MepHBIX BeqndnH, u3 ypasaenuii (6), (7) mocse mpocTsix mpeobpaszo-

BaHU IOJIyYUM CUCTEMY ypPaBHEHUN BUJIA:

pei® = B 1 F®,
k k k k k
( ) - ’71(] )( 1(]) + U( )) (1+1 ) + 7{&3) (’Ué,}j - U(J))(S’Lja (11)
(Z,j, k=1,2).

Cucrema (11) umeer sBa cemeiicTBa XapakTepucTHdecKux KoHycoB. O6pasyoliue 3TuX KOHYCOB
coBna AT ¢ buxapakrepuctukamu ypasaenuii (11). Broabs xapakTepucTuk, JIesKammx B IJIOCKO-
CTH &, = const, ypaBHerust (11) gBistroTcst GyHKIUAMI TOJIBKO JABYX IIepeMeHHbIX (25;t) (J # ).
D10 J1aeT BO3MOKHOCTH 3allUCaTh YCJIOBHUS Ha OMXapaKTEePUCTUKAX KaK YCJIOBUSI HA XapaKTepH-
CTHKAX B COOTBETCTBYIONIEH ojHOMepHOI 3a1ade. CooTBETCTBYIOMINE TPEOOPA3OBAHU MOXKHO
BBINIOJIHATH, €CJii B cucreMe ypasHenuii (11) moouepesnno 3aduKCHpOBaTh OJHY U3 IIPOCTPAH-
CTBEHHBIX ITI€peMeHHbIX. [Ipu sToM cucrema ypasaenuii (11) paciiernuisiercss Ha JiBe CHCTEMbI
YDPaBHEHHUI, COOTBETCTBYIOIIHE HAIpaBieHusaM j=1 un j =2 (i=1, 2):

Z))_p’;l (i (12
_%J ij = bij s

IIIe BBEJICHBI 0003HAYECHMUS

ok — =1, ") (k)
,L =p (0-2 - Ui' ')7
( k 7B, 7, ) (13)

k) (k k
bw) —%‘(J) ( )(1 _5ZJ)+7( )( ég_vm )5ij'

Huddepennuaibible ypaBHEHUsT XaPAKTEPUCTUK UMEIOT BUJI;:
dr; = £\ dt (14)

a yCJIOBUAMMU Ha 6I/IxapaKTepI/ICTI/IKaX ABJIAIOTCA COOTHOIICHMA:

i 1J i

dol) F A ™ = (b F oA [afy) + BV ) ar (15)
371€Ch )\Sf) = plzlfyz(f) cgk) dij + cgk)(l — 0i5) . U3 (14) BugHO, 9TO Ha KasKJOii U3 JABYX THIEp-
(k)

u

IJIOCKOCTEl MMeIoTCsl JiBe Iaphbl CeMeiiCTB XapaKTepUCTHUK, OIpPee/IAIoNniue IPOJoIbHbIe A

C/IBUT'OBbIE )\( (i # j, i,j = 1,2) ckopocTu pacupocTpaHeHust BOJIH. B KaxK 10l U3 JBYX ILIOCKO-
creit (z4;t) I/IMGIOTCH 0 J[Ba ceMeiicTBa GUXapakTePUCTUK TOJOKUTETLHOIO M OTPUIIATETLHOIO
Hanpas/ennii. Bepxuuil 3HaK COOTBETCTBYET XapaKTEPUCTHKAM IOJIOKUTEJIBHOTO, 8 HUMKHHUN -
OTPHIIATEIHHOTO HampasieHnil. Ypasuerns (14) u (29) coOTBETCTBYIOT IPYT APYTY IIPHU OJMHA-
KOBOIl Iape MHJEKCOB U IPU OJMHAKOBOM DACIOJIOXKEHUH 3HAKOB. YpaHeHusi (12) u yciaoBus
(29) ucnonb3yoTest Juist OTBICKaHusl perenus: cpopmysupoanHoii 3amaan (1) — (7).
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4 BbIOOp TOYeYHOI1 cxeMbl I1abJIoHA

[Iycres Temo Dy U Dy paszbuBaercs Ha sdeiiku, obpa3yeMble MePeceIeHnsIMI KOOPIANHATHBIX 10~
BepxHocTeil x; = const (i = 1,2). Jluneiinble pasmMepsl TUX s9€eK B HAIPABJICHUN OCEH T U T2
CUUTAIOTCST paBHOMepHbIME U paBHbIMU h. [lepecevenust sunmii x; = const (i = 1,2) obpasyior

y3JIBL. B 9THX y3/I0BBIX TOUKAX OTHICKUBAIOTCS 3HAUEHNST NCKOMBIX (OYHKITAI vi(k), Uz(f) (i, =1,2)
B PA3JIMYHbIE MOMEHTBI BDEMEHHU by, —T, by, t,+7(n = 1,2, ..., N) ¢ marom no Bpemenu 7. [losryuns-
ITasicsl CeTKa sSBJIAeTcd TpexMmepHoil. Touednas ceTka, Ha OCHOBE KOTOPBIX CTPOUTCS PA3HOCTHAS
cXeMa, TIOMUMO VIIOMSHYTBIX y3JIOBLIX TOUYEK COMEPKUT TOUKU, OOPA30BAHHbBIC MEPECEIECHUSIMUI
OUXapakTePUCTUK C THIEPILIOCKOCTsAME t = const. IlpuanMaercs mabJioH, cOCTOAMMI U3 y3J1a

+(k)

O u Touek Eij , JIEZKAIUX Ha KOOPAMHATHBLIX JMHHUAX Xj = const W OTCTOAMUX OT Toukn O

(%)

Ha PACCTOSHUS A, 5T B nmanbHeiinem 3HadeHnsiM GyHKINNA B TouKe () MPUITACHIBAETCS BEPXHUI

+(k oy e s . +(k
sHak ’0”; B TOUKax Eij( )tk 7477 m BepxHmit 3HaKk + (Hampumep, oij( )), a B Touke A
JIOTIOJTHUTETHHBIH WHIEKC He npunuchkiBaeTcs. Touku O u A TpeicTaBIsgioT coboil oJIHy U Ty ¥XKe

TOYKY TeJIa B MOMEHTBI BPEMEHHU, OTCTOSIIIIE APYT OT JIPYTra Ha OJMH IIar T 110 BpeMeHu (puc.2).

-

o

o A

f =
E' E'n Ex Eun X

b)

Puc. 2. Toueunas cxema mabiaoHa: a)TpexMepHas — b)Ha T2 = const

Ha ocHoBaHuu onmcaHHBIX TOYEYHBIX CXEM pa3pa6aTblBaeMaﬂ HI2KEe MeTOAUKa PEeIIeHusd JI1-

(k)

HaMHU'1IeCKHX 3a/a9 ITIO3BOJIZAET OIIPpEeJC/INTh CKOPOCTH YaCTUI] Ui 1 KOMIIOHEHTBI TEH30Da HallpA-

k
JKEeHU O'Z(J) B Touke A Ha cioe 1o BpeMEH tn, €CJIM U3BECTHBI UX 3HaYCHUA Ha IIPpEAbIIYIIEM CJIOE
)

o +(k
tn—1 (n=1,2,..., N) B Touke O u B Ipujeramoux K Heil TOUKaX Eij( .

5 Paspemaronine pa3HOCTHbIE ypPaBHEHUS BO BHYTPEHHUX TOYKaX

Wurerpuposanue cucrembl ypashenuit (12) or touku O jio touku A u coornomenuii (29) or

TOYKHU Eij;(k) JIO TOYKH A MeTOJOM TpaIlely IIO3BOJISIET IOJIYUNTh BBIPAYKEHUS CJIEYIONIErO
TUIIA
o = (m+2071gﬂ+a<>+Fm+%1g?+J)+Fm> »
Ugazzagm_%%(yg>zg>+b(m_% 9,09 4 gm)
o) — gE® 2 p 2B (B _ 2B

17
:%@®+bﬂ¢pMM(M+f®+ﬁm+ﬁmD (17)
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rae cucrema ypasaenuii (16) u (17), cocrosimast u3 13 ypaBHenuii, paspeniaeTcss OTHOCHTEIBLHO

13 memsBecTHbIx s Kaxk ot cpennt (k=1, 2): 5 dynkmit vl(k), al(f) (U(k), Uék), UY;), Ug), Uég))
(k) p(k) (U(k) (k) (k) (k) (k) (k) (k) (k) ).

U UX 8 MPOU3BOJHBIX @ 110 V12 Y21 Y39, 0111, 0199, 0311, 0399

ij > Vij
SHaIIeHI/IH beHKL[I/Iﬁ B HE y3J'[OBbIX TOYKaX E;“;(k) 3aMEHAIOTCA BEJIMYMHAMM, BBIYNCJICHHBIMUA
. (k) (k)
o dopmysie Teityiopa ¢ TOYHOCTBHIO 10 HEPBOrO MOPSIAKA JJIsT TPOU3BOIHBIX a;;w bij nc
. *(k +(k
TOYHOCTBIO IO BTOPOTI'O IIOPsIKa JIJIf beHKI_H/II/I Ui ( ) n Ulj( ) qgepe3 nxX 3Ha'deHHud B y3JIOBI)IX
rouxax (29,29, 0):
£ _ 400 1 (8 Dy
a; )\ T—5—
i axk ’ (18)
=) _ bO(k> A(k)ﬁblf :
i - i Oox;
0(k) 2 ,0(k)
k) _ , () (k), 93 10y (k) 207 i
Tij = FAGT Ja; + 5N ) 5
+(k) _ ( ) o\ avo““) 1y ) 202D (19)
v; FAG T 2Ny 1) g

J

IMoacrasus coornomenus (18), (24) B (17), 3aTem uck/o4ns npu nomorny (16) mepemenubie

k k o
vl-( ) agj) u yuantbiBas (18), MOKHO MOJIYIUTH BOCEMb YPABHEHUI OTHOCHTEIHHO ITPOM3BOHBIX
(k) (k)

Uij n UU j B pacdE€THOM CJIO€ BDEMEHU
R

0 (k) ,(k) _ O(k) (k) (k) (k)
Tijg T Pk )‘ j Vij T Oig T |:’YZ] Yijj +bij,j] +
(k) [, 0(k) —-1_0(k) 0(k) + 0
FoRA (”zpj 7ot ) - B Y,
CkJa/ipIBast ¥ BBIYUTAs IOOYEPEIHO COOTBETCTBYIOIIHE MAphl ypaBHEHH (27), MOKHO HAXTH
Henu3BeCTHbIE ITPOU3BOJHLIE

(20)

(k) _ O(k) 1_0(k) 0(k) 1 - n
N +T<pk l]]ﬂ+aZJ]>+2pkAij (F —F"), 21)
(k) _ ( ) (%), (K) (k) L (- + 0

Tijg = %ijg +T(%J ZJJ+bZJJ)+§(Fi + I _2Fz')’

Cucremy ypasHeHuii (28) MOXKHO HCIOJIB30BATH JJisl ONPEJIEJICHUsT HEM3BECTHBIX TPOU3BOJI-
HBIX KaK BO BHYTPEHHHUX, TaK W IPAHUYHBIX Y3JIOBBIX TOUYKaX HccieayeMmoit obsacrtu. OmgHAKO
BayKHO UMETb [IPOMEXKYTOUHbIE COOTHOMIEHUS (27), KOTOPBIE UCTIOJIB3YIOTCSI [IPH PEIIEHUN CUCTEM
ypaBHeHWUIt, ryie 3aj1aHbl rpannyable GyHkimu. [ogcranoska pasencts (28) B (16) mossosisier mo-

(k) (k)

JIYIUTDHb HEU3BECTHLIE (1)YHKHI/II/I v; no,; ij BO BHYTPEHHUX Yy3JIOBbIX TOYKaX HEO/IHOPOIHOI'O TeJIa

B MOMEHT BpeMeHHu ¢, +7 (n=1,2,...,N).

6 Pasuoctubie YpaBHeHHUdA B I'PAHUYIHBIX TOYKaAX

Ha rpaHuvHBIX JIMHUAX T; = const 3aJaHbl [Ba KOMIOHeHTa Haipskenns (cM. (2) - (4) ). B pac-
JeTax He MOTYT OBITH HCIIOJIB30BAHBI JIBA YCI0BH 13 (27), yCJI0BHUA Ha IBYX XapaKTEPUCTHKAX, HE
IPUHAJJIEXKAITUX HccleayeMoil obsactu. TeM caMbIM, II0 CDABHEHUIO C BHYTDEHHUMHU TOUKAMH,
"ncso ypasHenuit (27) cokparaercst na gsa. COBOKYIIHOCTb OCTABIINXCs ypasHennit (27), (16) n
JIBYX I'DaHUYHBIX ycsoBuii u3 (2) —(4) siBiisieTcst 3aMKHYTO JIMHEHHO CHCTEMOii OTHOCHTEIHHO
TPHHAIATH HEM3BECTHBIX (BOCHMHI HPOM3BOJAHDIX U IATH GyHKIniT). TOUKN KOHTAKTHBIX JIMHII
TaK’Ke PaCcCMaTPHUBAIOTCH KaK I'DaHMYHBbIE TOYKHU TOJIBKO Jjlsl OTAEJbHBIX obsacreit Dy U Do. B
KasKJION M3 9THX TOYEK CONPsSKeHUsl Iucsio ypasHenuil (27), (16) pasuo 22, a HemspecTHBIX 20.
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BaMKHyTas CHCTeMa yPaBHEHW MOJIy9IaeTCs, eIl UCIOJIb30BaTh HApsALy ¢ ypaBHeHusaMmu (16),
(27) gerbIpe yCIOBUS XKECTKOTO CIEIIEHUs TI0JIOChL 1 110y TIocKocTH (5).

7 PasuoctHbIe YpaBHeHUu«d B CBOGO,I[HI)IX YIJIOBBIX TOYKaX

Ha yrioBbix Toukax, 06pa30BaBIINXCsl [IepecedeHreM JIByX DAHUIL, BCe YCJIOBUs, 3a/laHHbE Ha
JIBYX TDAHMIAX, JOJKHBI BBIIOIHATHCA. [[09TOMY B yIVIOBBIX TOUYKAX 3a/a0TCH UeThIPE YCJIO-
BUsl, KOTODBIE, B3aMEeH 4YeThIPEM YCJOBHSM Ha YeThIpex OMXapaKTepHCTHKaX, He NPHHAJJIerKa-
mux obsactu D1 U Da, 3aMBIKAIOT CHCTEMY JIMHEHHBIX YPaBHEHUIT OTHOCHTEILHO TPHHAJIIATI
HEU3BECTHBIX.

B Bepxunx yrioBeix Toukax Tesa D (puc.l) 3a/jaHbl 4eTbpe KOMIIOHEHTBI TEH30pa HAIIPsIZKe-
Huii. B cruty 3aKoHa IapHOCTH KAacaTeIbHBIX HAIPSIZKEHUIT TOJIBKO TPH U3 HUX SIBJISTIOTCS JIMHEHHO-
HE3aBUCHMBIME. JHCI0 HEM3BECTHBIX PON3BO/IHBIX MOKHO COKPATUTH HEIIOCPEICTBEHHBIM (-
dbepenmmposannem (3), (4), moayvarorcs, 9To Jgf?l =0u O'%?l = 0. OcraybHble HEU3BECTHBIE
BBIYHCJISIIOTCS [IPU [I0CJIeI0BATEJIbHOM perennn ypasrenuii (27) u (16).

8 PasnHocTHBIE YpaBHeHHUsdA B KOHTAKTHbBIX YTJIOBBIX TOYKaX

Huknue yriosblie Touky Tesia Dy SBJISIOTCS KOHTAKTHBIMU TOYKAME HEOJHOPO/IHOI cpebl D U
Dy, koropble umeroTcsi ocoberHocTH. PasBuBast njeu, BlepBble OlMCAHHBIE B |6, BBIYHCIISIIOTCS
Pa3HOCTHBIC yDABHEHUsI B KOHTAKTHBLIX YIVIOBBIX TOYKAX MCCIIELYeMOro Teja. B aTux 0cobbx
TOYKaxX u3 (PU3MUECKUX COOOPaKEeHUIl IPUHIMAETCS, UTO KOMIOHEHTbI HAIPSZKEeHUIT ag) =0mu
ag) = 0 ¥ ncHosB3yTCs ycaoBust KoHTakTa (5).

B 91X 0c06BIX TOYKAX HPOU3BOJHBIE MOIYT TEpIETh pa3pbiBbl. [09TOMY IIpe/osaraercs,
410 obsactb Dj [0 JIMHUU HPOJIOJZKEHNs] GOKOBBIX CTOPOH Tea Dy MBICICHHO Pa3/iesuThb Ha
nogobsactu (I), (IT). Tem cambiM, 0KOJI0 0COOBIX TOYEK paccmarpuBarorcst Tpu mogobdiacru (I),
(IT), (III) (pme.1). s monobaacreii (I) u (1) npuarMaioTes yeimoBusi HenpepbIBHOCTH by HKITHIA
o =D o1 = GUD (5 =1 9), (22)

[ ) ) 1] 1)

1 X IMMPOU3BOJHBIX

I II I I .
Uz'(,l) = /Uz(,l )v Uz‘(l,)l = 01(1,1) (i=1,2), (23)

JlBeHaaaTh IPOU3BOMHBIX JJIs IIEPBOM Cpelbl U BOCEMb IIPOM3BOIHBIX MJIsS BTOPOI Cpelbl
Borancsisiiorcs mo ¢gopmysie (28). Iogcrasisisi B ypasaenue (16) nmpousBojiHble, HaiijleHHbIE Ta-
KIM 00pa3oM, JyIst KazkjIoi 1momobaactu u BeIIOIHSA ycuosus (5), (22) u (23), BeIIHCISIIOTCS
HEM3BEeCTHBIE (DYHKIUU B ITHX TOYKAX, KAK MHOT'OCBSI3HBIX Y3JIaX COBOKYITHOCTH Mojobacreit
(I), (I1), (III).

3HaueHnsI MPOU3BOJHBIX B Y3JI0BBIX TOYKAX MCCIIELyeMOi 061acTH HA HUKHEM CJIOE 110 Bpe-
MEHHU BBIYHUCJISIOTCS € UCIOJIB30BaHUEM IEHTPAIBLHON PA3HOCTH BO BHYTPEHHUX Y3JIOBBIX TOUKAX,
a B I'PAHUYHBLIX TOYKAaX COOTBETCTBYIOIIUM amnpokcumanusmu "suepen'u "nazan".

9 TounocTts 1 yCTOﬁ‘IPIBOCTb YHUCJIEHHOI'O perieHusd

Heobxonumoe yciioBre yCTOWYMBOCTH CETOYHO-XaPAKTEPUCTUYECKOIO METO/IA, BBLITEKAIOIIEr0 U3
ycosusi Hefimana (CrieKTpaJsibHbI PaJnyc PACIIUPEHHON MaTPUIBl HE IIPEBOCXOUT €JIUHUIbI)
OTBLICKUBaETCs B BUJIE:
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TAZ(»]-C)
mazx | Tj <1 (24)

rie )\Ef)

HIE O3HAYAET, YTO PeIlleHre B BepIInHEe I'MIEPKOHYCA BBIPAXKaeTCs depe3 HadaJbHOe 3HAYeHHe
BHYTPU O0JIACTU, OFPAHUYIEHHON IMOBEPXHOCTHIO THIIEPKOHYCA, T.€. PEIeHHE B MCKOMOW TOYKE
OTpeJesIsieTCst Yepe3 0bJacTh BAUSIHUAA. B JabHelIeM Mpu TPOBEIEHNN PACYETOB IMArd IIPO-
CTPAHCTBEHHO - BDEMEHHON CEeTKU BBIOUPAIOTCS COIVIACHO YCJIOBHsIM ycToitunBocTu (24) KoTOpoe
BhIpazkaeT ycioBue Kypanra - @puapuxca - JleBu. MHOrOYNCIEHHBIME pacieTaMy SKCIIEPUMEH-
TAJIbLHO HPOBEPEHO, 4YTO yciaosue | 5 |< % obecrreunBaeT yCTONYMBOCTL cYeTa JJjisd OOJIBIIOrO
MOMEHTa BpPEMeHH, a TakKxKe BbIOOp mraros 1o Bpemenu 7 = 0.025 u npocrpanctsa h = 0.05

obecreunBaeT CXOAUMOCTD 110 CeTKe (Cpe/iHsisl OTHOCHTe bHas norpentaocTs 0, 1%) [2].

ABJISIIOTCA KO3 DUIMeHTamMu rumepoosinideckoit cucrembl. PU3nvecKu Takoe orpaHude-

10 /udpakius oTparKeHHBIX W NPEJOMJIEHHBIX BOJIH Ipu cbpoce
BEPTUKAJIbHBIX HAINPAXKEHWII HAa TpeUnHe

Pacuer 6b11 npoussesien jist rpyata (D) u (Dg) GeToHa 1pu ciaeayomux 6e3pasMepHbIX 3Ha-
YEeHUSX WCXOJIHBIX JIAHHBIX: p1 = 1; cgl) = 0.964; 0(21) = 0.557; p2 = l;c?) = l;cg) = 0.612;7 =
0.025;h = 0.05;dy = 1;do = 0.5, L = 4.8; d = 0.45; d3 Bapbupyercs ds = 0 u d3 = 5.

CkavoK HAIPsIZKEHWU Ha TPEIUHe 3a/1aeTCsl B BUJIE UMITYJIbCA:
Py(z,t) = 20te O H (t), Py(2,t) = 0,

JUIsT TIpefcTaBieHns: 0 - PyHKIuE Jupaka MCIOIB3YIOTCS IeIbTao00pasHble IOCIeI0BATEITEHOCTH
0c(z) : 1

2¢)~ —
lim 5€(x) _ 5(x>7 (55(1') _ {( 5) , €& [ E,E] }

e—0 07 Zz gé [_675]

F; = F; =ngloiglgdc(v1 — L)H(d — |z2]), i=1,2.

u mapameTp Jenbraobpazuoit dyuknun € = h = 0.05.

Ha puc. 3 npescraBieHo 1mojie CKopocTeil B yIIpyroM MOJIYIIPOCTPAHCTBE CO CBOOOIHON JTHEB-
HOW MOBEPXHOCTBIO. 3/1€Ch PACUETHI MPUBEIEHBI JIJIsT MOMEHTOB BPEMEHH, KOT/Ia YAapHasi BOJIHA
TOJIBKO JIONLIA JI0 JIHEBHOI MOBEPXHOCTH (&) U oTpasuiach or Hee (6).

Copoc BepTHKAJbHBIX HAIPSKEHUN HA TPEIMHE MOPOXKIAET IPOJIOJIbHBIE yIapHbIe BOJIHBI,
a Kpasi TPeluHbl paboTaloT KaK UCTOYHHMKH CJBUTOBBIX IMJIMHIpUYecKuX BoaH (puc.3a). Ilpu
JupaKIuy BOJH Ha CBODOJHON MOBEPXHOCTU HAYUHAET (POPMUPOBATHCS MOBEPXHOCTHAS BOJIHA,
a HaJIOyKEeHHe I1aJIAI0NINX U OTPAXKEHHBIX BOJIH (DOPMUPYET B CPeJie CIOXKHYIO JndPaKIINOHHYIO
kapruny (puc.30).

Ha pwuc.4 mpencraBiieHbl OCHMLIOTPAMMBI CKOPOCTElH IepeMeIeHnii JTHEeBHON MOBEPXHOCTH
21 = 0 B Toukax ¢ xoopjuHaToir o = 0,1,2,3 npu mudpaknun yIapHbXx BoJiH B Hauae Ko-
opruHaT vy = 0, T.K. ¢OPOC HAIPSIYKEHUN TPOUCKOINT CUMMETPUIHO U mapasienbro ocu Oxy.
BanaszipiBaHue NOSBJIEHUsT KOJIeOaHuil Ha TpadUKaxX OCIUIOIPAMM CBA3AHO JBUKEHUEM yIap-
HOI1 BOJIHBI OT TPENIUHBI JIO TOYKHU HAOJIIOJIEHNS, JIJII KOTOPOro TpebyeTcs onpeseIleHHOe BpeMs,
CBABAHHOE CO CKOPOCTBIO PaCIPOCTPaHEeHUs yIPYIUX BOJH B cpejse. B manHOM citydyae ckopocTH
PAaCIIPOCTPAHEHUS IIPOJIOJBHBIX M IONIEPEYHBIX BOJIH B O€3pa3MEpPHBIX BEJIMYMHAX COCTABJIISIOT
c1 =1 u cy =0.577 cOOTBETCTBEHHO.

[Tonpobuo audpakius yupyrux BOJH B yIPYTOil MOJIYILIOCKOCTH IIPU ¢OPOCe HAIIPSIZKEHUI HA
TpeluHaxX B OTCYTCTBUM [OBEPXHOCTHBIX BKJIIOUeHHil paccmorpena B [5]. 3xech maaum anaauns
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02 4

Puc. 3. BexkTopHoe mosie ckopocTeil yrnpyroro HOJIyIPOCTPAHCTBA [0 U IOCTIE OTPAXKEHUS YIAAPHBIX BOJIH: t = 1

(a); t = 2 (6);

Puc. 4. OcimyutorpaMmbl ckopocreit v1 (a) m ckopocreit va (6) maeBHOI moBepxHOCTH, Py 21 = 0,22 = 0;1;2;3

Pe3yJILTATOB IIPEJIOMJIEHUS YIIPYTUX BOJIH IPHU COPOCe BEPTUKAJILHBIX HAIIPS2KEHUI Ha TPEIHE
(TpemuHa paspbiBa) Ha MOBEPXHOCTHOM BKJIIOUEHWH IPU PA3HOM PACCTOSHUM BKJIIOUEHHS OT
suunerTpa: it dg = 0 (BKJIOYeHHe B SUMIEHTPe ) u Jyist d3 = 5 (BKJIIOUEHHE Ha PACCTOSIHUN
5L ot smurenTpa). CKOPOCTH pacipoCTpaHeHust IPOIOIBHBIX BOJIH B O€3pa3MEepPHBIX BEJINIMHAX

1 2
COCTaBJILIOT cg ) — 0.964 u cg ) — 1 cooTBeTCTBEHHO.

Ha puc. 5, 6, 7 upescraBjieHbl BEKTOPHBIE MIOJISI CKOPOCTE ToUYeK Tesia Do, HAXOSAIIETrocs B
sunnerTpe (a) ds3 = 0 u Ha ynanenun or Hero (6) dg = 5, B pa3Hble MOMEHTBI BDEMEHU BPEMEHH:
KOIJ[a [IPEJIOMJIEHHbBIE y/IapHbIE BOJIHBI PACIIPOCTPAHUINCH JIO CEPEIUHBbI BKJIIOUYEHUs] U BEPXHSIS
9acTh Teja elle MOKouTCs (puc.b), Jonum /1o ero BepxHeii mosepxHocru (puc.6), 1 oTpaskeHHbIe
OT Hee BOJIHBI JIONLIN JI0 OCHOBaHusA (puc.7).

Korna Tesio naxomurest B S1UIEHTPE, B HEM BHAUYaJe IPeodJIa aloT BEPTUKAILHBIE TIepeMeliie-
HUsI, TIOPOXKJIEHHBIE MPOJOJIBHON BOJIHON pacimupenusi-cxkatust. C TedeHneM BpeMeHu Tudpak-
[IMOHHAS KAPTUHA YCJIOXKHSAETCS C TOSBJIEHUEM BUXPEBBIX 30H B OKPECTHOCTH YTJIOBBIX TOYEK
BOJIM3U ¢BODOOIHOM mToBepxHOCTH. Bozpacraior ciiBurossie jieopMariuu BOJIU3u OOKOBBIX CTEHOK,
GOPMUPYIOTCsT TOBEPXHOCTHDLIE BOJIHLI HA IPAHUIIE TeJIa.

ITpu ymamenun Tesa OT SMUNEHTPA IPU MOIX0/e YAAPHON BOJHBI U €€ IPEJIOMJIEHNN B HaJaJIe
JBUXKEHUS TeJia HabJII0MaeTCsl pe3Koe TOPU30HTAIBHOE CMeIeHne HUYKHel JacTh, MPUIesKaliei
K OCHOBAHUIO, IIPU COXPAHEHUN BEPTUKAJIHHOTO TTOJIOXKEHUS €0 BepXHEN JacTu, KOTOPOE PacIIpo-
CTPAHSIETCS B €r0 BEPXHIO 9acTh. 1.e. B Tejie (hOPMUPYETCs yIapHast CIABUTOBAST BOJHA, KOTOPas
BO B3aMMOJIEICTBUM C MIPOJOJIbHBIMU U OTPAYKEHHBIMU BOJTHAMU TTOPOXKIAET CJIOYKHYIO BUXPEBYIO
T paKIInOHHYI0 KAPTUHY B TeJIe.
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Puc. 7. Bekropnoe nojie ckopocreit B D2
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Ha puc. 8 — 11, npeacraBieHbl U30JJMHAN IIEPBOTO W BTOPOTO MHBAPUAHTOB TEH30pa HAIIPSI-
JKEHUU B Pa3Hble MOMEHTHI BPEMEHU:

I1 = 011 + 092 + 033; Io = 011022 — 021012 + 033011 + 033022,

2 2

cy—2c

rIe 033 = 2(162763)(011 + 092). OHE XapaKTepu3yoT paclpe/ie/ieHue JABICHUsT 1 HHTEHCUBHOCTh
17 ¢

KaCaTEeJIbHbBIX HAIIPS?KEHUIT B UCCJIE/IyeMOM TeJjie. DTU MHBAPUAHTHI TAKKE XapaKTepU3yIoT COOT-

BETCTBEHHO OObEMHBIE U CIBUTOBBIC JIeDOPMAIUHN, PACIIPOCTPAHSIONTINECA B yIIpyroM Tese Do.

1 e ey | 1K
Y ——— Y P ——— e
-oua“._._____.‘_n_os,_../ g3
:—w‘o-

a) d;=0, t=5.5 0) dz=35, t=7.25

Puc. 8. Nzonunun IIEPBOT'O0 MHBapHUaHTa HaIIPA2KEHUA TeJla D2

0 T T T

6) dz=5, t=7.25

Puc. 9. Vzonuann BToporo nHBapuanTa HaNpsizKeHus1 Teaa Do

CpaBauBast puc.8 u 9 BUIMM, 9TO TEJIO B SIUIEHTPE MOABEPraeTcs 000MM U3MEHEHUSM CXO-
2KEro XapakTepa, IMPUYeM OHU CHUMMETPUYHBI OTHOCUTEIBHO OCU 1, W JUJIS TeJia, CMENEHHOIO
OT SUUIEHTPA, XapakTep OObEMHBIX M CJIBUI'OBBIX U3MEHEHHUIl CXOXKHU, HO 3JieCh IuPAKIIHOH-
Has KapTUHKa HecumMeTpudHa. C TedeHWe BPEMEHU ITPOUCXOIUT MEPEOTPayKeHNe BOJIH KaK OT
BEPXHUX W HUXKHUX I'DaHeil BKJIIOYEHHS, TAK U OT €ro ODOKOBBIX MOBEPXHOCTEH. YapHble BOJIHBI
TEPSIOT SHEPTUIO C PACCTOSTHUEM M BPEMEHEM, TI0O3TOMY JIaBJIEHNE U MHTEHCUBHOCTDH KacaTeIbHbIX
HAIIPs?KEHUIl B IIEPBOM TeJie CPABHUTEJIBLHO DOJIbINE, YEM BO BTOPOM.
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Puc. 11. N3osmHnun Broporo nHBapuaHTa HaIlpsi>KeHus Tesia Do
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11 3BakJirovyeHue

IIpn cuIbHBIX 3eMJIETPSCEHUSX yIapHble ceficMUYecKre BOJIHBI, BO3JEHCTBYS Ha HA3eMHBIE CO-
OPY2KEHUSI, TIOPOKIAIOT YAAPHBIE BOJIHBI B KOHCTPYKIIAAX COOPYKEHUN, KOTOPBIE X 1eopMuUpy-
10T, IPUBOJIST COOpPY2KeHne K pazpymennio. Ha puc. 4-6 mepemerrenust o KOHTYPY COOPYKEHUS
MIOKA3BIBAIOT, KaK MEHsIeTCs (bOpMa COOPYKEHUsS IIPU IIPOXOJE YIAAPHBIX CEHCMUYIECKUX BOJIH.
st 371aHuil B SIUIEHTPE COOPYKEHUE HCIBITHIBAET J1eOPMAIINIO PACIIMPEHUSA-C2KATUS B BEP-
TUKAJILHOM HalpasjieHuu. s oT/iageHHbIX OT STUIEHTPA 3JaHuil Ipe0dIaIaloNUMU SIBJISTIOTCS
FOPU30HTAJILHBI CJIBUTOBbIE JiehopMalinm, KOTOpble HanboJiee Pa3pyIIUTEIbHBI JIJIS COOPY XKEHHUIA.
ITosTomy B ceficMOOIACHBIX PErMOHAX IPU CTPOUTEILCTBE HA3EMHBIX COOPYKEHUHN CJIeayeT HC-
[I0JIb30BATh MATEPUAJIBI C OOJIBIIUM 3aIIaCOM [IPOYHOCTHU 110 JiebOPMAIUAM CIABUTA, a B OJIOYHBIX
KOHCTPYKIIUSIX MCIIOJIb30BATH COEJMHEHUSI, 00ECTIETNBAIOIINE TIOJBU2KHOCTD OJIOKOB ITPU OTHOCH-
TEJbHBIX CABUIOBBIX Je(POPMAIAX, IPU COXPAHHOCTA KOHCTPYKIIUH B IEJIOM.
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MaremaTndeckoe MOAeJIMPOBaHUE yIapPHO-BOJHOBBIX CTPYKTYP
Ipu B3aMMOJIEICTBUN CKAYKOB YIIJIOTHEHUS C IMOTPAHUYHBIMU
CJIOSIMU HUKHEWN M BePXHEW CTEeHKU

A.O. Bekeraesa, H.ITI. [ITaxan

Mucturyr Marematukn n Marematuaeckoro
Mognemuposanuss MOH PK, Anmarsr, Kazaxcran

AwnHoranusi. B miockoM KaHale 9UCIEHHO MOJEIMPYETCsT CBEPX3BYKOBOE TYPOYJIEHTHOE TeUeHue
BO3/IyXa C MEPIEHANKYISPHBIM BIYBOM 3BYKOBOIl CTPYH BOJOPO/ia Uepe3 IesIb Ha HUXKHeil CTeHKe.
Pemmenne ncxomupix ocpeauennsnix mo @aspy ypasuenuit HaBbe-Crokca, 3aMKHYTHIX k — W MOJIEJIBIO
TypOYJIEHTHOCTH, OCYIIECTBIISIETCS C IOMOIIBIO AJITOPUTMa, TTocTpoeHHOro Ha ocHoBe WENO-cxembr.
OcCHOBHOE BHUMAHUE YIEJISIETCS UCCIIEIOBAHUIO B3AUMOIEHCTBUS YIaPHO-BOJHOBON CTPYKTYPBI C IO~
IPAHUYHBIMU CJIOAIMH Ha HUKHEW U BEPXHEN CTEeHKaX B YCJIOBUAX BHYTPEHHETO TYPOYJIEHTHOI'O Tede-
HUsI, & UIMEHHO, IIPOBEJIEHO JIETAJILHOE U3YUYeHUEe CTPYKTYP IMOTOKOB, UCCJIEIOBAH OTPBIB U CMEIIEHUE
B 3aBUCHMOCTH OT ITUPUHBI IEJTU CTPYHU. YCTAHOBJIEHO, UTO MOMUMO M3BECTHBIX YIAPHO-BOTHOBBIX
CTPYKTYD, BOSHUKAIOIINX IIPA B3AUMOJEHCTBUN HAOETAIOIIETO IIOTOKA C IIOIEPEYHON CTpyell U IpHu
B3aMMOJIEICTBUY T'OJIOBHOT'O CKAadKa YILUIOTHEHWS C MMOTPAHUYHBIMHU CJIOSIMHU BOJIM3U CTEHOK, BO3-
HUKAIOT JIOMOJIHUTEIbHAS CHCTEMa CKAYKOB YIJIOTHEHUs U OTPBIB IIOTOKA Ha HUKHEH CTEHKE Ha
HEKOTOPOM PACCTOSIHUU OT CTPYHU BHU3 110 OTOKY. IIpon3BejieHo cpaBHEHUE C OTBITHBIMY JIAHHBIMU.

KimroueBsblie ciioBa: CBEpX3BYKOBOE TEUEHUE, COBEPIIEHHDBINA a3, MOTPAHUYHbBINA CJIOH, ypaBHEHUS
Hasbe-Crokca, ynapHasi BoJiHaA

1 Bsegenue

OpHOl M3 CJIOXKHBIX 33189 CBEPX3BYKOBBIX TEUYEHUIl SIBJIAETCSA B3AMMOJIECTBHE CBEPX3BYKOBOI'O
IIOTOKA BO3/IyXa C IOMEPEYHO BIYyBAaeMO CTPyeil, COIPOBOXK IAIONIEr0ocss 00pa30BaHUEM OOJIBIIIOTO
KOJIMYECTBA CKAYKOB VIIJIOTHEHUsI, BUXPEH U OTPBIBHBIX 30H. BOJIBIIUHCTBO CYIIECTBYIONIUX HA
JMAHHBIH MOMEHT pabOT 0 TEOPETUIECKOMY U3YUEHUIO B3aUMOIEHCTBUs CTPYU U HaADEraroIero
[IOTOKa B KaHaJIe B OCHOBHOM PacCMaTPHUBAIOT 00JIACTH BIyBa CTPYH, U IIPH 9TOM, KaK IIPABUIIO,
Ha BepXHell IpaHUIle CTABATCS PAHUYHBIE YCJIOBHSI CUMMETPUM WU CBOOOIHOIO TOTOKA [1—3],
9TO 3HAYUTENHHO ODJIErdaeT pelreHne MoCTaBIeHHbIX 3amad. OIHAKO 9TH 3ala9K HE ITO3BOJISIIOT
B [IOJIHOW Mepe U3y4aThb B3auMOJEHCTBUE yAAPHOI BOJIHBI C IIOIPAHUYHBIM CJIOEM.

Mexanu3m 06pa30BaHUs YIAPHO-BOJIHOBON CTPYKTYPBI BBIIIEYKA3AHOTO TEIEHIS XOPOIIIO OITH-
can B jinreparype [1-7]. Cxemaruyeckasi KapTuHa OTOKa B 06JIaCTH BJlyBa IIPEJICTABICHA HA PU-
cyuke 1, e 1 - roJI0OBHO# CKaY0K yILIOTHEHNS, BOSHUKAIOIINI BCJIEICTBAE TOPMOYKEHUsT HADerao-
IIIeTO TTOTOKA TepeJt CTpyeil, 2 1 3 - KOCOU U 3aMBIKAIONINI CKAYKH YIIJIOTHEHUSI, COOTBETCTBEHHO.
TlosoBHO#, KOCOIT 1 3aMBIKAIONINI CKAYKN YILJIOTHEHUs, IIePeceKasich B OIHOI TOUYKe, 00pa3yoT
A-00pa3HyIo yIapHO-BOJIHOBYIO CTPYKTYPY. Ha cxeme mepes crpyeit m300parkKeHbl BUXpH, 00pa3o-
BaHHbBIE B PE3y/IbTaTe IMEPBUYHOIO U BTOPUIHOIO OTPBHIBOB IIOTOKA OT CTeHKH. [Ipu 3TOM BUXDB,
PACIIOJIOXKEHHBIN OJImKe K CTpye, ABUKETCA IPOTUB YaCOBOW CTPEJKH, & BUXPb, OTCTOSIIUI Ha
DOJIBIIIEM PACCTOSIHUY OT Hee, JIBUKETCsI I10 TacOBOit CTpeJIKe [4—6]. Tak>Ke Ha pUCyHKe IIPUBEIEHA
OTPBIBHAA 00JIACTH 3& CTPYeil, KOTOpas BO3SHUKAET BCJIEJICTBUE 30HBI pa3psizkeHusi. Kpome Toro,
Ha cxeMe TedeHus (puc. 1) mokasaH cjiabblil CKAYOK, KOTOPBIH 00pa3yeTcst 3a COIJIOM BJyBa IIPU
HATEKAHUU HA CTEHKY ITOTOKa, OOOIHYBIIIEr0 BIyBaeMyIO CTPYIO.

Ciemyer oTMeTUTH pabOThI, Tje U3Yy9eHO B3aMMOJIEHCTBHE IIaJIalolleil yIapHOH BOJIHBI, HO
yKe C MOrpaHuYHBbIM cjioeM. JlanHoit mpob/ieMe HMOCBSIIEHO 3HAYMUTEILHOE YHC/I0 KaK IKCIIEPU-
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OTpeIEHaA 30H3
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Puc. 1. Cxema Teyenud

MEHTAJIbHBIX, TaK U TeopeTndeckux pabor [8-9|. Ilpu srom wmcciiemoBanusl, OCBSIIEHHBIE B3a-
UMOJIEHICTBHUIO y/IAPHON BOJIHBI C IOIPAHUYHBIM CJI0EM B YCJIOBHUSIX BHYTPEHHEro TypOyJIeHTHOIO
Te4YeHUsI, IPAKTHIECKH OTCYTCTBYIOT. CXxeMaTndecKas KAPTHHA B3aUMOJIEHICTBUS YIaPHON BOJIHBI
C HOI'DAHMYHBIM CJIOEM Ha BEpPXHell CTeHKe TaKxKe IPHBeJieHa Ha pucyHke 1. 31ech 1 - rojosHol
CKa4YOK YIJIOTHEHUSsI, T alOIINil HA BEPXHIOIO CTEHKY, 4 - BoJIHA cxKaTusl, obpasyeMasl BCJIeJCTBUE
BBITECHEHUSI CBEPX3BYKOBOI1 YaCTU IIOI'PAHUYIHOIO CJIOSI BO BHEIIHUI IIOTOK IIOJI0KUTEIBHBIM I'Da-
JIMEHTOM JIaBJIEHUSI, b - OTParKeHHbII CKAa4YOK yIUIOTHEHUs, 6 - BOJIHA CyKaTHsl, BOSHUKAIOIIAsl B
MeCTe IPHUCOEIMHEHNUs] OTPLIBHOIO OTOKA. Tak, B pabore [8| npuBe/ieHbI Pe3y/IbTaThl Pacieros,
HOJIyY€HHBIX METOJIOM KPYIIHBIX BUXpeil. OCHOBHOEe BHUMAHUE YJIEJSEeTCA U3y IeHUIO CTPYKTYPBI
Te4YeHUsl, Pa3MePOB OTPBLIBHOII 30HBL, a TaKKe JIMHAMUYECKHX U TEIJIOBBIX HAIPY30K, PeaIn3yIo-
IUXCsE IPU 9TOM B3anMozeiicreun. B [9] ucciienoBanbl yeaoBusi, Ipu KOTOPBIX YIOJI HAKJIOHA U
UHTEHCUBHOCTD YJIAPHON BOJIHBI IPUBOJIAT K OTPBIBY MOIPAHUYHOIO CJIOH.

ITpakTnyeckuii HHTEPEC CBEPX3BYKOBOI'O TEUEHHS C BIYBOM CTDYil B KaHaJle CBSI3aH C BO3HHU-
KaIOIIMMH Harpy3KaMI KaK Ha BEDPXHIOIO, TaK U HA HIDKHYIO CTEHKH KaHaJsta. [Ipu sToMm odueBmiHO,
YTO CTPYKTyPa B3auMOJeiicTBH OyeT CyIIeCTBEHHO 3aBUCETh OT IaPDAMETPOB BIlyBaeMOil CTpyH,
a TaKKe OT BBICOTHI caMOro KaHasla. Ha ceroqHsImHMil neHb, Kak ObLIO yKa3aHO BbIIIe, IIPOOJIEMbI
B3aMMOJIECTBUS YJIAPHON BOJIHBI C BIyBaeMON CTpyell M C IOIPAHMYHBIMU CJIOSIMA B OCHOBHOM
PaccMaTpPUBAIOTCS 110 OTJEIBHOCTH. DTO CBA3aHO HE TOJIBKO CO CJIOKHOCTBIO YNCJIEHHOI peaJiu-
3aIMU CJIOKHOT'O XapaKTepa TeUeHUs] I MHOIOKOMIIOHEHTHOCTBIO PACMATPUBAEMOI'O ra3a, HO U C
HAJIMYMEM BEpPXHell CTEHKH, YTO TpeOyeT HaJIeXKHBIX YHUCJIEHHBIX METO/IOB pacyeTa.

TpyaHOCTH, BO3HHUKAIOIINE IIPDH YUCJIEHHOM PeIIeHNHN BBIIIEONNCAHHBIX 3a/ad, He II03BOJIs-
IOT B HOJIHOM O0beMe M3YUHTh CTPYKTYPY KaK B3aUMOJIEHCTBUS CTPYHU C HOIEPEYHBIM IIOTOKOM,
TaK ¥ B3aUMO/IEHCTBUS 11aJIAIOIIEN YIapHON BOJIHBI C IIOIPAHUYHBIM CJIOEM B 3aBUCHMOCTH OT
OCHOBHBIX TapaMeTpoB. OcHOBHAs IPOOJIEMa YHCIEHHOI'O MOJIETUPOBAHNS 00YCIOBJIEHA TEM, UYTO
UCIIOJIb30BAHKE CXEM BBIIIE IIEPBOIO MOPSJIKA BbI3bIBAET OCIUJIISINU B PEIIEHUsIX, Pa3PbIBbI B
paccuuThIBaeMbIX MYHKIUAX. B HacTosIee BpeMs JJIsl pelleHns] TAKOIO0 POJa CJIOXKHBIX 3a/ad
HINPOKO NPUMEHSIIOTCSI KBA3UMOHOTOHHBIE KOHCEPBATUBHBIE CXEMbI IIOBBIIIEHHOIO MOPSIJIKA all-
IPOKCHMAINN 0e3 BBeJEeHUs] MCKYCCTBEHHBIX JINCCHIIATUBHBIX 4WIeHOB, Takne Kak TVD cxeMbl
(Total Variation Diminishing schemes). IIpu 5T70M UX OCHOBHOII HEJOCTATOK COCTOUT B TOM, UTO
B OKPECTHOCTH Pa3pbIBa PEIeHns IOPSI0K TOYHOCTH HOHIZKAETCS JI0 IEPBOI0. DTO 0O6CTOSATENb-
CTBO IIPUBOJIUT K TOMY, UTO CKAUYKH YIUIOTHEHUs, BO3HUKAIOIINE B TE€IEHUH, MOTYT OBITH CHJILHO
pasmasanbl. Cxembl ENO (Essentially Nonoscillatory Schemes), 1 WENO cBoGo/isble o1 Bbiliie-
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yKa3aHHBIX HEJOCTATKOB, M3JI0XKeHbl B paborax [10-11]. B pa6ore [12| aBropsr passuaun ENO-
cxXeMy Ha OCHOBE ujier Meroja [oJyHoBa U IMOKa3aaIu NPUMEHUMOCTb CXEMbI K PEIICHUIO 3aaun
CBEPX3BYKOBOI'O TEUCHUS MHOIOKOMIIOHEHTHOI'O Ta3a B IJIOCKOM KaHAaJe ¢ BIAYBOM IHEPICHINKY-
JIAPHBIX CTPYH.

[esb mannoit paboTHI - IUCIEHHOE MOJIEINPOBAHNE B3aUMOICHCTBHISA YIaPHOI BOJIHBI C IIOTpa-
HUYHBIM CJIOEM, KOTOpasd BOZHUKAET B IIOCKOM CBEPX3BYKOBOM TEUEHHH BO3/yXa C IIOIEPEYHO
BJIyBaeMOil 3BYKOBOI CTpyeil BOI0opO/ia ¢ HUXKHEH CTeHKH.

2 IlocTaHoBKa 3amadmn

PaccmaTpuBaeTcs cBepX3ByKOBOe TedeHUE BO3yXa C IOIIEPETHBIM BIYBOM CTPYU C HU2KHEHN CTeH-
KH IPSIMOYTOJIbHOTO KaHasa (pucyHok 1). Cucrema JByMepHBIX ocpejHeHHbIX 110 PaBpy ypas-
unenuit Happe-Crokca J1j1si MHOTOKOMIIOHEHTHO# Ia30BO#l CMECH OTHOCUTEJIFHO JICKAPTOBBIX KOOD-
IWHAT B KOHCEPBATUBHOU (hOpPMeE MPECTABJISIETCS B BUIIE:

U 9(E-E,) O(F-F,)
- -

v o 5. 0 (1)

U = (p, pu, pw, By, pY3)"

E = (pu, pu® + P, puw, (Ey + P)u, pu¥y)"
2 T

F = (pwnauvaw + P, (Et + P) wnOka) s

T
E, = (07 Texs Tz, UTex + WTry — Qg Jcck) s

T
F, = (Oa Tazy Tazy UTpy + WTzy — sz, Jzkz) 5

-1

T Yy, al
p &
=L o (%) Yyo
Yoo MEW kzl Wi ;
1 ol r
_ P 2 2 _ _ 10
Et_i%oMgoh—P—kgp(u +w?), h—ZYkhka hk—hk+/cpde’
k=1 7
" 2
Cpk = Cpk/Wku Tyx = E 2uy — g (uiB + wz) ’
Toos = il QZUZ—g(Ux‘sz) sz:sz:ﬂ(uz—FwI)
Re 3 ’ Re ’
Np Np
:#)(E; o :(“)@L hJ
dx <P7“R6 o + 'YooMgo ; kJzks 4z PrRe) 92 + %oMgo ; kJ 2k
Jopm MO OV
k= T ScRe 0x° “* T T ScRe 9z
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Cucrema ypasraennit (1) 3anncana B 6€3pasMepHOM BHJE B OOIIENPUHATHIX 0003HAYCHUSIX,
B KQ4YeCTBE OIPEJIE/ISIIONINX IPUHATHI TaPAMETPhI MMOTOKA Uso, Poo, Loo; JaBiIeHNEe P u mojiHas
sHeprusi By oTHeceHbl K 3HAYEHUIO poougo; TenbHAsT SHTANBINS Ry - K R0T s /Weo; MOJISIDHBIE
yaenbuble TermnoemkocT Cpy, - K R: xapaKTepHBIM 1apaMeTPOM [JIHHBI SIBIISIETCS IHAMETD COI-
Jia. Besmmawna Y}, - MaccoBasi KOHIIEHTpaIusl k-Oif KOMIIOHEHTBI; HHJIEKC MacCOBOI KOHIIEHTPAIII
k =1 coorsercrByer O2, k = 2 - Hy, k = 3 - No; N, = 3 - 4nC/I0 KOMIOHEHT cMecH ra3os. Wy
- MOJIEKYJISIDHBIN Bec k-oif kommoneHTHI; Re, Pr, Sc - aucna Peitnonbica, Hpamaras u Hmur-
Ta, COOTBETCTBEHHO; Tyu, Toz, Tazy Tex - TEH30PBI BA3KUX HAIPSIKEHUN; ¢y, Gz y Jik, J k- TEIIOBBIE U
muddysuonnsie moroku (aud dy3uoHHbIE TOTOKHM BBIYUCISIIOTCS 110 3aKoHY Duka); u = py + fut
- apderTrBHAS BI3KOCTD (OMpeE/IessieTcss Yepe3 CyMMY JIAMUHAPHON 1 TYPOYJICHTHOM BSI3KOCTH).
st onipesiesieHus fi; UCHOJIB3yeTCsT k — w MOJEIb TYPOYJIEeHTHOCTH.

3 TI'panuynbie ycioBus

Ha Bxone:

Yi = Yioo, Wi = Wieo, P = Poo, T = Ti,

U = Moo /Yoo R0T o0/ Woeo, w =0, =0, 0<z<H;

BO BXO/IHOM C€U€HNH BOJIM3M CTEHOK KAHAJIA 38IaeTCsI IIONPAHUYIHBIN CJIOH, TOIIIIHA KOTOPOTO
omupegensiercst o gopmyiae 4 = 0.37x (Re)_0‘2. Takzke 3asaercst npucrennbiit ciaoit (10% or
HorpaHuaHOro cjiosi) d2 = 0.161. IIpojonbHast cocrapsionas CKOPOCTU IPUHUMAET CJIe Ly IO
BUI;

2
u=01(Z)+09(Z) , 2=0, 0<2z<d.
02 2

B Pa3BUTOM Typ6yJIEHTHOM IIOI'paHUYIHOM CJIOE HpO(I)I/IJIb HpOﬂOJIbHOfI CKOPOCTH 3aJaeTCd
CTCIICHHBIM 3aKOHOM:

N7
uz() , =0, 0y<2<6.
01

B zaBucumocTn oT pacipejiesieHnus CKOPOCTU 3HAYUEHHUS] TEMIEPATYPhl U IJIOTHOCTHA IPUMYT
BUI:

T=Ty+u(l—T,), p=1/T,

e Ty, = (1 + T@Mi}) - TeMIlepaTypa Ha cTeHke, 1 = (.88.
Ha mesmu:

Yi = Yo, Wi = Wio, P = nPs, T = Tp,

u=0,w = Mo\/v0RoTo/Wo, z2=0, Ly<z<Ly+h;

(n = Py/Px - crenenn HepacuerHoctu, Py, Py, - maBienue B cTpye u B moroke, My, My, -
qncao Maxa ¢Tpyu U MOTOKa, COOTBETCTBEHHO, MHIEKCHI (), 00 OTHOCSATCS K IapaMerpaM CTPYH 1
[IOTOKA);

Ha HIYDKHEI ¥ BepXHeil CTeHKaX 3aJ1aeTCsl YCIOBUE IPUJINIAHNS U TEIION30JIAINT; Ha, BBIXO/I-
HOIi IpaHUIle 3aJIAI0TCsI YCJIOBHs HeoTpaxkenus [13].
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4 Meton perieHus

Ha nwmxkneit 1 BepxHeil cTeHKaxX B IHOIPDAHUYHOM CJIO€, & TaKKe Ha YPOBHE IIEJIU, BBOJUTCS CIy-
I[IEHUe CeTKU Jjisi 6oJiee TOYHOrO YUCJIeHHOrO pernenus. Torjga cucrema ypasuenuii (1) B npeo6-
Pa30BaHHON CHCTeME KOOPJUHAT 3AIUIIETCS B BHUJIE:

oU OE OF 0Eyn 0B, 0Fy 0F,
Tt = + + (2)
ot 0& an ¢ 0& on an

tne U=U/J, E=&E/J, F=n,F/J, Eyo=E,Ew/J, Eypm =& Ewm/J, Fyo =nFy2/J,
Fom =n.Fym/J. J=0(&,1)/0(x, 2) - SAxkobuan mpeoGpaszoBanmsi.

[Tapamerpsl 1peobpaszoBaHus KOOP/MHAT OIPOOHO onucanbl B [10,12].

B nammoit pabore KOHBEKTHBHBIE UIEHBI AMMPOKCUMUPYIOTCS ¢ ucnoab3oBanneM WENO-
CXeMbI, UJesl TOCTpOeHusT KoToporo ocHoBaHa Ha ENO-cxeme, 1opoOHO M3JI0XKEHHOI B pabo-
re [10]. B npemnaraemoit WENO-cxeme 1npyu HHTEPIOJIMPOBAHUA KyCOYHO-IIOCTOSIHHOM MOJIMHO-
MUAJIBHON (DYHKIMH MPUMEHSAIOTCS MTOJUHOMBI HBIOTOHA TpEThero mopsijika U, BMECTO BbIGOpa
OJTHOTO WHTEPITOJISAIIHNOHHOTO TTOJTMHOMA, MCIIOJIb3YeTCsT BBIMTYKJIas KOMOUHAINS C BECOBBIMU KO-
spdunmeHTaMu BCeX MPEJICTABIEHHBIX MMOJMHOMOB. 3a CYET 9TOTO JIOCTHTAeTCs CyTIEeCTBEHHO-
HEOCIIUJIJIPYIIee CBOMCTBO CXEMBI, IOBBIIIAIOIIEE HOPSIOK AIMIPOKCUMAIIAN CXEMBI.

Pemmenne cucremsr ypasrennii (2) moapobro onucano B [10,12].

HO MU3BECTHBIM 3HAYEHUAM UCXO/IHBIX ITEPEMEHHBIX BbITUC/IAECTCHA 110JIE€ TEMIIEPATYPhl C ITIOMO-
HIO CJIEYIONIETO YPABHEHUST:

p 7 1 2 2
T)= B~ — (H(T) = RT) = Sp(u?+w?) =0 3
FT) = B = s () S0 (4 + w?) =0, 3)
re H - MOJSIpHAST SHTAJIBINS CMECH Ta30B.
Pertenne anrebpandeckoro ypasHenus (3) OTHOCUTEIHHO TEMIIEPATYPbI OCYIIECTBIISIETCST UTe-
pannoHHBIM MeTomoM HbioroHa-Padcona, 0b61agar0mmnM KBaIpaTUIHON CKOPOCTBIO CXOANMOCTH

[10,12].

5 Pe3yabTaThl pacdeToB M UX aHAJIN3

[IpenBapuTeibHO peImaeTcst CJIeyIOIIasi TECTOBAasT 3a/lada;: paCCMATPUBAETCST TIJIOCKOE CBEPX3BY-
KoBoe Tedenne Bozayxa (Mo = 2.9, Py, = 0.0663M Pa, Ty, = 108K) ¢ nepreHuKyIsgpHBIM
BIyBOM 3ByKoBO#i crpyu remusi (Ty = 217K, Py = 1.24Mpa) 4epe3 miejib Ha HUMXKHEH CTEHKE
mupunaoi 0.0559cm. Boicota n mmpuna xkamana H = 7.62cm u L = 25¢m, cOOTBETCTBEHHO.
Crymenne ceTKu BOJM3KM CTEHKH OCYIIECTBJIAETCA TAKUM OOPa3OM, YTO IS MPUCTEHHOI'O CJIOSI
MPUXOAUTCS 5-8 y3JIOBBIX TOUYEK II0 HAIIPABJIEHUIO OCH Z, & PACIeT BCErO IMOTPAHUIHOIO CJIOS
BBIIIOJIHAETCSI C UCIOJIb30BaHneM 35-40 y3JI0B pacyeTHOl CeTKH.

B nammom skcnepuMenTte Heobxogmumo sHaHHE Cpp (MOJISIDHBIX yJIEJIbHBIX TEITI0eMKOCTE )
kommoueHT Oo, No, Ho ipu Temneparype auzke 300K . 31ech HCIOIB3YIOTCsT S9KCIIEPUMEHTAIbHbBIE
JaHHble PaboTHI [14], B KOTOPOIi IPUBE/IEHB! 3aBUCHMOCTH Cpi, OT HU3KHX 3HAMEHUIT TeMIIePATyPhI.
[TocTpoenne momHOMa, OCYIIIECTBIISIETCS C IIOMOIIBIO METO/1a HAMMEHDBIITIX KBaIpaToB. s sToro
COCTaBJIIETCS CUCTeMAa JIMHENHBIX aﬂI‘e6paI/I‘IeCKI/IX ypaBHeHI/Iﬁ OTHOCUTEJIbHO HEU3BECTHBIX M-
[UPUIECKUX KOHCTAHT {(;}, pelenne KOTopbix mpousBoautcst MeronoM LU-pasnoxenunst. Haii-
JICHHBIC TaKUM 00pa30M 3HAYCHUs {(v;} UCIOIB3YIOTCS JUIsl ONpeIe/eH s IPOMUIIs YIeabHOI
TEIJIOEMKOCTH KHUCJIOPO/Ia, a30Ta U BOIOPOJIA.

Ha pucynke 2 nokasaHbl pacCYuTaHHbIE U U3MEPEHHbIE 3HAYECHMS PACIIPEIe/IeHns] IaBIeHNs
Ha CTeHKe Iiepe meibio u 3a Heii. Kpusbie 1, 2 - ynciennsie pacderst WENO u ENO cxemamu,
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COOTBETCTBEHHO; ® ® @ - SKcIepuMeHT u3 paborsl [1]. Ha pucynke BujiHO XOpoliee corimacoBaHue
YHUCJEHHBIX W IKCIIEPUMEHTAJbHBIX JTAHHBIX IIE€PEJ] IMIEJTbI0, OJHAKO 3a INeJbI 3HAUYEHHUs] OKa-
3a/ICh 3aHMKeHHbIMHU. KpuBasi, mosyueHHas ¢ ucrnoib3opanneM WENO-cxeMbl, pacrojoxkeHa
HIXKe KPUBOM, COOTBETCTBYIOIIEH SKCIEPUMEHTaM, U KpuBoii, moaydennoii mo ENO-cxeme, aTo
TaK»Ke MOXKHO OObSICHUTL juccunaruBibiMu cBoiicrBamMu WENO-cxembl. B 1iejiom MOXKHO oTMe-
TUTDH YAOBJIETBOPUTEIbHOE COTJIACOBAHUE PE3YIbTATOB PACUETOB C U3MEPEHUSIMU ONBITOB.

P/R, 4 |
3.5 ‘

CM. OT Wwenun

Puc. 2. Pacupe/iesieHne JjaBjieHnsl Ha CTEHKE: ® @ @ - 3KcrepuMeHT paborsl [1], kpusasi 1 - WENO-cxema, Kpusasi

2 - ENO-cxema. Moo = 2.9, Psy = 0.0663M Pa, Too = 108K, Ty = 217K, Py = 1.24Mpa

JlunaMuKa CXOJIUMOCTH YHUCJECHHOTO PEIEHUsI WLIIOCTPUPYETCs HA PUCYHKE 3, JTAHHBIC pe-
3yJIbTaThl ObLIM TOJydeHbl Jjs ceTku ¢ y3iaamu 301x281 gng WENO u ENO cxem coorsert-
crBenHo (KpuBasi 1 u kpusasi 2). B 060ux cirydasix CKOPOCTb CXOJAUMOCTH PEIeHUsT OKA3bIBAETCSI
JIoBOJIBHO BbIcOKOH. Omnako gt WENO-cxeMbl KpuBast CXOAUMOCTH JIEXKAT HUKE JIMHUN 2 U He
obiamaer cuibHbIMU (birykTyanusivu, npucymumu ENO-cxeme.

o
1

LnE |

N
T

3
T

Puc. 3. /lunamuka cxoguMocTn yucjaeHHoro pemntenusi: Kpusast 1 - WENO-cxema, kpusas 2 - ENO-cxema. Mo, =
3.75, Poo = 11090Pa, Too = 629.43K, Pr = 0.7, Re = 62.73 - 10°, T, = 800K, n = 10.29

5.1 UVccanenmoBaHue BIUSIHUS HIMPUHBI CTPYU

Huxke, na pucynkax 4-6, npuBeieHbl pe3y/IbTATHI PACUETOB 33/Ia9H IJIOCKOT'O0 CBEPX3BYKOBOT'O Te-
YeHUs BO3/IyXa C IIOIIePEeYHBIM B/IyBOM 3BYKOBOIl CTPYHU BOJIOPOJA Uepe3 leJIb Ha HUKHel CTeHKe.
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B nocrapsiennoii 3aj1a4e BapbupyIOTCs pa3MepPhI eI BIyBaeMOil CTpyH, T.€. paCCMATPUBAIOTCS
Tpu cirydas dbusndeckoiil mupunbt mwesu (hy, ho, hg). B nepsom ciaydae obespasmepeHHble napa-
MEeTPBI BBIYUCIUTEIbHON obacTu OyayT cienyomumu: h = 1, L = 125 u H = 20, Torma kax s
Broporo ciaydasi: h = 1, L = 100 u H = 16, aro coorBercrByeT he = 1.33h1, u JUisi TpeTbEro:
h=1, L=7u H=12,a hg = 1.66h;.

[TapaMerpbl Haberaiomero noroka ciaeayionme: My, = 3.75, Too = 629.43K, Re = 10,
Pr = 0.7; y ctpyn 1Ty = 800K, napamerp HepacuerHoctu n = 15. Hucsennble sKCIepuMeHTHI
10 U3YYEHUIO B3AUMOIEHCTBUSA CKAYKOB YILJIOTHEHUS C IMOIPAHUYHBIMU CJIOSIMU JIJIS PASTHIHBIX
IIUPUH TeJsieil peJicTaBIeHbl Ha pUCyHKe 4 - pacnpejesenne uzobap (4a - hy, 46 - hg, 4B -
hs). B pesysnbrare B3anMoJeiCTBUsI KaK CTPYH ¢ HABEraroluM HOTOKOM, TaK U TOJOBHOIO CKad-
Ka YIUIoTHeHus (1) ¢ BEepXHUM IOTPAHUYHBIM CJIOEM Ha PUCYHKe 4 HabJIIoaeTcst o6pasoBaHme
CHUCTEM CKAYKOB YILIOTHEHUsI, KOTOPBIE COOTBETCTBYIOT PaHee M3YUCHHBIM U CXEMAaTUICCKH MPE/I-
CTaBJIEHHBIM Ha PUCYHKe 1.

T T
100 110 X120 125

80 90 X 100

T T
64 X 72 75

Puc. 4. Pacupezenenne nuzobap Jjis MUPUHLL Wwenn: a) hi, 6) he, B) hs, To = 800K, Mo = 3.75, Too = 629.43K,
Re =10°%, Pr=0.7

Kak cnemyer usz pucynka 4B st hs, ckadok (3) c1abo BbIparKeH, TOrIa Kak s JBYX JIPYIHX
ciaydaes (pucyHku 4a, 6) OH OTUETJIMBO IIPOCMATPHUBAETCs. Takyke n3 rpacdukoB HAOJIOIAETCS
COKpAIIEHHE J[JIMHBI TOJIOBHOIO CKadka (1).

Pasmepbl A-06pa3HOil yIapHO-BOJHOBOI CTPYKTYPLI Ha BEpPXHEH CTEHKE S3HAYUTEHLHO BO3-
pacTalT ¢ POCTOM MIMPUHBI MIEJIH, 9TO MOXKHO HabJIIOIaTh U3 CpaBHEHNUsT PUCYHKOB 4a-4B. 3ech
BUJIHO, YTO YBEJNYICHIE IMUPUHBI CTPYH IPUBOUT K TOMY, YTO BOJIHA cxkaTus (4), chopmMupoBas-
ICh BOJIM3U BepXHEHl CTEHKHU, CYNIECTBEHHO CIBUTAETCS 10 HAIPABJIEHUIO K BXOJHON I'DaHUIIE.

Ha rpadukax m3obap 4 XopoIno mpocMaTpuBaeTcst 1ucK Maxa, pasMepbl KOTOPOTO H3MEHSTIOT-
Cs1 HEOMHOBHAYHBIM 00pa30M, XOTs OOIIEN3BECTHO, YTO BO3PACTAHIE PAa3MEpPOB SN IPUBOIUT K
pacIupeHnto 60IKOOOPA3HOM CTPYKTYPHI B CTPye U, KaK CJIEJICTBUE, K yBeJIUIEHUIO AucKa Maxa.
Taxkoit poct paszmepos gucka Maxa 00bsICHIETCS T€M, UTO B cIydae hg IMPOUCXOAUT CMEIEHUE 30-
HBI OTPBLIBA B CTOPOHY BXOJHON I'DAHMUIILI, COOTBETCTBEHHO PACCTOSIHAE MEXK/Yy CTPyeil U BepXHeil
BO3BPATHO} 00JIACTHIO CTAHOBUTCSI MUHUMAaJIbHBIM (KOH(DY30p). Besegcrsue sToro naberarommit
[IOTOK CYILECTBEHHO YCKOPSIETCs, TEM CAMBIM IIPEISATCTBYEeT PACIIMPEHUIO CTPYU.

W3 pucynka 4 ciemyer, 9TO IMOMHMO OOIIEN3BECTHON YIapHO-BOJIHOBOI KapTHHBI, 3/1€Ch I10-
SIBJISIETCST JIOTIOJIHUTE/IbHAST CTPYKTYpa, 00yCJIOB/IEHHAS B3aUMOIEHCTBIEM OTPayKeHHOI'O CKadKa
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(6) ¢ mOrpaHWYIHBIM CJIOEM Ha HUYKHEl CTeHKe 3a cTpyeil. Bumno, 4To B3amMmopeiicTBue HUXKHE-
IO HOIPAHUYHOrO CJIosi U CKadka (6) aHAJOrMYHO KapTuHe, HaOJ/IOJaeMoil Ha BEpXHEl CTEeHKe,
T.e. co3/aeTcs BoJiHa cxkaTust (7), KOTopasi pacupocrpaHsiercss B Buje ckadka (8). Takxke 3iech
npocMaTpuBaercs ciabasi orpaykeHHasi BosHa (9).

N3BecTHO, 9TO TIPU UCTEUECHUN HEIOPACIITUPEHHON CTPYH B IIOTOK JTABJICHUE B CTPYE CTPEMUT-
Cs1 BBIPOBHSITHCSI C JABJIEHIEM OKPYXKalOIllell Cpelbl, BCJIEICTBHE Yero IPOUCXOINT PACIIHpEHIe
crpyu ¢ oOpa3oBaHHEM CEeMEHRCTBA BOJIH Pa3perKeHMs, KOTOPbIE ABHXKYTCsS K I'PAHUIAM CTPYH,
dopMupyst BUCAYM CKAvIOK, 3aMblKaformuiicsa auckom Maxa. Pacnpemerenne mecTHOro wmciia
Maxa ( M = vu? + w?/c, 31ech ¢ - MeCTHasI CKOPOCTb 3ByKa) B 3aBUCUMOCTH OT ITUPUHBI IIe-
JIM TIpeJicTaBjIeHo Ha pucyHke 5. U3 rpadwmka caemyer, uro jgist hy (puc. ba) crpys, BILyBasiCh
CO 3BYKOBOH CKOPOCTBIO, YCKOPAETCS W Ha HEKOTOPOM PACCTOSHUU IIEPEXOIUT B CBEPX3BYKOBYIO
30Hy, (3Ha4YeHHe MecTHOro dncia Maxa yBesamauBaercs 110 2.5), 3areM Irpanuna obpa3oBasIieiics
CBEPX3BYKOBOI 30HBI 3aMbBIKAETCsI, OUepUIUBasi KPYT. TOT KPYT U COOTBETCTBYET OOUKE, OTIE/Is-
IoIell CBEPX3BYKOBYIO 30HY OT JI03BYKOBOI. B BepxHeil wacTtu 60YKM BOJHBI CXKATUS CXOISTCS,
obpasys auck Maxa. 3a 60UKOIf TeUeHHe 3aMeJIIeTC U CTAHOBUTCS JIO3BYKOBBIM CO 3HAYEHUEM
qucyia Maxa, paBabim (.4. B KOHEYHOM UTOre TEUYEHUE CTPYU, YCKOPAACH, IEPEXOJIUT B CBEPX3BY-
KOBYIO 30HY, a 3HadeHne uncia Maxa pacrer 10 M = 3 u Boimre. C yBemueHneM MMUPUHBI TEIN
HabJIIOIAETCsT 3aMETHBII POCT pa3MepoB KPyTra, 9TO MOXKHO IPOC/IEIUTh U3 CPABHEHUS] PUCYHKOB
ba n pucynkoB 56. OnHako, Kak ObLIO yKa3aHO paHee (M3 pacipe/iesIeHnst JaBICHNs), Ha PUCYH-
Ke DB YeTKO HabJIIOIAeTCs Cy>KeHrne OOYKU HECMOTPs Ha TO, 9TO 3JECh pasMep INEeIU ABJISIeTCs
MaKCUMaJIBHBIM.

0 8 16 24 32 40 48 56 64 X 72 75

Puc. 5. Pacnpenesenne mectaoro yuciaa Maxa mius mupuael menn: a) hi, 6) ha, B) hs, Top = 800K, Mo = 3.75,
Too = 629.43K, Re = 10%, Pr = 0.7

Pe3y.ﬂbTaTbI YUCJICHHBIX 3KCIEPUMEHTOB IJIsd II0JIgd BEKTOPpaA CKOPOCTH, IIpeJacTaBJ/IEHHLIC Ha
pucynke 6 (6a - hy, 66 - hy, 6B - h3), MOKA3BIBAIOT KAPTUHY BUXPEBOW CTPYKTYPBHI, BO3HUKAIO-
IIy1o 1nmpun BBaHMOﬂeﬁCTBHH CKa4YKOB YIIVIOTHEHHSA KaK C HU?KHUM IIOI'DaHUYIHBIM CJIOEM, TaK U C
BepxunM. Ha Tpaduke BUIHO, 9TO B 30He, MPUMBIKAIOMEH K CTeHKe, mepes cTpyeit dhopMupy-
IOTCsI J[Ba BUXPsi, 0OPA30BaBIINECs B pe3y/braTe IMepBUIHOTO U BTOPUIHOI'O OTPBHIBOB IIOTOKA, OT
cTerky. Hampapienus: IBIMKEHUST B HUX TPOTHBOITOIOXKHDIE BCJIEACTBAE TOTO, UTO YACTH TOTOKA
BO3JIyXa HEIIOCPEICTBEHHO BOJIM3U CTEHKH, [IPOXO/Isl YIACTKU KOCOIO CKadKa (2) 1 3aMbIKAIOIIErO
(3), moBopaunBaeT BHU3 K CTEHKE U IIPOHUKAET B 30HY OTPBIBHOTO TEUEHUsI, 32T€M PACTEKALTCs B
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MIPOTUBOIOJIOXKHDBIX HAlIpaBIeHUSX. [Ipu 9ToM BUXPDb, paCIIOIOKEHHDIN OJIMKe K CTpye, JIBUKET-
CsI IPOTHB 9aCOBOI CTPEJIKU, 8 BUXPb, OTCTOSIIUN Ha OOJIbIIEM PACCTOSTHUM OT Hee, JBUXKETCSI
[0 JaCOBOH CTpesKe, UTO HAOJIOMAETCS B MPEICTABJIECHHBIX Pe3yJbTaTaX PacueToB. 3a CTpyei
BOBHUKHOBEHHE BHXPEBOI 00JIACTH CBSI3aHO C 30HON HM3KHMX daBjieHuii. Ha rpadpukax MoxKHO
yBUIETh 00JIaCTh OTPHIBA Ha BEPXHEHl CTEHKe BCJIEICTBUE B3AMMOJIEHCTBHUSA T'OJIOBHOIO CKAdIKa
ymwtorHeHust (1) ¢ BepXHUM MOMpaHUYHBIM cj0eM. KauecTBeHHBIE KAPTHHBI BO3BPATHBIX 30H BO
BCEX TPEX CJIYYasaX aHAJOTUIHBI, OJHAKO KOJMIECTBEHHO OHU OTJIMYAIOTCH, T.K. Pa3MePHI OTPHIBA
MIOTPAHUYHOTO CJIOS Ha BEPXHEH CTeHKe CYIIECTBEHHO YBEJIMYUBAIOTCS C POCTOM MIUPUHBI IIEN.

Puc. 6. Pacupenesenue ojsi BEKTOpa CKOPOCTH JJIsl IIUPHUHBL 1ieau: a) hi, 6) he, B) hs, To = 800K, Mo = 3.75,
Too = 629.43K, Re = 10°, Pr = 0.7

Ha durype 6 (a-B), HOMUMO U3BECTHBIX CTPYKTYD, HAOJIIOIAETCsI JOTOJHUTEILHBI BUXPh Ha
HIKHEH CTeHKe HAa HEKOTOPOM PACCTOSIHUM 3a CTPYyel, KOTOPBIil chOPMUPOBAJICS B PE3yJ/IbTATE
B3aMMOJICHCTBIs CKadKa (6) ¢ HUKHUM [OMPAHUYHBIM CJIOEM. DTOT OTPBIB TAK¥Ke MOKa3aH Ha
KapTHHEe N30MaxoB B hopMe IUKOB Jyist JUHUA dncia Maxa, MeHbIINX euHUIbI (PUCYHKH 5 A,
6, B). Kak cieayer u3 rpadukos, ¢ BO3pacTaHHEM Pa3MEPOB IIEIH IIPOUCXOIUT €ro CMeIeHne B
cropony crpyu (cpasaenue puc. 6 a-B). Takum 06pa30M, MOXKHO CJIeJIATh BBIBOJ, UTO POCT Pa3-
MepOB I1eJin OyJIeT NPUBOJUTH K MOBBIIIEHUIO CMEIIEHUS BO3/IyXa U IOPIOYETr0 HEIIOCPEICTBEHHO
3a BIyBaeMOIl cTpyell BCJie/IcTBUE OOIUPHBIX 30H BO3BPATHBIX TEUEHUH.

6 3akJroueHue

C 1OMOIIbIO YHMCJIEHHBIX SKCIEPUMEHTOB U3yUeHa Y/IapHO-BOJHOBAsi CTPYKTYypPa U OTPBIBHAA 00-
JIACTh, BOBHUKAIOIAs BCJIEJICTBUE B3aANMOJIENCTBUS CKAYKOB YIIJIOTHEHUS C MTOIPAHUYHBIM CJIOEM
KakK Ha BepxHeil, TaKk U Ha HUKHEil CTeHKaxX KaHaJjla, B 3aBUCHMOCTU OT Pa3MepoB B/yBaeMoi
cTpyu. BpIsiBieHO, 9TO MOMUMO OOIEN3BECTHON YIAPHO-BOJIHOBON KapTUHBLI 3/€Ch TOSIBJISIETCS
JIOIIOJIHUTEJIbHAS CTPYKTYPa, 00yCJIOBIeHHAsI B3aUMOJIeficTBIEM OTPasKeHHOro ckadka (6) ¢ mo-
T'PAHUYHBIM CJIOEM Ha HUXKHEH CTeHKe Ha HEKOTOPOM PACCTOSHUU 3a CTPYeil, YTO MOIKET IpH-
BOJIUTDH K ITOBBIIIEHUIO CMEIIEHNs BO3/yXa U I'OPIOYEro BCJIEJICTBUE OOINMUPHBIX 30H BO3BPATHBIX
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Tedennii. VI30bITOUHOE HaBjIeHne Ha CTEHKAX BO3PACTAET C POCTOM Pa3MepPOB CTPYHU, UTO IPUBO-
JAT K YBEJIMYEHUIO HATPY3KM Ha CTeHKH KaHaJa. ColocTaBIeHne PacieToB C ONBITHLIMU JAHHBI-
MM TIOKa3bIBAET YIOBJIETBOPHUTE/ILHOE COIVIACOBAHNE PE3YJIHTATOB. TaKuM 00pa3oM, IpOoBeIeHHbIE

YUCJICHHbIE 9KCIIEPUMEHTDBI ITOKAa3bIBalOT O6pa30BaHI/I€‘ HOBBIX (bHSI/I‘IeCKI/IX SCI)(l)eKTOB, KOTOpbIE

MOI'yT OKa3aTbCd IOJIESBHBIMU JJId YyJIYHIIIEeHNd CMEIINBaHUA ITIOTOKa CO CprefI.
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AnsoTanusa. B pabore mpejioxkeH IMOAX0J K YCKOPEHUIO BPEMEHU MOJIEJIMPOBAHUS JIEKTPUYE-
CKOT'O TIOJIsI JIJIsl 3aJIa9U 30H/IMPOBAHUS C MCIOJb30BAHUEM CUTHAJIOB THUIA MEaHJp. Y MEHbIIEHIe
BPEMEHU MOJIEIMPOBAHUS JOCTUTAETCS 33 CUET MEePEX0Jia OT PEIIeHNs BOJHOBOTO YPABHEHHS C Bpe-
MEHHOI CXeMOH K [apaJjuleJIbHOMY DENIeHUIO Psijia ypaBHeHU [ eIbMroJibiia ¢ Ioc/Ie Ly oM 1peob-
pa30BaHUEM JIAaHHBIX BO BpeMeHHY0 00/1acThb. Jj1st mpeobpaszoBaHuilt MeK1y BpPEMEHHON U 4aCTOTHOM
00JTaCTBIO UCIOJIB30BAJIOCH OBICTpPOE TpeobpazoBanme Pypre. [IpuBeieHb! pe3yIbTATH MOIETUPOBA-
HUs JJIs PA3JIMIHBIX MEaH/POB M BBIIOJHEHBI OIEHKY MUHUMAJIHLHO HEOOXOAUMOIO ¥ OIITUMAaJIbLHOIO
KOJIMYECTBa, YACTOT, & TAK»Ke MACIITAOUPYEMOCTH 3aIa9i [0 BPEMEHU PEIIeHMS.

KoroueBbie ciioBa: BEKTOPHBIM METOJ, KOHEYHBIX IJIEMEHTOB, TPEXMEPHOE MO/JIEJIMPOBAHUE, IIpe-
obpazoBanne Pypbe, UMITYIHCHBIE JIEKTPOMATHUTHBIE 30HINPOBAHUSI.

1 Bsegenue

DIEKTPOPA3BEIKA BBIJIEISIETCS CPEJIN IPYTHX Me0(U3MIECKIX METO0B OOIBITIM Pa3HOOOpa3neM
MerouK HabroaeHuit. BosbmmHeTBo MeTo0B 3sekTpopasseaku (B3, U3, 3C u ap.)[1,2,3,4]
UCIIOJIB3YIOT B KA4eCTBE BO3OYAMTE ST MEPBUIHOIO MOJS MCKYCCTBEHHBIC MCTOYHUKH. B030yzK-
JIAIONIE CUTHAJIBI B TeHepaTopax MOIYT ObITb Pa3/JUYHON JJIATEJHBHOCTH U KOHMUTypaIuu B
3aBUCUMOCTH OT BBLIOPAHHOTO METOJ/a 30HIMPOBaHuii. B MeTone BepTHKAIBHBIX 3JIEKTPUICCKUX
sorpupoBanuit (B93) BropuuHoe mosie reHepupyeTcsi ¢ HOMOIIBIO MOCTOSTHHONO TOKa. B Mero-
JlaX YacTOTHBIX 30HupoBanuii (U3) renepupyercss u usMepsieTcsi MEPBUIHOE IOJI€ OTIPEJIEIeH-
HO{1 9aCcTOTHI WJIN y3KOTO Juana3ona 9actor. Merosr 3ouauposanus cranoBienneM (3C) moryT
UCIIOJTb30BATH PA3IMYHBIE UMILYJIbChI BO3OYKIAMOIIMX CUTHAJIOB (CUHYCOUIATIbHbIE, IIPSIMOYTOJIb-
HbIE, MEAHPBI U [IP. ).

CuUrHaJIBL, UCIOJIb3yeMbIe B TeHEPATOPHBIX YCTAHOBKAX, MOT'YT OBITH OJTHOIIOJISIPHBIMHA (CHTHAI
He [EePeXOJIUT Yepe3 HOJIb) U JIBYXIOJISPHBIME (CUTHAJ II€PEXOIUT depe3 HoJib). Kak npasuiio,
MMITYJTHCBI, IPUMEHSIEMBIE B reobu3uKe, 00J1a1aI0T CBOWCTBOM IEPHOIUTHOCTH, T.K. H3MEPSEMbIi
HOJIE3HBIA CUTHAJ OT IMeOJIOIMYECKON Cpelbl TaKKe COXpaHsieT CBOMCTBO nepuogmdnocTu. Hau-
6oJiee pacnpocTpaHenHoit GopMoil CUTHATIOB B reobU3HIECKOll almapaTrype sBJIsIOTCS CUTHAJIBI
THIIA MeAH/p WM MeaHjp ¢ naysoil. Mcrnosb3oBanue TaKuX CUTHAJIOB CBA3AHO € OOJILINON 1u-
PHHOI CIIEKTPa B aMILIUTYIHO-9ACTOTHONH XapaKTEPUCTUKE. DTO JAeT BO3MOKHOCTB IOJIYIUTH
OTKJIUK CPEJIbl OT PA3JIMYHBIX YACTOT B U3MEPSEMOM CHUTHAJIE W YBEJUIUTH UH(MOPMATUBHOCTD
U3MEPEeHNUil 110 CPABHEHUIO ¢ OJHOYACTOTHBIMU CHHYCOUIAIbHBIMU CUTHAJIAMHU.

MaremaTnvecKoe MOJETMPOBAHNE JTEKTPOMATHUTHOTO TI0JIs1, BO30YZKIAeMOTO CUTHAJIAMU TH-
a MeaHJIp, MO3BOJISET YTOYHUTH OCOOEHHOCTU M3MEPSIeMbIX CUTHAJIOB OT B3aMMOJIEHCTBHA pas-
JINYHBIX TEOJIOIMYECKUX CpeJ ¢ MepBUYHBIM moJieM. Vcrmomb3yemast IJist 3TOro MaTeMaTHIecKast

* Pabora BbinosHeHa npu dhuHancoBoii noggepxkke POOIU (rpaunr Ne 13-05-12031 odu-m)
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MOJIEJIb 3TO THIEPOOINIeCKOe yPaBHEHNE BTOPOTO MOPSIKA OTHOCUTEIBHO HAIPSIKEHHOCTH DJI€K-
TPUYECKOTO TOJIsI. DTa MATEMATHIECKas MOJE/Ib OMUCHIBAET PACIPOCTPAHEHUe 3JIEKTPOMATrHUT-
HOT'O TI0JIsT KaK I10 MPOCTPAHCTBY, TaK U BO BpeMeHu. [losToMy sj1s1 perreHust 3TOTO ypaBHEHUS
TpebyeTcst IBa TUIA, JUCKPETU3AIMIA: TPOCTPpaHCTBEHHAsI B BU/IE CETOYHOIO Pa30OUeHUsI U BpeMeH-
Had B BUAE CXEMBbI aIlllIPDOKCUMaIIUN II0 BPEMEHN. B pa60Te N CIIOJIB30BAH BeKTOprIfI METO/, KO-
HEYHBIX JIEMEHTOB [5,6] Ha HECTPYKTYPUPOBAHHBIX CUMILIAIUAIBHBIX Pa3OUeHUsX (TeTpasphl)
B Ka4ueCTBE METO/a JUCKPETH3AINN IO MPOCTPAHCTBY. TeTpasnpalibHble pa3dUeHusT TO3BOJISIOT
OIMCBHIBATH MOJEIU CPeIbl JII000W CJIOXKHOCTU: B TOM YHCJIE C JIOKAJbHBIMU KPHBOJIUHEHHBIMEI
00beKTaMU U HAKJOHHBIMUA BHYTPEHHUMU IpaHunamMu. bazucuble HyHKIINM, HA KOTOPBIX UIETCS
KOHETHOIJIEMEHTHOE pPeIlleHne, acCOIMUPOBAHBI C pedpaMu CEeTKH. B reoMeTpuvaecKn CJIOXKHBIX
u OOJIBIIIX OOJIACTAX Pa3MEPHOCTh 3aJa4Yld MOXKET JOCTUIaTh MUJIJIMOHOB Hem3BeCTHBIX. JIiis
AIIPOKCUMAIIMHN 110 BPEMEHU WCIOJIB3yeTCd HEesIBHAsT BPEMEHHAsl CXeMa, TPeOYIOIas PeIreHust
cucreMbl JinHeiHbIX anrebpandeckux ypasHenuii(CJIAY) na kaxkjom miare mo spemenu. Jljist
perernst CJIAY ¢ 6oJbIINM HyJIb-sIIPOM, COOTBETCBYIOIIEMY rot-rot omepaTopy, HeOOXOIUMO HC-
[0JIb30BAHUE CIIEIUATBLHBIX MHOIOYPOBHEBBIX peraresei [5,7].

ILTIH CJIO?KHBIX I'€OJIOTUYIECKHUX Cpel 1 JJINTEeJIbHBIX B036y}K,ZLaIOH_[I/IX UMITYJIbCOB DEIIEHUE 3a-
Ha4an TpedyeT OOIBIINX BPEMEHHBIX M BBITUCINTEILHBIX PEecypcoB. B pabore mpeajioxken crocob
YCKOPEHUs pelieHns 33Ja4di ¢ IOMOIIbIO IIPUMEHEHHUs MeToma ObicTporo npeobpasosanus Dy-
pbe U IapaJileIbHBIX BblUnceHnii. I3BecTHO 9T0, YTOOBI BOCCTAHOBUTL (PYHKIUIO C IIOMOIIHIO
obparHoro mnpeobpazoBanus Pypbe He 00s3aTETBHO 3HATHL 3HAUCHUS PA3JIOXKEHUS Ha BCEX Ua-
crorax. [Ij1s Toro 9To0bI MOy YNTh KPUBYIO BO BPEMEHHON 00JIACTU C HEKOTOPOI MTOIPEITHOCTHIO
HeOOXOMMO 3HATH 3HAYEHUS Ha, OUPAHUYUEHHOM HAOOPE YaCTOT ¢ MaKCUMAJBHON aMILIATYIOMH.
Bocmoib3oBaBmmes TuM [T penteHns 38391 MaTEMAaTHIeCKOTO MOIETNPOBAHUS HECTAIMOHAD-
HOT'O ITPOIECcCa MOXKHO 3aMEHUTDH BBITOJTHEHIE MHOXKECTBA, IArOB BPEMEHHOM CXeMbI Ha, PellleHune
HECKOJIbBKUX JIeCATKOB ypaBHeHmit [eabmrosibiia B gacToTHO# obsactu. Ilocie wero Boccrano-
BUTH KpPUBbIE M3MEPEHUsI BO BpeMeHHOil objracTu. Takoii moaxoa Ipu pa3yMHOM BBIOOpE 4acTOT
IIO3BOJIAET CYyHIECTBEHHO COKPATUTH BBIYUCIUTEBLHBIE 3aTPAaThl U pellaTh 3a/ia49u IIapaJlJIeJIbHO.

2 MaremarudyeckKasi MOJeJIb

DJIEKTPOMArHUTHOE II0JIE OLHCHIBACTC cucTeMoil ypasrennii Makcsesna (1) — (4)

0B
VxE——ﬁ (1)
VXH:%—FJ—FJE (2)
V-D=p (3)
V-B=0 (4)

rae E - manpskennocts snekrpudeckoro nosisi(B/m), H - HanpsiKeHHOCTh MarHUTHOIO I10-
ast(A/m), D - snexrpuueckas unayknus(Ki/m?), B - marautaas uuaykmas (Ti), J-mroraocTs
syreKTpudeckoro Toka(A /M), ¢ - ssmexrponpoBoaHocTh(CM/M), [ - MarHMTHAS IIPOHUIAE-
moctb(I'H/M), € - snekrpudeckas npornnaemMoctsb (P /m).

2.1 TIlocranoBka 3ama4ym BO BPeMEHHOII objiacTu

Cucrema ypasuennii (1) — (4) moxer 6bITh Ipeobpa3oBaHa K yPaBHEHHIO BTOPOro mopsixa(s)
OTHOCHTEJILHO BEKTOPA HAIPSZKEHHOCTH JIEKTPUIECKOro noJist E:

OE OE 0J
1 o or _ _oJ
V X (p VxE)+at+5 2~ tBQ (5)
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¢ HaYaIbHBIME(6) U rpaHuIHBIME yCaoBHaMu(7):

OE
E =Eq, — =E
|t:t0 0 ot s 1 (6)

Annpokcnmanus 1o BpeMeHH st ypaBHEHUs (D) BBINOJIHSATIACH C IIOMOIIBIO TPEXCIOHHOI
HesIBHOI cxeMbl 8] B pesysibraTe mosydaem:

En+1 —_E" En+1 ) Enfl Jn+1 —_Jn

Vx (p 'V xE") 40 A7 +e v = v (8)

2.2 TIlocraHoBKa 3aJa4u B YacCTOTHOI obJjiacTu

[Tpeobpazosanue Pypbe [9,10] m03B0OJISIET COMOCTABATEL CUTHAJLY, 33JJAHHOMY BO BPEMEHHOii 00J1a-
CTHU, IIPEJICTABJIEHUE STOTO CUT'HAJIA B YACTOTHON 00JIACTH, U HA0DOPOT, €CJIM U3BECTHA YACTOTHAS
XapaKTEePUCTUKA CUTHAJA, TO oOpaTHOoe npeobpazoBanre Oypbe MO3BOJISET OIPEIE/IUTh COOTBET-
CTBYIOIINN CUTHAJ BO BPEMEHHOU 00/1aCTH.

Beimoninus guckperHoe mpeobpazoBanne Oypbe s Toka J, moJiydnM pacipejiesieHrne TOKa
[0 YACTOTaM C KOMILIEKCHO3HAYHBIMU amiuiuTyaaMu 1. ITycTh HAps2KeHHOCTh 3JIEKTPUIECKOTO
nosist B 3aBuCHT OT BpeMeHHU CJeAyomuM 00pasom:

E(z,y,2,t) = E(z, vy, z)ei“’t 9)

TO €CTh UMeeT MECTO MapMOHUYCCKNN XapaKTep M3MeHeHHd 110Jid E oT BpeMeHHu ¢ 4acToTol w .
[Toscrasisist Beipazkenue (26) B ypasaenue (5) nosydnm ypasaeHue IesbMrosibria:

V x (17'V x E) + (iow — ew?)E = —iwl (10)

2.3 Bapwmanuonabie GOpMYyJIMPOBKU

Brenem dbynkmmonanbhbie poctpanctsa [11,12] H(rot, 2) = {ulu € L?(£2),V x u € L*(2)}
, Ho(rot, 2) = {u|lu € H(rot,2),u X n|gp = 0} , rme n - BeKTOp BHEIIHEH HOPMAJU K Ipa-
aune obsactu §2 . B npocrpancree H(rot, {2) BBeJeM CKaJSIpDHOE IIPOM3BEJIEHNE, ONIPE/IE/ISeMOe
coorHomennem(11):

(u,v) :/u-vé?(? (11)
n

Bapuaimonnas dopmyauposka B opme Fasepkuna jyist ypasaenust (8) nmeer BuI:
Ins sanamnoro J € CY(0,T; L?(rot, 2)) maiitu E € C2%(0,T; Ho(rot, £2)) Taxoe, uto s
VW € Hy(rot, §2) BbIIONHSIETCS 17IsT BCEX t:

En+1 —_E" En+1 —9E™ + En—l Jn+1 _Jn
+ +

(V XV BT e © At?2 At

,W) =0 (12
st ypasrenust (10) BapuannonHast (pOpMyJInpOBKa UMeET BH/I:
st sagannoro I € L2(02) naittu E € Hy(rot, £2) Takoe, aro mia YW € Hy(rot, £2) Bbimos-

HAaeTCsd:

(Vx (7 'V x E) + (iow — ew?)E+ iwI, W) = 0 (13)
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BBesieM KOHETHOMEPHOE IOAIPOCTPAHCTBO V' poTopHO-KOH(GOPMHBIX by HKIIHIT Vh(rot, ) C
Hy(rot, 2). JuckperHas BapualjoHHasi HOCTAHOBKa Jyist (12) nmeer BuI:

st samamnoro JB € CY(0,T; L2 (rot, 2)) maiitu ER € C2(0, T; Ho(rot, 2)) Takoe, uTo st
YW € V' (rot, 2) Bemonmsiercs 1yist Beex t:

E

Z+1—E2+ En+1_2E +E!_ 1+JZ+1—JZ

Vx W 'VxE' )+o T £ YYE i

W =0 (14)

Jutst (13):
s sanannoro I € L2(02) maittn EP € Hy(rot, 2) takoe, aro mia YW € VR(rot, )
BBIIIOJTHSIETCSL:

<V X (uIV x BM) + (iow — ew?)EM + iw Ih,Wh> =0 (15)

JluckpeTusalius 1Mo MPpOCTPAHCTBY BBIMOIHSIACH HA TETPA3IPAILHOM PA30NEeHNN BEKTOPHBIM
METOJIOM KOHEYHBIX 3JIEMEHTOB, B KaueCcTBe 0a3MCHBIX (DYHKIINN UCIIOIH30BAINCH edge- DyHKIMN
1-ro nopsigka I u Il-runa [11,13]. KoneunossemeHTHOE pellleHre MOXKHO IIPEJCTABUTH B BHJIE
Pa3JI0KeHUsT 110 OA3MCHBIM (DYHKIIHSIM:

E = Z e;N;, N; € Vh (16)

i
[Moxcransist 970 paszsnoxkenue B (14), moayunm cucremy anrebpandeckux ypasaenuii( CJIAY):

co Lo . ce ce .., 1, .
(A+A+@) = i +2A —Ee 1 At(J“ J") (17)

rne A, C%9, (C° - KOHEUYHO3JIEMEHTHBIE ManI/IHbI onpejsiesieMble  COOTHOIIeHUAMM: A;j =
fu_lrot N;rot N; 012, i = faN N; 092, C;; = fsN N; 02, rne N;- 6asucnele edge- dyHKImn
1o,

u3 npocrpancrsa V" (rot, 2). AHaJIoquHbIM o6pa30M Jutst (17) mosyvaem cucremy:
(A +iwC’ — w?C%)e = —iwl (18)

CJIAY (17) siBiisiercsi jefiCTBUTEIBHOMN, CHMMETPUYHON 1 [OJI0KUTEIbHO onpejieserHoil. Cucre-
ma (18), 3anucanHast B KOMILUIEKCHON apudMeTnKe, TaK¥Ke sIBJISTCS CUMMETPUIHOM.

3 BbramcauTesbHBIN YKCIEPUMEHT

MogenupoBaHue 3JIeKTPHIECKOrO OJIA IIPOBOIMIIOCH Ha, CHHTETHIECKON IIPSIMOIi 3a/1a9e Te0d/IeK-
Tpukn. Pacuernas obmacts (puc. 1) mpezcrasiser coboit nmapasutesnenumnes 8000 x 8000 x 4000
M>, pasleeHHbIH Ha nBe momobsacTti: "Bo3ayx’ m “"semuto”. Ha rpanmme stmx momobsacreil B
LEHTPE HapaJlleselule s HaXoAUuTcsl TeHepaTopHas meTis auaMerpoM 250 M ¢ Tokom [=100A.
DJIEKTPOIPOBOIHOCTH B BO3/yxe paBHa le-6 Cwm/M, a BMematoreii cpenpt le-2 Cm /M.

B KadecTBe I/IIVIHy.HbCOB B reHepaTopHofI ImeTJie UCII0JIb30BaJINCh PAa3/INYIHbIE BUJIbI I/IMHy.HbCOB
Tuna "Meanap”’, BUI KOTOPBIX IIPUBEIEH Ha pUCYHKe 2. Paccunrantoe 1moJie m3Mepsijioch 9J1€KTPO-
oM (Touka M Ha pucyHKe 1), CIBUHYTBIM B IIOJIOXKUTEJIBHYIO CTOPOHY Ha 325 MeTpoB 110 ocu X
n Ha 50 MeTpoB 1o ocu Y OTHOCUTEIHLHO IEHTPA HETIIN.

Jlj1s1 yCKOpEeHHsI BpEMEHU MOJICJIMPOBAHMS UMITYJIbCOB HEOOXOMMMO OIPEIEINTE ONTHMAIbHOE
KOJIMIECTBO YACTOT, HA KOTOPBIX CJIEIYeT CINTATH TapMOHUYECKHE 3aa4dd. JacTHIHBINH HAOOD
9acTOT M3 CIEKTPa HMCXOIHOI'O CUTHAJA BBIOMPAJICS CJAELYIOMUM 00pa3oM. JacCTOTHBIN CIEKTP
COPTUPYETCs 0 YOBIBAHUIO aMILIUTYX u Oepercs k mepsoix gactor. Ha ocraBmmxcs gacrorax
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Puc. 1. Pacuernasi obJiacThb.

moJjiaraeM, 9ToO aMILIATYa PABHA HYJIIO, & 3HAYUT U 3HAYCHUE HAIPSKEHHOCTH 3JIEKTPUIECKOTO
[IOJIsI TAK2Ke paBHO HYJ10. KoudaecTBo 9acToT Kk BRIOMPAIOCh TAKHUM 00pPa30M, 9TOOBI BBITIOJIHSI-
J0ch yenoBue(24):

*
17 =¥ /]| < eps (19)
re J*- pacmpemesienne TOKa OT BPEMEHHU, KOTOPOE IOJIYyUIeHO MPH OOpPaTHOM IIpeoOpa3oBaHIH
@ypbe st BLIDOPOYHOTO aMILIUTYTHO-YACTOTHOIO CIIEKTPa HMCXOJHOIO CHTHAJIA, J- HCXOJIHOE
pacmpejiesienre ToKa OT BPEMEHH, eps- 3aaBAEMbIil ITapaMeTp TOYHOCTH.

Taxum obpazom, B Tabsmie 1 it KaXKJI0ro CUrHAJIA, N300paykKeHHOTO HA PUCYHKE 2, IpUBe-
JneHo Heobxonumoe N1-KOJUYIECTBO YACTOT ¢ MAKCUMAJIBHON amruaTy ol mjis obpatnoro FFT,
KOTOPOE SABJISIETCST JIOCTATOYHBIM JIJIsT BOCCTAHOBJIEHHST NCXOHOTO curHaja ¢ eps = 0.01, Ny - Ko-
JITYECTBO YACTOT II0 KOTOPLIM BolnoHsiock FFT, Af - mar, ¢ KOTopbIM BBIIIOIHSIETCS YacTOTa,
nuckpernsanuun FFT.

Tabauna 1. KosmyecTBo 9acTOT ¢ MAKCUMAJIBLHOW aMILIUTYI0M, HEOOXOIUMBIX JIJIsi BOCCTAHOBJIEHUSA MUCXOIHOTO
UMIIyJIbCa C TOYHOCTbIO MeHbine 1 %.

Tun curnana |Af T'u| Ni| No
Meangp (puc. 2.a)| 200 |70 | 500
Meangp (puc. 2.b)| 100.1 | 85 | 999
Meangp (puc. 2.c)| 66.75 |160/1498
Meangp (puc. 2.d)| 66.75 [160[1498
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Tuna "meanap".
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Ex, B/m

0.004

0.002 —

-0.002 [~

-0.004

L by b 1
0 0.001 0.002 0.003 0.004 0.005
t,e

Ex, B/m

0.004

0.002

-0.002

-0.004

Ex(N=100)

0.001

0.002 0.003 0.004 0.005
t,e

| ———— Ex(N=150)
0.004 -

Ex, B/m

0.002 -

-0.002 [~

-0.004 [~

I R ST R ST I
0 0.001 0.002 0.003 0.004 0.005
t,e

Ex, B/m

0.004

0.002

-0.002

-0.004

0.001

0.002 0.003 0.004 0.005
t,c

Puc. 3. 3uauenne koMmoHeHTs! nojst Ex or t B Touke (325,50,-0.01) . CpaBHeHue pe3ysibTaToOB BpEMEHHOM 3a1a4u
7 JAHHBIX, TTOMyYeHHbIX 00parHbiM FFT u3 wacrorneix 3amad. VcTognmk Toka - meangap (puc. 2.a).
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=z 0o1p = 0o1p
=] F =] F Ex(N=150)
4 0.008 |- 1 0.008 |-
= L 2 r
0.006 0.006
0.004 |- 0.004 |-
0.002 - 0.002 -
of ‘ of {
-0.002 | -0.002 |
-0.004 | -0.004 |-
-0.006 |- -0.006 |-
-0.008 | -0.008 |
_001:| P L1 P P L1 0010 P L1 P P L1
“o 0.002 0.004 0.006 0.008 0.01 : 0.002 0.004 0.006 0.008 0.01
t,e t,e
= 0o1p = r
) r Ex(N=300) Q8 -
4 0.008 |- +0.008 |-
= r = r
0.006 |- 0.006
0.004 |- [
F 0.004 |-
0.002 | [
r 0.002 [
(U [
-0.002 | or
-0.004 |- -0.002
-0.006 |-
-0.004
-0.008
_001:| 1 L1 1 1 1 -0.006 N R R SR R
“o 0.002 0.004 0.006 0.008 0.01 0.002 0.004 0.006 0.008 0.01
t,e te

Puc. 4. 3uauenne koMmoHeHTHl nojst Ex or t B Touke (325,50,-0.01) . CpaBHeHue pe3ysibTaToOB BpEMEHHOM 3a1a9u

7 AHHBIX, TTOydeHHbIX 00parabiM FFT u3 wacrorneix 3ama4. Mcrounuk Toka - meanap (puc. 2.b).
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Ha pucynkax 3 u 4 npusesennr rpaduku 3aBUCUMOCTA KOMIIOHEHTHI oIt X oT BpeMenu B
Touke M, MOCTPOEHHBIE C TOMOIIBI0 00paTHOro MpeobpazoBanns Pypbe ¢ UCIOIH30BAHUEM Pa3-
HOT'O KOJIMYECTBA YACTOTHBIX 3aJ1a4 JIJIs MEaHJIPOB, IPEJCTAaBIEHHBIX HA pucyHke 2.a u 2.b. 13
PUCYHKOB BHUJIHO, YTO MUHIMAJIBHOT'O KOJIMIECTBA YaCTOT, HEOOXOIMMBIX [IJIsi BOCCTAHOBJICHUS UC-
XOJIHOT'O CUTHAJIA, HEJOCTATOYHO JJIsi TOYHOTO BOCCTAHOBJICHUS 3aBUCUMOCTH TI0JIsT OT Bpemenu. B
[IOJIYI€HHOM PEIIEHUH IIPUCYTCTBYIOT MAJOAMILIUTYIHbIE KOJICOAHNST HA yIaCTKAX COOTBETCTBY-
IOINUX MTOCTOSTHHON YACTU MCXOMHOrO curHaJja. [[oBbIlieHne KOJn4iecTBa UCIO/Ib3yeMbIX B 00paT-
HOM TpeobpazoBannn Pypbe YaCTOT MO3BOJISIET CKOMIIEHCUPOBATDH 3TH KoJjiebanusi. Hanmydrmmii
PEe3yJIbTAT BOCCTAHOBJICHUS JAHHBLIX IO CPABHEHUIO C JAHHBIMUA BPEMEHHOW 3aJa4U JTOCTUTACTCS
C UCIOJIL30BAHUEM TOJIHOTO HADOpa YaCTOT, IMOJIYIEHHOM IPU PA3JIO?KEHUU UCXOJIHOTO CUT'HAJIA.
O 1HaKO, TAKOI MOIX0/T HE SIBJISIETCST 3(DMEKTUBHBIM ¢ TOYKHU 3PEHUST BBIYUC/IUTETHHBIX U BPEMEH-
HBIX PECYPCOB. ABTODBI CYMTAIOT ONTUMAJBHBIM HCIOJIb30Banne okoao 60% 9acToT mCXomnoro
CIEKTpa CUTHAJIA JJIsI TOJIyIeHUs JOCTATOYHO NH(MOPMATUBHON U [VIAJIKONW KPUBOY 3aBUCUMOCTH
noJist oT Bpemenu. Jliia MeaHIpoB Ha pucyHKax 2.c¢, 2.d moJIy4YeHbl aHAJOTUYHbIE PE3YJILTAThL.

B Tabmuie 2 mpuBeieHO CPABHUTEIBLHOE BPEMs CUeTa JJis PA3JIUIHBIX MMIIYJIbCOB 3aJ1a4n
110 BpeMeHn 1 [Ni- 9aCTOTHBIX 33Jlad: tgy, - OOIllee BpeMs cdeTa BPEMEHHOH cXeMbl, t; - BpeMs
cuera N| - JACTOTHBIX 3aJad Ha i- mpoleccopax. PacdyeTsl mpoW3BOAMINCH HA BBIYUCIATETH-
noMm kiacrepe K-100[14] ¢ ucnonbsosannem rexuonorun MPI. Pazmepnocrs CJIAY cocrasisier
1283076 HEM3BECTHBIX. DJIEMEHTHI MaTPHIILI - BEIIIECTBEHHDIE JJIsT BDEMEHHOM 33891 U KOMILIEKC-
HO3Ha4YHbIE JyIst dacToTHOM. CJIAY pemraoch ¢ ToaHOCTBIO 1.6-6. VI3 Tabyinibl 2 BUIHO, 9TO MpH
pertenny Habopa YACTOTHLIX 3a/a4, HAOJIIOMAETCA TPAKTUIECKH JIMHEHHAS 3aBUCUMOCTD yMEHb-
IIEHUs] BPEMEHU MOJETUPOBAHUS ITPOIOPIIMOHAIBHO KOJIMIECTBY Iiporieccopos. [Ipu komuvuecTse
[IPOIIECCOPOB OT 5 U BOJIbIIE, UCIIOIB3YEMbBIX IIPU MOJEJIMPOBAHUHN 33aa4UN YAAETCH CYIIEeCTBEHHO
COKPATUTHL BPEMsI MOJIEJIUPOBAHUS 10 CPABHEHUIO C BPEMEHHOW CXEMOIi.

Ta6auna 2. Bpemst Bbrauc/ieHnii BpeMEHHOR U 9aCTOTHBIX 3aa4 (Ha PA3HOM KOJIMYECTBE IIPOLECCOPOB € UCIOJIb-
soBanueM rexHosiorun MPI) na kiacrepe K-100.

Tun curnagia tep, C ti, C ts, C t10, C
Meanzp (puc. 2.a)| 33849.89 | 85629.15 |21876.26/13305.95
Meanzap (puc. 2.b)| 68828.96 [119128.28(24189.59(15125.12
Meangp (puc. 2.¢)|101517.92|193449.70|46309.94|26179.41
Meanzap (puc. 2.d)[102585.07194989.69[49852.72(25622.56

4 3akJjrouyeHue

B pabote npejjioxken mo/ixo1 K MOJEIMPOBAHUIO SJIEKTPUIECKOTO MOJIA B T€0JIOTTYECKUX CPEeJIax
npu BO3OYKJIEHUU TI0JIsl CUTHAJIAaMU Tura Meanap. IIpejioxkennas cxemMa MO3BOJISET IMOJIyYaTh
3aBUCUMOCTH I10JIs1 OT BDEMEHH, KaK pe3y/bTaT IIapaJljlesIbHOIO PellleHUs psijla YacTOTHBIX 3a/a4.
Orpe/iesieH0O MUHUMAJIBHOE U OITUMAJIBHOE KOJUUIECTBA IacTOT HEOOXOIUMBIX JJIs BOCCTAHOBJIC-
HUS JMaHHBIX. JuCaeHHble dKcrepuMeHThl Ha Kiacrepe K-100 mokaspBaloT XOPOIIYI0 MAaCIITa-
bupyemocts MeTosa. Ilpu ucnosib3oBanuu 5 u GoJjiee MPOIECCOPOB HADIIONAETCS BBIUIPBIII IO
BPEMEHHU CYEeTa 10 CPABHEHUIO C UCXOJAHO BPEMEHHOU 3ajad4eli.
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HpI/IMeHeHI/Ie HeKOHd)OpMHbIX KOHEYHO3YJIEMEHTHbBIX METOJ0B JdJIfA
MOAeJIMpOBaHUs IIPOIECCOB C Cl)aBOBbIMI/I ImepexoagamMmu

FO.M. Hlokun', D.I1. Hlypuna?, H.B. Urkuna’
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shurina@online.sinor.ru

AnHoTanus. B pabore mnpejiaraercss BbIYHUC/IUTE/bHAsT CXKEMa PEIIeHUs 3aJla9d C ITOABUKHOMN
rpanuneil Ha 6a3e paspbIBHOTO MeTojia [ajiepkuHa. AHAIM3UPYETCS BO3MOMOXKHOCTH MPUMEHEHMS
MHOTOMACIITITAOHOTO TIOIX0/a U TPUHITAIIBI PEATM3AIINN STOTO MOAX0a HA YPOBHE BAPUAIIMOHHBIX IO~
CTOHOBOK, BBI6OPa (PYHKIIMOHAILHOIO IPOCTPAHCTBA U IIOCTPOEHNS CIIENUAIBHOIO MHOI'OY POBHEBOT'O
pematens. [ [puBoasATCS pe3yIbTATHI BBIYUCIUTEIBHBIX SKCIIEPUMEHTOB HA IIPUMEPE MOJAETUPOBAHIS
MIPOIeCCa TOPEHUs MPSIMIIYTOTBHOTO 00pa3Iia.

KuarouyeBbie ciioBa: mporecchl ¢ (hpa30BBIMH II€PEXOJaMu, HEKOH(MOPMHBIA METO/ KOHEYHBIX dJIe-
MEHTOB, Pa3pbIBHBIN MeTo [‘ajepKuHa, MHOroMacCIITaOHbIE METOIbI

1 Bseaenue

MareMaTndeckoe MOAEIUPOBAHIE (PUINIECKUX MPOIIECCOB C (PA3OBBIME MPEBPAITICHUESIMU 3aHU-
MaeT 3HAYUTEJbHBIN 00beM B MCCIIEIOBAHUSIX, OIPEIeJIsieMblil IMUPOYUM CIEKTPOM IIPUKJIAJIHBIX
3a/1ad, TAKUX KaK: 389 TOPEHUS TBEPJIOTO TOJLINBA, MOJECTUPOBAHUE MPOIECCOB TASHUS U
3aMep3aHus, 3aja9u ajcopbiuu u T.7. OCODEHHOCTH MPOIEIYPhl MATEMATHIECKOTO MOJETHPO-
BaHU MPOIECCOB ¢ (DABOBBIMU MEPEXOTAMHU CBSI3aHBI ¢ (PUBUIECKON U TeOMETPUIECKONH HEOTHO-
POJIHOCTBIO CPE/IbI, & UMEHHO, HAJTUINEM PA3HOMACHITAOHBIX BKJIIOYEHNN ¢ KOHTPACTHBIME (hu3u-
YECKUMHU CBOMCTBAMU M M3MEHEHHEM KOHMUTYDAIUU 00JIACTH MOJICTUPOBAHU. Y UET ITUX OCO-
HeHHOCTEN OlpEJIesieT HEOOXOAUMOCTh KOHCTPYUPOBAHUS CIEIUAIBHBIX BBIYUCIUTEIbHBIX aJl-
roputMoB. OquH 13 Hambojee PACIHPOCTPAHEHHBIX MOIXOJOB K PEINEHUIO 3aJa4 ¢ MOIBUKHOMN
TpaHUIeil - pazpaboTKa CIenuaIbHbIX aJalTUBHBIX ceTOK. OCHOBHBIE WM MOCTPOEHUsT HEpaB-
HOMEPHBIX CETOK JIJIsi KOHEYHOPA3HOCTHBIX amlpoKcuManuit ndiaoxkensl B paborax H.C. Baxsa-
goBa, I"W. umkuna, B./. Jluceiitkuna u gap. CyIiecTByOT U JpyrHe YCIEITHO Pa3BUBAOIIE-
ecst nanpasienus (Adaptive FEM), koTopble mpejjiararor MeTOJUKY OCTPOEHUsI aalTHBHBIX
KOHEYHO3JIEMEeHTHBIX ceToK. PaspwiBablii MeTox [anépkuna (DG-meron) oqun u3 Hanbosee mep-
CHEKTUBHBIX YUCJICHHBIX METOJIOB PEIIeHUs 3aJ]ad B NeOMETPUYIEKN HEOJHOPOJIHBIX 00JIACTAX C
(D.Arnold, B.Cocburn, M.G.Larson, F.Brezzi)[1], [2]. OcnoBroe mocrouncrso DG-merona st
PEeIIeHns JIAHHOTO KJIacca 3aJad COCTOUT B BO3MOXKHOCTH I'MOKOro mnpumenenus p-h, h, p crpa-
TETU.

[TonsTre KOHMOPMHOCTH U HEKOH(MOPMHOCTA KOHEYHOIJIEMEHTHBIX METO/IOB MOYKHO WHTED-
[PeTHPOBATh CJIEAYIOMUM 00pasoM: 1)reomerpudeckasi HEKOH(MDOPMHOCTD, CBSI3aHHAsI C HEBO3-
MOZKHOCTBIO TOYHOI AIIPOKCHMAINN KPUBOJMHEHHBIX TOBEPXHOCTE cuMILIeKcaMu u 2)byHK-
[IMOHAJIbHAST HEKOH(DOPMHOCTD, OIIpe/IeJisieMasi BBIOOPOM MIPOCTPAHCTBA PelleHus (IIPOCTPAHCTBO
Jlebera), He TPEOYIONMM BBIMOJHEHNS YCJIOBUs HEPEPBIBHOCTH HA MEXKIJIEMEHTHBIX I'DAHUIAX.
Bropoit monxom u nocaykui1 6a30it 71 PA3BUTHS PA3IUTHLIX MOAUMUKAIINN PA3PHLIBHOTO METO-
na Nasepkura. BoaMoXKHOCTE OnpeiesieHust pa3pbIBHOIO PEIIEHNsT HCXOIHOIT 3a1a4u (OTCYTCTBIE
TpebOBaHMs HEIIPEPBIBHOCTU HA MEXKIJIEMEHTHBIX IPAHMIAX) €CTeCTBEHHBIM 00PA30M peaJin3yer
IPOIE/IyPY [OCTPOEHUs] HECOIIACOBAHHbBIX ceTok (3], [4], [5] u mp.
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2 TIlocranoBka 3aga4u

I'penue - ca0KHBII PUBUKO-XUMUIECKUH ITPOIECC MIPEBPAICHUS IIPEBPAICHUS KOMIIOHEHTOB I'O-
pIodeil cMecu B MPOJYKTHI CrOPAHUs C BbIJIEJIEHUEM TeILUIOBO# sueprun.B nannoit pabore maune-
MaTHYecKasi MOJIEJIb IIPOIecca TOPEeHUs MPEeJICTaBACHA B BUJe HeJIUHEHHOTro auddepeHImabLHor
ypaBHEHUS

T
cpa = div ()\gradT) + F(T), (x,y) € (2, (1)

rie 2 — obnactb Mozgenuposanust, T — remueparypa, F(T'), — HCTOUHUK TEIJIOBBIIEIEHUS] , C
— TEIJIOEMKOCTD, P — IUIOTHOCTH, A — TEILJIOIPOBO/IHOCTD BEIIECTBA.

T:TN(«T,y) 68‘97
T="Ty, t=0,

rie Ty — TemmepaTrypa mojKura, 1y — TeMreparypa OKpYy2Kalomeil Cpeibl.

3 ®DyHKONOHAJIBbHBIE IIPOCTPAHCTBA

Breném Tpuanrysisinmio 1, obsractu {2 Ha HellepeCceKAaroIuecs: OTKPbIThie MHOXKECTBa K Takue, 94To

U K = 2, upocrpancteo H!(K) — MHOMECTBO BDyHKINI, HHTErPUPYEMBIX ¢ KBapaToM Ha K
Kery,

BMeCT€ CO CBOEil IIePBOii IPOM3BOIHOI CO CKAJISIPHBIM IIPOU3BE/IeHIEM ( f U d;v +
S/ ( x)dr wm mopoxmpaemoii uM HopMmoil ||u|| = (fK 2 da + fK ) daz) u
npocrpanctea H1(73,)= {v YEL? () : 20, v(x) |k €EHYK } Ho Th) {v : veH (1),
vlpo = 0}, KomeuHomepHble mnoampocTpaHcTBa mpocTpancts H(r,) m Ho (tn): Vi =

{ve HY(K):v|x € PPK(K)VK € 1,}, Vo = {v(z) € Vi : v]po =0}, tae PPE(K) — mMHOXKe-
CTBO MOJIMHOMOB CTelleHn He 6oJsiee pr, onpenesiéHubiX Ha K. A TakyKe BEKTOPHOE IPOCTPAHCTBO
(HY(m,))? = {q(z) : € 2,q|x € (H(K))>YK € 74} u ero KoHeaHoMepHoe T0;ITPOCTPAHCTEO
3
Sh={ane (L*(2))” : a|x € (PP (K))® VK € 7).
Omnpesiennm nosesienne dbynxmuit v € H(1,) m ¢ = Vu € X) Ha rpanunax KOHEIHOTO

sseMenTa K € Tj, Kak pe3yJbTar JedcTBHsA oleparopa ciela Ux = (Uk)ker, € T7(I"), rue
Tr ()= ][] Lz(aK),F: U 9OK.
Ker, Ker,

CyImecTByeT MHOXKECTBO CIIOCOOOB OIPeJe/IeHHsT KOHKPETHOIO BUJIA OLEPATOPOB CJIea WJIN
TaK HA3bIBAEMbIX YHCJIEHHBIX HOTOKOB (cM. [1]). B mannoit pabore nmpumensiercst ciocobd Baccn u

ap. [4]: @ = {u}, 6 = {Vu} +ner ([u]), tne Vu = o, ' = |J 0K, T(I') = [] L?(0K), ne
Ke Ke
— HEKOTOPOe HEOTPUIATEILHOEe YUCJIO, € — IPAHb KOHEYHOTO 3ﬂgfweHTa, Ha KOTOpOl\ZhOHpe,H‘eJIeHbI

YHUCJIEHHBIE TIOTOKU.

O6osnaanm V = H! (13,), V. = H' (), Vg = H' (73,). llpeacrasum mpoctpanctso V. Kak
IPSIMYIO CyMMY IOAIIPOCTPAHCTB ¢ paspbiBHbIMU (V) U ¢ HenpepbiBHbIME Gynknusamu (V;): V =
V. ® Vy. Torna

uEV <<= u=uc+ ug, Uc € Vg, uqg € Vy. (2)

Koneanomepubie moampocTpancTsa mpocrpancTs Ve u Vy 6yaeMm obo3Ha9aTh COOTBETCTBEHHO Vo,
u Vg,

st ipocrpancTsa Vi, GymeM Ucoab30BaTh OOBIYHBI JTarpaHzkeB basuc. st mpocrpaHcTBa
Vin — paspbiBHbIe huHUTHDBIE PYHKITIN, TMEIOIINE B KAUeCTBE HOCUTEJIS OUH KOHETHBIHN 9JIEMEHT.
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4 BapwuanuoHHas (popMyJIMpoOBKa 33aJIa4u

Hatimu v € V' maxoe, umo
a(u,v) = (f,v) Vo eV, (3)

riae a(u,v) — 6ununeiinasi dbopma paspbiBHOrO Meroia [anépkuna. Takoil moaxos K 3ajadam
kousekuu-uddysun paccmorper B [4]. st 3a1a9 ¢ NOABUKHBIME IDAHUIAME JIEKOMIIO3H-
s IPOCTPAHCTBA PEIIeHn Ha «rpyboe» U «MeJIKOe» ITOAIIPOCTPAHCTBA PEAIU30BAaHAa BIIEPBBIE.
[Ipumenenne pa3pbIBHOTO MeToja 'ajiépKUHA T03BOJISIET MOBBICUTH TOYHOCTL U YCTOWIHBOCTD
pellleHrsl, BBeJIeHe MHOIOMACIITAOHOCTH — 3HAYUTEILHO YMEHBIINTE PA3MEPHOCTD 3aaM.

C yuérom mekommosunuu (2) npocrpancrsa V' Ha JBa MOIIPOCTPAHCTBA IIOJIYYUM:

natimu u. € Vo u ug € Vg maxue, umo

a (ue,ve) + a(ug,ve) = (f,ve) Yoo € Ve, (4)

a (uca Ud) +a (uda Ud) = (f: ’Ud) Vg € Vy. (5)

5 DBununneitnas ¢dopma paspbiBHOro meroaa l'amépkuna

Beegém ciaenyrormue obosnadenus|4]:, [5]:
Do = T\OR2, {-} 2 T(I') = L* (I'imt),

— Ouepatop cpemgero: {-}: [T (I')]* — [L? (F)]3:
Ha BHYTDEHHEll rpaHu €, {v} = % (vk +vN), {¢} = % (g + qn),
Ha BHeIIHel rpanu ep,q {v} = vk, {¢} = qk.
— Omneparop ckadka :
3 3
]2 T(0) = [L2(D)]7 [ [T(D)] = L (D)
Ha BHYTpPEHHell rpaHu e, [v] = vgng +vnny, [¢] = ¢k - nK + qn - nn,
Ha BHEIHEH I'PaHu ep,q [V] = vk, [q] = qx - nk.

— Jludrunr-oneparop r : (L2 (r ))2 — X}, ompeniensgeTcs COOTHOIIECHUEM:

/r(q)-Tda:dy: —/q-{T}ds, TE Xy,
2 r
C yuérom 3TuX 0003HAUEHUI BBIIHUIIEM OUINHERHYIO (POpMY paspbIBHOIO MeTona [aiépkuHa
(6):
a(u,v) = / AVu - Vo dzdy — / A[u] - {Vv} +{Vu} - [v])ds —
P Fint U FD

S / Mre(fu))} - [olds — 3 ne / Mo g ([u]) - onds +

e€lint eel’p

/ Agpn - Vuds. (6)
I'p

Torna Bapuanuonnast opmynuposka (4), (5) upumer Bu;
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6

/ AVaue - Voedx + Z Ne /)\er (ue) - vends + / Agpn - Vu.ds +
n e I'p

ecl’p

/ AVug - Voo dz + / AMug] - {Vve}ds +
) I'ine UT'D

Z ne//\er (uq) - vends + / Agpn - Vu.ds =
e I'p

ecl’p

/ foedz Vo, € Vg, (7)
(0]

/ AVu. - Vygdr + Z ne/)\er([uc]) ~vgnds —|—/ Agpn - Vugds +
n e I'p

eclp
/ AVug - Vogdx — / A[ug] - {Vvg} + {Vug} - [va])ds —
Q IineUI'D
Z Ne /)\{re([ud])} - [vglds — Z Ne /)\reng([ud]) ~vgnds = 0 Vvg € Vy. (8)
e€lny ¢ e€l'p e

AJII‘OpI/ITM pelnieHnnd 3aa4n

ObsacTh MOJIE/IUPOBAHNST MOYKHO PAa3JIeUTh Ha 9eThIPE MOA00/IacTh: M0/106/IaCTh B OKPECTHOCTH
MCTOYHNKA, MOA00JIACTh, BKIIIOUAONMAsT (PPOHT PEAKIINi U OOJACTH IIPOPEearmpoBaBIIero Belre-
cTBa, 00JIaCTh ellle He IpopearnpoBasiiero semecta. Cremudrka pemaeMoil 3a,1aqu:

1.

pe3Koe U3MEHEHUe PEIIeHUs] B MaJIoil OKPECTHOCTH (PPOHTA PEAKIMY U JOCTATOUHO TJIAIKOE
perierre B 00JIACTAX, B KOTOPBIX BEINIECTBO YK€ IMOJIHOCTHIO IIPOPEArMPOBAJIO UJIU €Ié He
JIOCTUTHYTBI HEOOXO/IMMbIE YCJIOBUSI ITPEBPAIIEHUS;

. HEOOXOIMMOCTb MAaKCHUMAJIBHO TOUYHOTO yUETa JBUXKEHUsT TPAHUIIBI pa3jiesia a3 onpeaesssieT

KOHCTPYKIIMIO MHOI'OMACIITaOHOCTHU: IIPeJICTaBJIEHNE ITPOCTPAHCTBA PEIIEHUs] B BUJIE IIPAMOit
CyMMBI Pa3PbIBHOI U HEIIPEPBHIBHON cocTaBiAionux. [Ipuiém pa3pbiBHAS COCTABJISIONIAS TTPU-
CYTCTBYET B II000/IaCTU, OKPYKAIOIIEil NCTOYHUK U B OKpecTHOCTH (PpOHTA peakiuu. Takoit
ITO/IXO/T, TIO3BOJIMJI UCIIOJIb30BaTh «CTaHIAPTHBIE» pa30meHus: 00JIaCTU MOJIEIUPOBAHUS: MEJI-
KYIO IIOYTH PABHOMEPHYIO CETKY B IIOJ00/IACTSIX C PA3PBIBHON COCTABJISIONIEH 1 IPyOyIO CETKY
B 110J100JIACTSIX € HEIIPEPBIBHON cocTapiisiomeli pertenusi. CorjiacoOBAaHHOCTb CETOK He Tpehy-
eTcs.

Bagare HavaabHoe yesosue 1'|—g = Ty u 10m06JacTh ¢ Pa3pBIBHON KOMIIOHEHTOl B OKpPECT-
HOCTU MCTOYHHUKA;

— g xkaxmgoro 1 =1...N:

— Ha {-M I1are o BpeMeHu HaxojuM perenne 1'(;) ¢ UCIIOJIb30BAHIEM UMEIOIIErocsi pa3ou-
eHusl pacuéTHO 0bJacTu;

— anasmsupys perrerne 1'(t;), 3amaém HOBoe nosioxkenue dbponrta peaknun &(t;);

— B COOTBETCTBUU € TOJIOzKeHueM & (t;) ompejiessieM HOBYIO Mo001aCTh ¢ PA3PBIBHBIM pellie-
HHUEM U TPUAHTYJIHUPYEM €€;

— MHTEPHOJUPYEM IIOJIyYeHHOE pertenne 1; Ha HOBYIO TPUAHTYJISIWIO OOJIACTH.

Takum o6pa30M, Ha Ka2zKJ/IOM HIare 110 BpeMeHHU IIpU HeO6XO,ILI/Il\/IOCTI/I CTPpOUTCs Ce€TKa HE BO

Bceil obJracTu, a JIMIb B OKPECTHOCTH TPAHUIIBI pasaena das.
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7 PeBy.TIbTaTbI BbI'IMCJINTEJIbHBIX 3KCIIEpMMEHTOB

Ha mpumepe 3amadm ropeHusi MpsiMOyroIbHOIO 00pasiia paccMaTPUBAINCH TPU PA3JIUIHBIX Ba-
PUAIMOHHBIX IIOCTAHOBKHU: 1)CTaHIaPTHBINA KOH(MOPMHBIH METOJI KOHEYHBIX 9JIEMEHTOB, TPEYTOJIb-
Hble KOHEYHbBIE 3JIEMEHTBI, KBaIPATHIHbIE HEIIPEPBLIBHBIE JIAIPDAHXKEBbI Oa3uCHbIe PYHKIUU, CET-
Ka COIJIACOBAHHAsI C JIOKAJBHBIMU CTYIIEHUSMHU B 00JIaCTU rOpeHusi; 2) HEKOH(MOPMHBIH MeTo
KOHEYHBIX 9j1eMeHToB (DG-MeTos), mpsMoyTosibHAsT HECOTTIACOBAHHASI CETKA € JIOKATBHBIME CT'y-
[MIEHUSIMU B OOJIACTH TOPEHUsl, KBaJIATUYIHbIE PA3PbIBHBIE JIAIPAHKEBbI Oa3ucHble (DyHKIUM; 3)
MHOTOMACIITAOHBIN pa3pbIBHLIN MeTo ['ajepkuna, paMOyroIbHass HECOITIACOBAHHAS CETKA C JIO-
KAJIbHBIMU CTYIIEHUSIMUA B O0JIACTU TOPEHUs, KB IaATUIHBIC PAa3PLIBHBIC U HEIIPEPLIBHBIE JIATPAH-
2KeBbl OasucHble yHKnu. [IpuMenenne pa3pbIBHOTO MeTona lajepkuHa W HECOrJIACOBAHHBIX
IPSIMOYTOJIBHBIX CETOK IO3BOJIMJIO COKPATUTHL BPEMsi T'eHepallny CeTKH B pakTudecku B 100 pa3
[0 CPABHEHMIO C BPEMEHEM T€HEPAIUU COIVIACOBAHHOW TPEYroJbHONW CETKOM st KOH(OPMHO-
ro Merojia KoHeuHbIX 3jieMeHToB (CG-MeTo/) Ipu OJMHAKOBOI TOYHOCTH pelieHus 3ajadn. [1o
cpapaernto ¢ CG-MeTO/I0M NPUMEPHO B TPU pas3a yBEJUUIUIOCH BpeMsl MeHepallun TJI00abHOM
maTpuibl CJIAY, Ho 0bIiee BpeMst BRIYUCIEHW yMEHBIMIOCH TpUMePHO B 2-2,5 paza. Mcmonanzo-
BaHUE MHOTOMACIITAOHON BAPUAIIMOHHON TOCTAHOBKY ITO3BOJIUJIO COKPATUTH BPEMsl BBHIUUCICHUIT
[IPUMEPHO HA TPETh.

8 BreiBoasl

[Tpumenenne MDG-MeTosa K pereHnio Kjaacca 3aJa4d ¢ JABUKYIIUMUCS T'PAHUIIAME TO3BOJILIO
3HAYUTEJLHO YIIPOCTUTH MPOIEYPY HOCTPOEHUsI 3JIATUBHON ceTKu (He TpebyeTcsi CoryiacoBaH-
HOCTH pa3bueHuii, CyIecTBYeT BO3MOYKHOCTD UCIIOJIb30BAHNS CTAHIAPTHBIX CETOK) M 3HAYUTEI b
HO COKPATHUTBb BpPeMsl PEIeHUs 3a/[a4H.
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Awnnoramusi. B pabore npejjiaratorcss MEHOromacimrabHblie MOIUMUKAINNA METO/1a KOHEUHBIX 3JIe-
MEHTOB Ha CHMILTUITUAIHHBIX PA30UEHUsX MPUMEHUTEIHHO K PEIIEHUI0 CTAIMOHAPHBIX U TaPMOHU-
YeCKUX 33Ja4 dJekTpoMarteru3dMa. Ha mocrosnnoM Toke OpMyIHpyeTcs CKaJspHas 3aJada, KO-
TOpAasl PEIIAETCs NreTePOreHHBIM MHOIOMACIHITAOHBIM METO/IOM, Ha BCEX YPOBHSIX UEPAPXUU KOTOPOIO
HCTIOIb3YEeTC TeTpadipaiabHoe pas3bmenne. Ha mepeMeHHOM TOKe perraeTcss BEKTOPHOE ypaBHEHUE
TlenbMrosbiia, Ajst periennst KOTOPOro CTPOUTCS MHOIOMACIITAOHBIN pa3phIBHBIN MeTo 1 ['ajepkuna,
COYETAIOMMI KJIACCHYECKN BEKTOPHBIA METOJ[ KOHEYHBIX 3JIEMEHTOB, Pa3pbIBHBIN MeTon [asep-
KWHA W MHOTOMACIITAOHBINT MeTof cymnepasiemeHToB Pemoperko. MosennpoBanue BBITTOTHSIETCS B
reTeporeHHbIX cpeJaxX CJI0XKHOW BHYTPEHHeH CTPYKTYPBhI.

KuroueBrble ciioBa: mepeMeHHBIH TOK, TOCTOSTHHBINA TOK, METO, KOHEYHBIX JIEMEHTOB, PA3PbIBHBII
Metof 'aslepknHa, MHOrOMAacCIITaOHbIE METO/IbI

1 Bsegenue

BoabmmumHCcTBO COBpEMEHHBIX TTPUIOXKEHIH TPEOYIOT PEIeHns Pa3INIHBIX MHOTOMACIITAGHBIX 3a-
Jlad, IIPUYEM MHOTOMACIITAOHOCTH MOYKET UMETh PA3IUIHYI0 NpUpoLy. OJIHUM U3 IIEPBBIX METO-
JIOB, TIO3BOJISIIOITNX 9(D(MEKTUBHO U MAPAJIETLHO PEITaTh TAKNE 3aa9H, CINTAETCS METO KOHE-
ubix cynepasiemenTos (MKCY), npemioxennsiii Craxosckoit JI.T. u @enopenko P.II. 8 1974 1. [1],
[2], [3]. MeTos ocHoBan Ha pasbueHnu Beeil 06JIaCTH MOJICIMPOBAHUS HA CIIEINAJbHbIC KOHEIHBIE
HOCUTEJIN — CYTEPIIEMEHTHI.

B 1983 r. 6b1 mpejyioxken 0606IeHHbI MeTo)| KoHeYHBbIX 3j1eMeHTOB (Generalized FEM)
[4] muist pemenust oHOMEPHBIX 3a/a49 ¢ OBICTPO OCHUJLIUPYIONUMU KODMUIMEHTaAME: 331891 O
kosebanusx 5], o pacupenenennn rema [6] u ap. MeTox ocHOBAH Ha OCTPOCHUE KOHETHODIE-
MEHTHOTO TIO/ITPOCTPAHCTBA TPUOIMKEHHBIX (PYHKITHH ¢ UCITOIH30BAHNEM JIOKAJTHHBIX JAHHBIX O
pemtennn. OcaoBaoe oryimane or MKCD 3axiiodaercs B UCIIOIb30BAHUN JJIsl pa3OMEeHUs pacyer-
HOiT 06JIACTH «OTKPBITBIX» MaKPOJIEMEHTOB (T.€. ¢ HAJICTAHUEM).

Hawubosbiiee pacmpocTpanerne MHONOMACIITAOHBIE METOJIBI TIOJIYYMJIN TTOCJIE BBIXOA CTATHU
[7] B 1997 r., rme GbLT IpeAJIOXKEH MHOTOMACIITAOHBIH MeTOJ KOHeIHBIX dj1eMenToB (MMKD),
KOTOPBIN SIBJITETCS HEKUM OBOOIIEHNEM yKe MMEIOIIIXCsT MHOTOMACIITaAOHBIX MeTo0B. OCHOB-
HOli nyeeit siBiisiercst (o anasorun ¢ MKCD) paszjenenue maciiraboB peleHus myTeM BBeIeHHst
pa3bueHnst Ha MaKpodIeMeHThl (cymepanementsl B TepmuHosiorun P.II. @enopenko). Bee muo-
rOMACHITA0HBIE METOMbI CTPOSITCS Ha CIENUAJbHBIX HEIOJUHOMUAJIBHBIX (QyHKINAX (popMmbl. B
CBSI3W C STUM TOSIBJISIOTCST OCOGEHHOCTH pabOTHI ¢ TpaHUIIAMU MaKpPO3JEMEHTOB. Bompocy BbI-
ncstennst PYHKIWA GOPMBI 110 TPaHUIIAM MAKPO3JIEMEHTOB MOCBSIIEHO HECKOJIbKO pabor [7], [8].
B pabore [7] 115t IpsIMOYTOIBHOTO pa3bueHns: NPeIaraloTCs JMHeHHbIe U OCIJIIUPYIOIIHe Kpa-
eBble ycsioBusi. [Ipn ncmo/ib30BAHUT JIMHEHHBIX KPAEBbIX YCJIOBUN HA PAHUIAX MaKPO3JIEMEHTOR
HeoOXOIMMO BBITIOJIHEHHE YCIOBHIl TitajkocT pentenust (anagornaao MKC). Ocipupyronye
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YCJIOBHs (peIIenne JOMOTHATEIBHBIX 3a/ad [0 IPAHUIAM) [TO3BOJIAIOT PEIIATh 3a/1adi ¢ Hellpe-
PBIBHBIME MacInTabaMu BKJIIOUEHU.

lereporennsrit Mmaoromacirabubiit Mmeros (HMM) Brnepsbie 6611 pacemorpen B paborax 9],
[10] m upencraBisier coboii OOIIYIO MIEOJOIUIO JIJIsl TOCTPOEHUST aJIlOPUTMOB DEIIEHUs] MHOTO-
MacITaOHBIX ¥ MHOTO(U3NIHBIX 33/1a49. B ¢BsA3M ¢ OOJIBITIM pazHoobpasueM 3a1ad CyIeCTBYIOT
pasimasbie Moudurarun HMM. Opaum n3 nepsbix 6b11 npepioxes FE-HMM [11], [12], [13],
[14], ocHOBaHHBII HA UCIIOIB30BAHUI KJIACCHYECKOIO METO/Ia KOHEUHBIX JIEMEHTOB JIJIsl PEIeHNUsT
[10/133/1a9 Ha BCEX YPOBHsIX perernst. OMEeHKN CXOUMOCTH JIAHHOTO METOIA st 3a 184 Juddy3un
npuseienbl B [11], aust agpeknnu-nuddysuu B [13], [15], aus 3ana4a snactuanocru B [12]. OnHa-
KO B JinTepaType paHnee He paccMmarpubasiock npumenenune FE-HMM juist TpexmepHBIX 3ama4 ¢
CUMILIAIIAAIbHBIM Pa30MeHneM Ha KaykKJIOM YPOBHE HEePapXUM.

B 2005 r. B [16] 6buta npeyioxkena moaudukammus MMKD B uieosornn paspbIBHOIO MeTO-
na lanepkuna (DG-MsFEM) 151 perienust s/mMnTHIeCKUX IBYMEPHBIX 3a/1ad. 11pemiorkennbit
MeTO/I IoJIyunI pa3purue B paborax [17], [18] u B HacTosiIee BpeMsi MMPOKO MIPUMEHSIETCS J1JIsi
PEITeHns SJTUITHIECKUX 33189 ¢ PE3KO KOHTPACTHBIME (dusndecKkumu kodddurmentamu. O1Ha-
KO CJIeyeT OTMETHTD, UTO HECMOTPsi Ha BO3POCIIHil B mocjeaue rojpl narepec K DG-MsFEM,
eIMHBII TOIX0/ He BBIPAOOTAH M peasn3anuil /IJIs PeleHus APYruxX KJIaccoB 3a1ad (mapabom-
YEeCKUX, TUIEPOOIMIECKIX, FAPMOHUIECKUX) HE MIPE/JIAraeTCsl.

2 3a,£[aqa QJIEKTpOMardeTu3Ma Ha IIOCTOAHHOM TOKe

Pacecmorpum obpaser; kyoudeckoii dopmbl (puc. 1), cocrogmmit u3 caabonpoBOAsINeil MaTpu-
bl (yzeabHast 3JIEKTPOIPOBOJHOCTD Omatriz = 0.7 CM/M) U CHUJIBHONPOBOJAIIUX BKJIIOUEHUI
(Oinet = le + 4 Cm/m). Takum o6pazom BCiO 061aCTh MOJIEJIUPOBaHUs {2 MOYKHO HPEJICTABUTH
Kak 00beuHeHne (2nqiriz (OCHOBHas cpesa) u 2, (Heomnopognoctu). K BepxHeil n HuzKHEi
IPaHsAM [PUJIOKEHBI JIEKTPOJIbI, GOKOBBIE TpaHu n30jupoBanbl (02 = AU T'pU T Uy —1).

3neK1ipo,q A

4

MNosepxHoOCTb
rM-I

l/lsonﬂlu,m C

dnekTpog B

Puc. 1. Obmacts MOIeTUPOBAHIS
Takum obpasom, It TOro UTOOBI HAMTH pacipeeeHne HAIPSKeHHOCTH 3JIEKTPUIECKOrO
nosisi E B obstactn mozenmposanus (puc. 1), HEOOXOAUMO PENIUTh OJHOPOHOE SJIIUITUIECKOe

ypaBHEHUe

V.- (o(x)Vu(z)) =0 ma £ (1)

C Kpa€BbIMHU YCJIOBHUAMUA Ha I'DaHUIIAX paC‘IeTHOIL/'I objiacTu
u(@)p, =1 (2)

u(@)p, =0 (3)
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ou (z
o (z) Ou (z) =0 (4)
on |,
rJie N — BHEIIHsIsl HOpMaJib K roBepxHoctu I ¢, u () — ckanspusiii norennnan (E = —Vu (x)).

Tak>ke HEOOXOIMMO BBITIOJIHEHUE YCJOBUAS HEITPEPBIBHOCTU HA TPAHUIAX MEXKJIy I10J100J1aCTsi-
MU C PA3JIMIHON 3JeKTPOHPOBOTHOCTBIO [ | (B JAHHOM CJIy4dae MEXK/I1y MaTpULled U BKJIIO-
‘{eHI/IeM). Maremarudeckast popMaIu3anysad PU3NICCKUX YCJIOBUH COIVIACOBAHUS IIOJIEH HMEET
CJICYIOIIUI BUJL:
(5)

w(@)lps =@l

ou (x) ou (x)

Oi g’ =0 i S
incl an_,’_ matrix on—

(6)

+ —
FM—I FM—I

2.1 TereporeHHbIii MHOroMacIITabHbIN MeTO/1 KOHeYHbIX 3jemeHTOB (FE-HMM)

Bapuanmonnasi mocranoBka. /s pemenust Kpaesoit 3aga4un (1)—(4) Bocmosib3yemcst reTepo-
IeHHBIM MHOIOMACIITaOHBIM MeToJIoM KoHeuHbIX ssiemeHToB (FE-HMM). Beegem rusibbeproBbt
IIPOCTPAHCTBA

HY(2) = {u,v € L*(2) : (u(z),v(z)) = /u(az)v(m) a2, vz € 2} (7)
2
(@) = {v € H'(2): vlon = 0} )

Toria BapuanuonHast HOCTAHOBKA JIs SJUIMIITHYECKOH KpaeBoil 3amadn (1)—(4): naiitn u €

H(2) + up(8£2) Takyto, uro Vv (z) € H} (2)

a(u(z),v(z)) =0 (9)

rie a(-,+) — HelnpepbIBHAsI, KOIPIUTHBHAsL OuinHeliHas hopma Ha npocTpancrse H 1(Q)

Huckperuszanusi. Ocuosras ujes FE-HMM szakirouaercst B TOM, 9TO BCS MHOTOMACIITAOHAST
urdopMaIysl (HAIIPIMED, MeJKOMACIITaOHbIe BKIIIOUEHHsI U UX B3aMMOJIECTBIE) CONEPKUTCS B
HEMOJTMHOMUAJIbHBIX MHOTOMACHITAOHBIX (DYyHKITUIX (POPMBI, KOTOPBIE CBSI3BIBAIOTCS Y€pe3 IJI0-
6asIbHY 0 BAPUAIIMOHHYIO [IOCTAHOBKY (9), 06eciiednBaolLy o npub/zKeHne K TOTHOMY PEeIIeHHIO.
[Ipu sTOM Takme HEMOJUHOMHUAJIBHBIE (DYHKITUU CTPOSITCS KAK PEIeHre CePUU Mon3agad Ha 6o-
Jlee MeJIKOM ypoOBHe (T.e. B JJAHHOM CJIydae, Ha yPOBHe MUKDPOBKJIto4YeHuit). [Tosromy Heobxomumo
UCIIOJIB30BaTh CIIEIUALHYIO HEPAPXUI0 CETOK, KOTOpas (OPMUPYETCs B COOTBETCTBUU C PUC. 2.

O6nactb Makpopasbuerue Makpo3asieMeHT ¢ CeTka B
MoAennpoBaHua nopobnactammu BOKpyr MaKpo3anemeHTe
TOYeK MHTerpupoBaHua

Puc. 2. Jlekommozunusi 0671aCTH MOJIETAPOBAHUS
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Ha nauaiabHOM dTare Best 06J1acTh MOJIEJIMPOBaHKsl pa30UBAETCs HA KOHEIHBIE 9JIEMEHTHI (TeT-
paspbl) ¢ YYETOM TOJIBKO MAaKpPOMACIITAOHON CTPYKTYDPbI (MATPUIlbl). D10 pasdbueHue Ha3bIBa-
eTcsl MakpopasOueHneM, a KOHeYHbIe 3JIEMEHTBI -— MaKpOdJIeMeHTaMU UK CyliepajieMeHTaMu (B
repmunosiorun Penopenko [2]). aee B KaxKI0M MaKpO3JIeMEHTE BBIOUPAIOTCST TOUYKHM MHTETDH-
poBaHus (B COOTBETCTBUM C KBajpaTypHbIMu cxeMamu [aycca [19]) jyist mocsienyomero Bbrauc-
JICHUSI HHTErPAJIOB 110 00beMy. 3aTeM BOKPYT KaXKI0i TOYKI MHTETPUPOBAHIS BEIOMPACTCA HEKO-
Topas 06J1aCTh, B KOTOPOI CTPOUTCS aJalTUBHOE CHUMILIMIUAILHOEC MUKPOPA3OUEHHE C yUeTOM
MEJIKOMACIITaOHbIX 0COOEHHOCTEN.

cgmacro

[Iycts & — Makpopa3bueHue Ha TeTpadapbl. BBeieM KOHEYHOMEPHOE MOAIIPOCTPAHCTBO
ymaere HO, COCTOSIINEE U3 HEMOJMHOMUATBHBIX HENPEPhIBHBIX (DYHKIMI (MHOrOMACHITAOHBIE

dbyHuKIMU GOPMBI), KOTOPBIE OIPE/IEJIeHbl HA KOHEYHOM HocuTeae K € Jmacro
Vmeero (0, M) = span {uji. € Hy(£2): ix =1,Ng, K € "%} (10)

rine Ng — KOJIMYEeCTBO CTeleHel CBODOILI MaKpodjieMeHTa K € {Macro,
Takum  obpasom Guimneiimas ¢dopma ma Maxpoyposme A ull (z), v (2) €

ymacro () M) ypumeT BUL:

a'maere (uH (z), v (z)) = Z /O’ (z) Vull (z) Voll (z)dz, Yo € 2 (11)
KEO’MECTO

Ha xazkgom Makpossiemente K € 3™ ppibepeM KBaJpaTypHble TOUKH T, € K, p = 1,P
u Beca wy, p = 1, P (B coorseTcTBHE ¢ (bOPMYy/IAMH YHCIEHHOTO MHTErpupoBanus [19| mist Bbl-
YUCJIEHUS] UHTErPAJIOB B ( 1). Bokpyr KaxKIoit TOYKU T, OLPEIEHM HEKOTOPYIO H000JacThb
K C K. Omnpenenum Ha K C K muxpopasbuenne I KoTOpOe yUHTHIBAET MEJTKOMACIITAO-
Hble 0COOEHHOCTH (BKJHoquHH). BBenem mpocrpancTBO

. - , . 1 .

ymaero (Kp, Smwm> = span {@{""° € Hy(2):i=1,...n} (12)

rje n — KOJIMYeCTBO crereHeil ¢Bobojbl B pas3buenHunm 70 <p;mcm — KJjaccudeckne Oa-

sucable GyHKIMU (1 W 2 HOPSIIKOB), OIpe/esieHHble Ha KOHEYHBIX 3JIeMEHTax pa30OueHus

gmere - Onpegenum MHoromacmrabnsie dynknun dopmel B K, C K Kak uI}( (z) ,v?{ (x) €
p p

ymero (Kp, %mwm). Torma mosywaem:

K
p

/ (x) Vu}}{p (x) Vv%p (x)dzx, Yz € 2 (13)
Ky

P
gmacro (UH (l’) ,’UH (l’)) — Z Z

KeC\‘;macrO

\f<

rue ‘f(p‘ — 00beM 10100JIaCTH f(p C K.

Paccmorpum mporienypy HaXoXKICHUS u};( () B COOTBETCTBHHU C KJIACCHYECKUME MHOIOMAC-
P

mrabubivu Metogamu [7]. Ilycrs nlm , = 1,4 -— nosmHOMHUaJIbHBIE Oa3ucHble GYyHKIUHU 1 MopsiJi-
Ka, oIpejie/ieHnble Ha K € {Macre,

1. Ecmm pebpo obsactu K, nepecekaercss BKIIOYEHHEM, TO PENIaeTcd SJIIUINTHIeCKasd KpaeBas
3ajiaua Ha 3ToM pebpe (1D 3amaua). B nporuBHOM cirydae 3a pellieHre IPUHUMAETCS 3HAYCHIEe
COOTBETCTBYIONEN DYHKITUN 7712” = 1,4 nHa TekymeM pebpe.
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2. Ecuau rpanb obsactu f(p [IepeCceKaeTCs HEOJHOPOIHOCTHIO, TO PEIAETCs JUIUITHIECKAasd Kpae-
Basi 3a/a4a Ha 91oii rpann (2D 3a1aua). B kauecTBe KpaeBbIX yCIOBUIl HCIOJIB3YETCsI PEIlleHIe
n3 11.1. B mpoTuBHOM cityuae 3a pellienne IPUHUMAETCs 3HaYeHe COOTBETCTBYIONIEN Dy HKITUI
nﬁi", i = 1,4 na Texkymieil rpaHu.

3. Pemmaerca snnunrutieckast KpaeBas 3a/1ada Ha K » (3D 3anmaua). B kauecTBe KpaeBBIX yCI0BHIT
UCIIOJIB3YeTCsl pereHne m.2. A UMeHHO,

-V (a (x) Vu}}{p (:U)) =0 ma K, (14)
i, ()], = €@ (15)

re & (x) - Hekoropast (byHKIMsI, OlIpe/eJIeHHAas Ha 8Kp

3 3agaua s3jeKTpoMarHeTu3Ma Ha NepeMeHHOM TOKe

PaccmarpuBaeTcs 371eKTpOMarHuTHOE I0JI€, U3MEHSIOIIEeecs BO BpDEMEHN 110 TApMOHIYECKOMY 3a-
KOHY

E(z,y,2,t) = E(z,y,2)e™ (16)

rae w = 27 f — nukimdaeckas dacrora [['m.
IToBenenue 3/1eKTPOMArHATHOTO HOJISL B 9aCTOTHOf 00JIACTH OIUCHIBACTCH ypaBHEHHEM [ 'esibM-
rOJIbIIA OTHOCHTEILHO KOMIIJIEKCHO3HAYHON BEJMIHHBI HAIIPSZKEHHOCTH JIEKTPHIecKoro nosst E

Vxu 'VWXxE+EE=0 ma 0 (17)

2

e k? = iwo — w?e - BOHOBOE UHCIIO; € - JMdJIEKTpUIecKast mTpoHunaeMocts [®/m]; p - mar-

HUTHAs TTPOHUIaeMocTsb [['H/M|; o - smekTponposoanocTs [Ca/M|, 2 C R? TpexmepHas 061acThb
¢ Jlunmun-uwenpepsiBHoil rpanuneit 082 = d2ppc U d2pyc. Pacuernas obsacrs 2 npeicras-
JisieT coboii reTepOreHnyIo CPELy, COCTOANLYIO N3 MATPHUIBI U BKIIOYCHUN. DIEKTPUIECKOE TOJIE
HOPOZKIAETCS HEOJHOPOIHBIMU 3JIEKTPUIECKUMU KPAEBLIMU YCJIOBUSIME, 33 IAHHBIME HA TPAHUIIE
0f2ppc pacderHoii obyacru §2:

n x E‘&QPEC = EQ (18)

HeonHopoHble MarHUTHBIE KPaeBble YCIOBHS 3aJaHbl Ha rpanuie 0f2pyc

IV x B x n’89PA{C = —iwg (19)

IJle N — BHENTHSIS HOPMAaJIb.
B zaBucuMmocTi OT COOTHOIICHUS ACHCTBUTE/IHLHON U MHUMOI ACTU BOJIHOBOI'O YHCJIA, YPaB-
Henue (1) ommceiBaer pasandnbie GU3NIECKIE TPOIECCHL:

— TpeobaagaHne TOKOB IIPOBOTUMOCTH. OnuceiBaercs 3aTyXaloIluil mpoiecc.
wo >> w2€ (20)
— 1peobagaHne TOKOB CMEICHUS. OnuceiBaeTcst BOJIHOBOI Ipoiiecc

wo << wle (21)
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ITocrasennas 3amada (1)—(3) MoxkeT OBITH pellleHa BEKTOPHBIM METOJOM KOHEYHBIX dJIe-
mentoB (BMKD) [20]. Oanako ucnosb3oBanue kiaccudeckoro kondopmuoro BMKD [21], [22]
IPUBOJUT K 3HAYNTE/LHOMY YBEJHYEHUIO BBIMHCINTENBHBIX 3aTPAT IPU MOJETHPOBAHAN JIEK-
TPOMArHUTHOIO I0JIsI B NETE€POIeHHBIX CPEJIax, T.K. Ha OJIHY JUIMHY BOJHBI JIOJXKHO IIPHXOIUTHCS
He MEHee JIEBATH TeTPaspos [23].

OyHuM 13 myTeii penteHus! JaHHO MPOOJIEMBI SIBJISIETCS. IPIMEHEHNE BBIUUCIUTEIBHBIX CXeM
Ha 6a3e HEKOH(MOPMHBIX YUCIEHHBIX METO/IOB M MHOTOMACIITAOHBIX TEXHOJIOINH, KOTOPBIe 0bJIa-
JIAIOT €CTECTBEHHBIM IIAPAJIIEIN3MOM 1 [O3BOJISIOT CBOAUTE PEIeHNUe 33/1a41 BO BCeil pactieTHOi
06J1aCTH K PEIIeHUIO 3a/a9 MEeHbIIeli Pa3MEPHOCTH B OTJIEJIbHBIX I10/100/1aCTsIX.

Mmuoromacirabuble METO/bI HAILIN IHPOKOE HPUMEHEHHE /IS PEIIeHNsT CKAIAPHDBIX 3a/1a4
[7]-[14], onHako 1t pelrieHnst BEKTOPHBIX 33124 B (DYHKI[MOHAIBHBIX IPOCTPAHCTBAX C YaCTHIHOM
HenpepsiaOCcTbIO H(rot, £2) u H(div, £2) [20] eaunoro moaxo/a, codeTaionero B cebe mpenmyIe-
crea BMKD u MHOromacmraGHbIX METOJIOB, HE IIPE/IIAracTCs.

4 MoandunupoBaHHBIIT MHOTOMACIITAOHBIN PAa3pbIBHBIN MeTo/ l'ajiepkuHa

MoudurmpoBanHbIil MHOTOMACIITAOHBIH pa3pbIBHBIN MeTo [amepkuna [24| mocTpoen Ha ocHOBe
MHOTOMACIITAOHON M Ie0JI0THHI [25], peJIIoJarallIneil BBeJeHne MakKpo- I MUKPOYPOBHEN peltie-
Hus 3a7a49u. Ha MakpoypoBHE yueT reTeporeHHbIX 0COOEHHOCTEl cpe/ibl (BKIIIOUEHHIT, HEOTHOPOI-
HOCTEIl, TPEIIMH U T.JI.) BBIIIOJIHSETCsI [Ty TeM BBEJICHUsI HEIOJMHOMUAIBLHOTO ba3uca, 1oLy 9aeMoro
IIyTEeM PeIleHusI Psijia CHeIUaAIbHBIM 00pa3oM chopMyIUPOBAHHBIX 3a/1a9 Ha MUKPOYPOBHE.

OCHOBHBIMU OTJIMUUSIMUA MOJU(PUIIMPOBAHHOIO MHOTOMACIITAOHOTO Pa3pbIBHOIO MeToja La-
JIepKuHa OT npejyiaraeMbix B jmreparype MMKS meronos |7] siBistrores:

— [OCTPOEHHE BapUAIMOHHOI IIOCTAHOBKY Ha MaKPOYPOBHE B IPOCTPAHCTBE C YaCTHIHON Helrpe-
peiBHOCTBIO H(TOt, {2)

H(rot, 2) = {u € L*(2)| Vxu € L?(2)} (22)
— HUCIOJIb30BaHMe BEKTOPHbBIX GasncHbix (hyHKIwmil [21], [22] Ha MakpoypoBHE U Ha MUKPOYPOBHE
MeToJIa.

Pemienune 3a1a4m Ha MAKPOCKOIIMIECKOM YPOBHE OCYIIECTBIISIETCSI B IOCTAHOBKE PA3PbIBHOTO
meroza [anepkuna [26], [27].

st Mo/mUIIPOBAHHOIO MHOTOMACIITAOHOTO Pa3pbIBHOIO MeTosia [ajilepkuHa B BEKTOPHOI
[TIOCTAHOBKE YCTAHABJIMBAIOTCS T€ K€ YPOBHU MEPAPXUU, UYTO U JJIsT MHOTOMACIITAOHBIX METOIOB,
IPUMEHSIeMBIX JIJIsl PEIIeHNs] CKaJISIPHBIX 334 U PACCMOTPEHHBIX B pasjese 2.

4.1 TlocraHoBKa 3aJa4Ym Ha MaKpOypOBHe

Bapuaiimonnast moctanoBka. Jljisi oCTpoeHUsI BAPUAIMOHHON OCTAHOBKY Ha MaKpOypPOBHE
B {2 BBOJUTCS (DyHKIMOHAIBLHOE TTPOCTPAHCTBO

Ho(rot, £2) = {u € H(rot, £2)| u x n|,, =0} (23)

C HOPMO# U CKaJSPHBIM IIPOU3BEIEHUEM.
Bapuanuonnasi nocranoska npunumaer su: Haiitu E € Hy(rot, 2) + Ey takoe, uro Vv €
Hy(rot, £2) BeInOMHSIETCS

,ufl(V xE,V X V) + kZ(E,V)_Q = —iw(8, V)anp e (24)
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JuckperHass BapuanmoHHasdg NTOCTAaHOBKA. JljIg mOCTpoeHHWSI JIUCKPETHON BapUAIlHOH-
HOIl IIOCTAaHOBKM BBINOJIHSAETCA pas3bueHue pacdeTHoil objactu {2 #Ha N HemepeceKarolmXCcst
MaKpPO3JIEMEHTOB-TIaPaJI/IE/IEIIUIIE 0B,

N
Qn = {Q = $2:,¥62;,82; € Qp,i# j2: N QJ:@} (25)

Paszbuenne Ha MakpO3JIeMEHTHI SIBJISETCS MeOMETPUIECKH COIVIACOBAHHBIM, OJHAKO BHYTPEH-
HUE CETOYHBbIE paB6I/IeHI/IH MaKpO3JIEMEHTOB MOI'yT 6bIT]:> HE COI'JlaCOBaHBbI IIO O6H.[eﬁ I'paHune.
DT0 IPUBOAUT K HEOOXOAUMOCTH UCIIOJIb30BAHUS CIIENUAIbLHBIX YCJIOBUN «CITUBKU» Ha IPAHMIIAX
Mexk 1y MakpoajgemerTamu. « CITIBKay TakKe MOYXKHO OCYIIECTBIIATHCS Ha YPOBHE BAPUAIIMOHHOIM
[IOCTAHOBKH IIyTeM BBEIIEHUsI HA BEPXHEM YPOBHE MepapXWUU MeTOa AUCKPETHONH BapHAIlMOHHOM
[IOCTAHOBKU Pa3pPBhIBHOIO MeTO [ ajiepKuHa.

st mocTpoeHnsT TUCKPETHON BapUAIMOHHOM ITOCTAHOBKH Ha pa3dueHnn (), BBeaeM (PYHK-
[IMOHAJILHOE IIPOCTPAHCTBO [26]

V) = { ve12(R)| v]x € P{EK)*VK ¢ Qh} (26)

n OasucHble PYHKITUN 1&5 € Vi,k=1,N,i =1,M, rge N — KOJIM4YECTBO MAaKPO3JIEMEHTOB B
pasbuennu )y, M — KoaudecTBO OA3UCHBIX (PYHKIUN Ha MAKPOIJIEMEHTE.

B nocrarnoskax DG-merosa 6a3ucHbie (DyHKIUU 32 IIpeJieIaMid KOHEYHOTO SJIEMEHTa He J10-
OTIPEIEJISIIOTCA HYJIEM, II09TOMY CTaHIAPTHBIE IIPOIEILYPhl acCeMOIUPOBAHS TVIODATBHON MATPU-
Bl HE MCIOJIB3YIOTCs. I yCTaHOBIEHUsT CBA3U MEXKJIY COCEIHUMU KOHEYHBIMU dJIeMEHTaMH Ha,
CPaHUIEe MEXK/Iy HUME BBOJSTCS JTU(PTUHT-OIIEPATOPBI: OIEPATOP «CKATKa»

[Vlp = ot x v, +n” xv |, [Vl = nx v]y, (27)

U OIIePaTOp OCPEIHEHUs
{vi=OTlr+vr) /2, {v} =vlsn (28)

rjie 02 — BHEIIHssT TPAHUIIA pacueTHON obyiactu, I — BHYTPEHHUE MPAHUIBI MEXKTY KOHEUHBIMI
QJIEMEHTaMU.

Ananms pazaudaHBIX ToCTaHOBOK DG-MeTo/1a MPUMEHUTETHLHO K PEIIEHUI0 387189 9JIEKTPO-
MarHeTu3Ma B IIUPOKOM JIHalla30He 4acToT npuBejeH B [27|. B nanHoii pabore npejyiaraercst uc-
oJIb30BaTh pepynupoBanuyio [P mocranosky DG-merosa, He comeprkaliyo ocpejgaennii. Torma
JICKPETHAS BAPUALMOHHAS I0CTAHOBKA (POPMYJIHPYETCs CJIeyIonmM obpasom: naiitn EP € Vi,
takoe uTo myist Vv € V), BeImosHseTcst

afC(E" v o + K EN v o = —iw(g, v7)

Busmneiinas dbopma al’ G(.,-) ompemensiercs Kak

(29)

Nprc

aPC(Er vh), = /,rlv X EM .V x vt + /,u_loz[[EhHT : thﬂTdS, a>0  (30)
(% I

rIe o - CTAOMIU3UPYIONNN KO3 PUITIEHT.

CieryeT OTMETHUTD, 9YTO BBEJIEHHBIE IS MAKPOIJIEMEHTa BEKTOPHBIE (DYHKIIAN ¢f 3aJ1a10TCsI
HE aHAJIUTHUIECKH, KaK 9TO HPUHATO B KjaaccuieckoM BMKD, a maxomsarTcss 4uMc/IeHHO U3 pelle-
HUsI CHENUAIBHBIM 00pa3oM chOPMYJTUPOBAHHBIX HA MAKPOJEMEHTE 3a/ad (U3 PErieHus 3a,1a
Ha MHKPOYpoBHE). [TocTpoeHHBIH HENOJIMHOMUAJIbHBINA 6Aa3UC 0OTpaykaeT BCe MUKPOOCOOEHHOCTH
CpeJIbl.
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4.2 TlocraHoBKa 3aJaum HA MUKPOYPOBHE

Bapmuamnmonnast nocranoBka. llemnio perenus 3a1a4n Ha MUKPOYPOBHE SABJISIETCSI TOCTPOEHIE
HEITOJINHOMUAJIbHON (DYHKIUN (POPMBI JIjId MaKpodjeMenTa. Peraercs ciemyrorias 3a1ada

Vxp 'V xap;+k*p; =0 na £ (31)

C KpaeBbIMI/I yCJIOBI/IHMI/I
nx 1y, =@ (32)

TJIe (p; ONpe/IeNisieT MOBe IeH e HeoJTMHOMUAIBHOM By HKIIH (DOPMBI Ha IPAHUIIE MAKPO/IEMEHTa
U 33/12€TCs1 KAK BeKTOpHasi OasucHas byHKIMs Ha HapaJulesiennie/ie. BapuanuoHnasi ocTaHOBKa,
CTpOUTCs 1Mo aHajoruu ¢ (24).

JuckperHas BapualMOHHasi IMMOCTAHOBKAa. Ha ypoBHe MakposjeMenTa chOPMYIMPOBAH-
Hast 3ajgada pemaercs BMKD ma rterpasmpasbHoM ajgantusHoM pasbuenun. st mocrpoe-
HUsl JINCKPETHON BapuAIMOHHON (DOPMYJIMPOBKE BBOJUTCS KOHEYHOMEDPHOE MOJIIPOCTPAHCTBO
Hi (rot, Q) C Ho(rot, ) u 6asucubre dynkmum 3 mosmmoro mopsyka whi € Hi(rot, Q) ma Ter-
pas/ipasIbHbIX KOHEYHbIX dj1eMeHTax [21].

JluckpeTHas BapualnoOHHAs ITOCTAHOBKA IPUHUMACT BUJ: HAHTH 1pjh € H(rot, ) + (pj TaKoe

aro Yu” € H(rot, ;) BBInOHSICTCS

p (VX v xa") g + B2 ut)g =0 (33)

4.3 YwucisieHHbIE 3KCIIEPUMEHTHI

3amaya 3jIeKTpOMarHeTnu3Ma Ha IIOCTOSHHOM Toke. Kak ObLIO CKa3aHO BBIIIE, OCHOBHAsI
MHOTOMACIITa0HAsT THPOPMAIUS COMEPKUTCS B MHOTOMACIITAOHBIX (PYHKIUIX (POPMBI, 8 3HATUT
TOYHOCTH IJI06AJILHOIO pelleHnst Oy/IeT B 3HAYUTE/IbHOM CTEIeHN 3aBUCETH OT TOI'0, ¢ KaKOH TO4-
HOCTBIO CTpPOATCH 3TH (PyHKImu. J[st TOro, YT00bI yMEHBIUTEH HOTPENTHOCTh IPU OCTPOCHUH
MHOroMacImTabHbIX (yuknnit ¢popmer B HMM cyimecTByeT HECKOJIBKO CIHOCOOOB: M3MEIbIeHNe
CETKU WJIU TIOBBIIIEHHUE MOPSIKa 0A3UCHBIX (DYHKIUH KOHEUHOIJIEMEHTHBIX pa30ueHuil Ha Mej-
KOMACIITaOHOM YpOBHE ([P PEIeHUH CEPUH JOMOJHUTEIbHBIX mo3aaad (14); BBIOOpD cxembl
YUCJIEHHOTO MHTerpupoBanust (13); usmMeHeHne pasMepos 1006/ 1aCTH f(p.

Paccmorpum obpazert 10x 10 x 10 MM ¢ BKIOYeHUsIME B (DOPMeE ITapaJsiyiesIennIe 0B ¢ pa3sMepa-
M 0.25 % 0.25 x 1 mm (puc. 3). Brirouenns (yeabHast 9J1€KTPOIIPOBOAHOCTD Ty = le+4 Cm/M)
pacipejiesieHbl B Marepuaiie (Omatriz = 0.7 CM/M) 10 paBHOMEPHOMY 3aKOHY € KOHIIEHTDAIUeit
3.1% (500 Brurouenuit). Kpaesble ycaoBust 3a1a10T¢si B COOTBETCTBUM € PHC. 1.

L1t mccieqoBaHuST BAUSIHAST CXeMbI YUCACHHOTO MHTEIPUPOBAHNS U BbHIOOPaA 00/1aCTH BOKPYT
TOYEK YHCJIEHHOIO MHTEIPUPOBAHUS IPU IOCTPOEHUU MHOTOMACIITAOHBIX (byHKIMI (hopMBbI Ha
TOYHOCTH PelleHus OyJieM paccMaTpuBaTh KBajparypHble dopmyisl [aycca ¢ pi € {4,5,11}, rae
Pi -— y3JIbl HHTETPUPOBAHUSI B MaKpodjieMeHTe (B TeTpasjpe). PesysbraTel mpuBejieHb! Ha puc. 4.
OTHOCI/ITGHBH&H IOI'PEITHOCTD PeIIeHUA BBITUCIIACTCHA I10 (bopMyne

o (o) = ()|
[us )l

rae u' (x;) — pemenne, nosnyuennoe FE-HMM, u* (x;) — «rounoe» pemenue (FEM Ha noapo6-
HOiT ceTke).

(34)

7
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o C

SNWPOON®©O =

Puc. 3. Obiactb u pesynbrarTsl MojeanpoBaHusi(a — obpaser; 6 — paclupe/ieJieHre CKaJSIPHOrO MoTeHnmana u ()
B CEYEHUM W BEKTOPHOE TIOJIE TTIOTHOCTH TOKa J )

5 1.00E-01

w 5 8.00E-02

s g

- ()

E & 6.00E-02 _

g B —o—4pi

3 3 4.00E-02 .

g Sp1

E 8 2.00E-02

o) g OB —e—11pi
2 0.00E+00

10 20 30 40 50 60 70 80

PasMepsl 06:1acTH BOKPYT TOUEK HHTerpupoBaHns (%)

Puc. 4. Binsnane cxeMbl YUCI€HHOIO NHTETPUPOBAHUs U BbIOOPa 06JIaCTH BOKPYT TOYEK YHCJIEHHOTO MHTErPUPO-
BaHUsI [IPU [IOCTPOEHUH MHOTrOMacIITabHbIX (yHKIMil GOPMBI HA TOUYHOCTD pelneHnst (pa3Mepsl obsacrell BOKpYT
TOYEK MHTErPUPOBAHMS yKA3AHBI B IPOLEHTAX OT Pa3Mepa COOTBETCTBYIONIErO MAKPOIJIEMEHTA)

U3 BBIYHCIUTETHLHOTO IKCIepUMeHTa (prc. 4.) cJIeyer, 9To JIydIlyi0 TOYHOCTD JIaeT UCIIOJIb-
30BaHMe cxeMbl ['aycca ¢ MAThIO U OMMHHAIIATHI0 TouKaMu. OIHAKO IPUMEHEHNE OIMHHAIIIATH-
TOYEUHOI CXeMbl 0oJiee 3aTPaTHO.

OpHuM U3 CII0COOOB TOBBIIIEHUsT TOYHOCTH MHOTOMACIITAOHBIX KOHETHOJIEMEHTHBIX METOIOB
SIBJISIETCs TIOBBIIIIEHUE TOPsiJiKa 0a3MCHBIX (DYHKINA, HA KOTOPBIX CTPOATCS MHOTOMACHITAOHDBIE
dyuknuu ¢popwmbl. st FE-HMM 6b110 110/1y9eHO, ITO UCIOJIb30BAHNE KBAIPATUIHBIX 0a3UCHBIX
dbyHkImit B cpeHeM yMEHBIIAET OTHOCUTENBbHYIO IOTPENTHOCTh pertenust Ha 1%, oaHako mpu
9TOM BpEMsI PEIeHUsi BO3PACTAECT Ha IMOPSJIOK. DTO CBI3aHO CO 3HAUUTE/HLHBIM YBEJIUICHUEM
KOJIMIECTBA CTeleHeil CBOOO/IbI B KOHETHOIJIEMEHTHON CETKE.

3amava 3JIeKTpoOMarHeTu3Ma Ha epeMeHHOM Toke. s BepuduKaimm MeTo g BhIITOIHSI-
JIOCh cpaBHeHHe ¢ KoHGopMHbIM BMKD Ha 6asucHbIX GyHKINS 3 HOJHOTO IMOPSIIKa B OJHOPO/I-
HOII PACYeTHON 0bJacTH: € = €0, jt = flg, 0 = le — 6. Ba «Tounoe» pemenne B! npunnmacs
pesyabrar Mojeaupopanust BMKD. Berauciennst npouspoauiuck Ha aByx dacrorax: f = 1 kI
(BostHOBOI Tpotiece He dopmupyercs) u f = 3 [T (BosmoBoii mporece cchopmuposan). Beuia
BBIIIOJIHEHA, OIIEHKA, OTHOCUTE/ILHOMN ITOIPEITHOCTH

[ES — B

o= ‘ 35
2] (35)

npu f =1 k[ 6™ = 2.42¢ — 04, npu f = 3 TTry 631 = 1.07e — 04. IpetorKenHbil MeTOS
[IOKa3aJl XOpolllee corjacoBanue ¢ Kiaccudeckum BMKD.
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Puc. 5. Obsiactb MOze/IMpOBaHUst

PaccmoTpumM 06/1acTh ¢ reTeporeHHOi BHYyTpeHHeH CcTpyKTypoit. Pacdernasi obsracts 21 X
21 x 14 MM npuBeseHa Ha PHUC.D. DIEKTPOPU3NIECKHIE XAPAKTEPUCTUKN MaTpulbl: € = 4.5,
B = po, 0 = le — 6. DekTpodU3NIECKrEe XapaKTEPUCTUKN BKJIIOUEHUI: € = £, [k = [, 0 =
le+ 7. B obnactu momempoBanus pactosiozkeno 80 cpepudaecKux BKIIOYEHHH, paInyCc KOTOPBIX
Bapbuposascga oT 0.11 mm 7m0 0.7 Mm.

st pacuernoii objactu puc.b npumenenune koudgopmaoro BMKD npuseno Kk HeoOXoaumo-
CTH TIOCTPOEHUsI OYeHb MOJIPOOHOI ceTKH, peskomy pocty pazmepuoctu CJIAY u uncna ee oby-
CJIOBJIEHHOCTH. Perrienne mo/iyduTh He yIajaoch. lIpemioxkeHublit B paboTe MOAuMUIIMPOBAHHBIHI
HeKOH(MOPMHBIN PAa3pPbIBHBIN MeTO/ ['ajlepKUHA TIO3BOJIIII ITOJIY YU Th PEIIeHUE JIJIsl MUPOKOT'O THa-
mazoHa JacToT. Ha puc. 6 mpupejiens! feficrBuTe/ibabIe KOMIOHEHTH K, B cevenun x = 0.0105.

0015 0.015

ExR

0.85 001
0.65
0.45
0.25
0.05 0.005

0.01

0.005

0 |
0.01 . 0 0.015
y

a) 6)

Puc. 6. eiicrBurenbaas komnonenta E; B muiockocrn YZ, © = 0.0105 (a — gacrora f = 1 xI'i; 6 — gacrora
f=3TITn)

3akJrouyeHmue

B pabore npemnaraerca momndukanua FE-HMM, opuentupoBanHas Ha pelleHHEe TPEXMEPHBIX
3a/1a9 3JIEKTPOMArHeTu3Ma Ha MOCTOSTHHOM TOKEe B O0JIACTSIX CO CJIOXKHOI BHYTpEHHEH CTpYK-
Typoii (¢ GOIBITMM KOJMYECTBOM Xa0THIHO PACIIOJIOKEHHBIX MeJIKNX BKJodenuii). Vccenosana
TOYHOCTDH PAbOTHI METOJIA B 3ABUCUMOCTH OT PEAJIM30BAHHON CXeMbl UMCJI€HHOTO MHTETPUPOBAHUS
7 TTOpsiaKa 6a3uCHBIX (DYHKIWI Ha MEJTKOMACIITAOHOM BHYTPEHHEM pPa3OneHUN.

Ha ocnoBe BMK9S, DG-Meroma 1 MHOroMacIITabHOR UIe00rnH ObLI pa3paboTaH Cliennuaib-
HBIfl YUCJIEHHBII METOJ] MOJIEJIMPOBAHUS TPEXMEPHBIX I'aPMOHUYECKUX JIEKTPOMAIHUTHBIX I10-
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Jsieit. J{aHHbIf MeTOo/T OpUEHTUPOBAH HA MOJIEJUPOBAHNE SJIEKTPOMATHUTHBIX HOJIEH B F€TEPOreH-
HBIX CPEJIaX ¢ KOHTPACTHBIMU PA3HOMACIITAOHBIMU BKJIFOUEHUSIMU B IIIUPOKOM JTUAIIA30HE YACTOT.
[Ipesioxkennbiit MeToM, 00J18/1a€T €CTECTBEHHBIM ITaPAJIIEIM3MOM U ITO3BOJISET CBECTU PEITIEHUE
3a/1a9U BO BCell 00JIaCTH MOJIEJIMPOBAHUS K PENICHUIO 3aJa9d MEHbIEl Pa3MEPHOCTH B OTE/Ihb-
HBIX MMOJ00JIACTIX, KOTOPOE MOYKET BBITOJIHATHCS MapaIebHO. B To ke Bpemst He HADJII01aeTCst
PE3KOro TaJIeHusi TOYHOCTHU 110 cpaBHeHnio ¢ BMKD.
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ITocTpoenne onepaTopoB MHANKATOPA PA3PbIBOB TEH30PHBIX
1oJieifi MaJIoro paHTra MO WX W3BECTHBIM JIyYeBbIM
npeoopa3zoBaHUAM*

E.IO. Jepesrnos'?, C.B. Mambnesa!?, I.E. Cperos!?

! Mucruryr maremarnku um. C.JI. Co6osea CO PAH, Hosocubupek, Pocenst
y b b
2 Hosocubupckuii rocynapcrBennbiii yausepcurer, HoBocubupck, Poccust
dert@math.nsc.ru,sv_maltseva@mail.ru, svetovie@math.nsc.ru

AnsoTanus. B pabore npeioKeHbl HEKOTOPbBIE MOAXOAbI K YUCJIEHHOMY PEIIeHUI0 3aJa9i BOC-
CTAHOBJIEHUsI MHOYKECTBa TOYEK Pa3pPbIBa CKAJISIPHBIX, BEKTOPHBIX U CUMMETPUYHBIX 2-TEH30PHBIX
moJ1el (TEH30PHBIX MOJIEH MAJIOTO PAHTA), 3aIJAHHBIX B €MHATHOM KPYT€, IO UX U3BECTHBIM JIy T€BBIM
rnpeobpa3oBaHusiM. st pereHust mocTaBJIeHHON 381841 UCIIOJIB3YIOTCS OIepaTOPhl OOPATHOM ITPO-
eKINY, JEeWCTBYIOINE Ha JIydeBble MpeoOpa30oBaHusi, M ammapaT TeH30pHOro aHaansa. [locTpoeHbr
OTIepPaTOPbl MHINKATOPA PA3PBIBOB CPEIIbI, TO3BOJISIONINE BU3YAJIBHO BBIIEIATH MHOYKECTBO TOYEK
pas3pbiBa HCciIeayeMbIX 1moeii. [IpeajioxKennbl 1 peaan30BaHbl aJITOPUTMbI PEIEHUs] TTOCTABIEHHBIX
3a/1a4d.

KuroudeBrbie ciioBa: tomorpadusi, TEH30pHOE II0JI€e, Pa3pPhIB, JIydeBOe Mpeodpa3oBaHue, OIepaTop
00paTHOI MPOEKINY, TEH30PHBIN aHAIN3.

1 Bsegenue

VeoBue raaaKoOCTU SABJISAETCS OCHOBHBIM JIJIsT IOy Y€HUsT MHOTUX PE3Y/ILTATOB MATEMATUIECKOTO
aHasn3a, JuddepeHnnaIbHbIX U UHTErPAJIbHBIX yPAaBHEHU, TEOPUU 00PATHBIX 338t JIJIs YPaB-
HEHUIl MaTeMaTuIecKoi (PU3UKU U MHOTUX Jpyrux. OJIHAKO, CYIIECTBYIOT BayKHbBIE €CTeCTBEHHO-
HAyYHbIE U TEXHUYECKHUE 00JIACTU, B KOTOPBIX O0bEKTHI MATEMATHYECKH OMUCHIBAIOTCS BEJIUYU-
HAMU, TEPISIIUMEI Pa3pbiB. Takue 0ObeKThl BOSHUKAIOT U B TOMOTPa(pUH.

N3zBecTHbIH aJropuT™M BU3yAJIM3AIMH MHOKECTBA, PA3PHIBOB (DYHKITUU ObLI IIPEJIJIOZKEH B CTa-
Tbe BaitnGepra ¢ coasropamu |1, ony6iukosanuoii 8 1985 r. OcHOBHAsI Wesi aJIropuTMa COCTO-
sUIa B [IPEIBAPUTELHOM J[BOHOM aud epeHnupoBann 1Mo nepeMenHoii s (|s| — paccrosinue or
[PSIMOIA, 110 KOTOPO#i IPOU3BOIUTCS MHTErPUPOBAHNUE, JIO HAYaja KOOPJMHAT) TOMOIpadUIeCKIX
JMAHHDBIX, IPEJICTAB/IAIONIX coDoi 1ByMepHOoe Tpeobpa3oBanns Pagona, ¢ moc/Ie Iy oM IpuMe-
HEHUEM orliepaTopa 0OpaTHON MpoeKIuu. B majbHelneM Takas MOCAeI0BATEIBHOCTD JeHCTBHH,
MPUBOJIAIIAS K BU3YAJU3AIUNA MHOYXKECTBA TOUEK PA3PhIBa, OJIyYnIa HA3BAHUE onepamopa Batin-
bepea. Creyer NOMEPKHYTh, 9YTO 00pa3 oneparopa BaiiHbGepra He sBJIsSeTCH PA3HOBUIHOCTHIO
dopmysr obpaienusi. OmepaTop He JaeT UCKOMYKO (PYHKIIMIO U HE MO3BOJISIET CYJIATH O IOBe-
JICHUH TJIaJIKOM COCTaBJIAIONIENl 00 beKTa, HO T03BOJISET BU3yaJbHO BBLIEIUTH MHOYXKECTBO TOYEK
paspbiBa HCXOMHON DyHKIMH. JeiicTBUTENIFHO, B PAMKAX YIIOMSHYTOTO MOIXOJa HEJOKAJIbHBIIM
niceB o pepeHITNATBHBIN OIIePaTOP, UCIOJIb3yeMbIil B (hopMystax oOpaIeHusi, 3aMeHsIeTCsT JI0-
KaJIbHBIM (D DEPEHITUATBHBIM OIIEPATOPOM JABOHHOIO JindepeHIupOBaHUsi, YTO CYIIECTBEHHO
YIPOIIAET €ro IPOrpaMMHYIO PeasIn3aluio, HO He T03BOJISeT BOCCTAHOBUTD TVIAJIKYIO YaCTh 00b-
ekta. B masgpaeitimem “anropurm BaiinGepra” mosiydmsi pa3BUTHE, B YACTHOCTH B pPaAMKaxX JIO-
KaJIbHOM ToMorpaduun, B paborax Takux aBropos kak A. @apujganu ¢ coasropamu [2], [3], A. K.
Jlyuca u I1. Maacca, [4], u muorux apyrux. Kak yke orMedasoch, OCHOBHASI 11€JIb MCCJIeI0OBAHU

* PaBora ocymiecTBiaeHa npu dacTuaHoi dpunancosoil nomaepxke PODU (npoexr 14-01-31491-mom-a), Munu-
crepcTBa ob6pazosanus u Hayku Pecry6snku Kasaxcran (mpoekr 3630/I'®4-2015)
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COCTOsIJIa B BU3YAJIM3AIMU MHOXKECTBA TOUYEK Pa3PBLIBOB, & TAKXKe B BO3MOXKHOCTH OIPEIEICHUST
HEKOTOPBIX YCPEIHEHHBIX XaPaKTEPUCTUK TJIAJKON COCTABJISIONIENH 00beKTa.

B konne 90-x rogos JI. C. AHUKOHOBBIM OBLI IpEJJIOZKEeH MHOI 1moaxo |5 K pernenuo 3a-
Ja91 BOCCTaHOBJIEHUA Pa3PBIBOB beHKI_H/II/I 10 €€ U3BECTHbIM JIYYIE€BbIM HpeO6paSOBaHI/ISHVI7 OCHO-
BaHHBII HA TEOPUH MHOTOMEDPHBIX CHHIYJISIDHBIX mHTerpason [6]. Ilpumenss k npeobpazoBaHuio
Pajiona oneparop o6paTHOi IPOEKINH, II0JyYaeM CHHIYJISIPHBI HHTErpaJl (C MCKOMOii paspbiB-
HOiT pyHKIMEl 1o/ nHTerpasoM) co ciaaboit ocobennocTrio. luddepeHnupoBanie moJy 9eHHOro
BBIPDAYKEHUS 110 TPOCTPAHCTBEHHBIM IIEPEMEHHBIM MPUBOJUT TOTJA K €ro JOrapupMUIECKOMY
BO3PACTAHWIO MPHU CTPEMJIEHNH TOYKM K JIMHUU Pa3pbiBa. B 4acTHOCTH, MOXKHO HCIIOJb30BATH
oneparop |V(-)| u psiy npyrux. [TogobHble onepaTopsl, JelicTBYONINE Ha JIyYeBble MPeodpa3oBa-
HUsl U jaonme GyHKIuK (3aBUCSIIEE OT IIPOCTPAHCTBEHHBIX [IEPEMEHHBIX ), 3HAYEHHsI KOTOPbIX
CTpeMsITCsI K OECKOHEYHOCTH IIPU CTPEMJIEHHH TOYKHM K JIMHUM HJIA TOYKE pa3pblBa MCXOIHOM
GYHKIINK, MOXKHO HA3BIBATH UHOUKAMOPAMU DA3PBISA.

Ciestyst JIOPMKE Pa3BUTHSI IIOCTAHOBOK M METOJOB PEIIeHMs “‘KJIACCHYECKON 3aJa4id BOCCTa-
HOBJIEHUSI Pa3pbIBOB’, KPATKO M3JI0XKEHHOH BBIIE, MBI IpeajaraeM ee ob0DOINeHne KaK B IOCTa-
HOBOYHOI YacTH, TaK U B YACTH METOJIOB, IIPUBJIEKAEMbIX i ee pereHus. CTaBuTcs 3aja4a
[0 OIPEEJIEHIIO0 MHOXKECTBA TOUEK pa3phbiBa HE TOJIBKO CKAJISIDHBIX I0JIel, HO U BEKTOPHBIX W
CUMMETPUYHBIX 2-T€H30PHBIX 10Jieli (TeH30pHBIX MoJell Majoro paura). enb gannoi paborbi
COCTOUT B IOCTPOEHUU OIEPATOPOB MHJMKATOPA PA3PHIBOB, IMO3BOJISIONINX, UCXO/IsT U3 JIyIeBbIX
peobpa30BaHUil MOJIeil, BBIAESITH MHOXKECTBO MX TOYEK paspbiBa. [ljisi perneHust mocrasiieH-
HO 33J1a91 UCITOJIB3YIOTCs audbepeHInabHbIe OIIepaTOPhl TEH30PHOI'O AHAJIN3a, HHTEPAJIbHBIE
oIepaTophl yIJIOBOI'O MOMEHTa M OOPATHON IPOEKIINH.

2 IlpenBapurenbHBIE CBEAECHUSA

IIpeobpazoBanue Pajiona, paccmarpuBaeMoe Kak OMEPATOP, JAeUCTBYIOMNI HA (DYHKIIMH, UMEeT
TPUBHAJBHOE AP0 U MO3TOMY OOpATHUM JIsl IMHPOKOro Kiacca dpyHKImil. B To ke Bpems ore-
PaTOpPBI IPOJIOIBHOTO, MOMEPEYHOr0 U CMENIaHHbIX JIyUeBbIX IIPeobpasoBaHuil, JefiCTBYIOIUX Ha
BEKTOPHBIE U CAMMETPHYHBIEC 2-TeH30PHBIE TI0JIst, 0018 IaI0T HEHYJICBBIMH sapaMu. TaK, spo orre-
paTopa npoJIOJBHOrO JIyueBOro Npeobpa3oBaHus, IeHCTBYIONIEr0 Ha BEKTOPHBIE MOJIst, COCTOUT U3
[MOTEHINAJIBHBIX BEKTOPHBIX OJIEH ¢ TOTEHIINAJIOM, OOPAIIAIOIIUMCSI B HyJIb Ha IPAHUIIE ODJIACTH.
SIIpoM 3Ke TIOEepPEevTHOro JIy4eBOro mpeobpasoBanust (BEKTOPHBIX TOJIEi) SBJIAETCS MHOXKECTBO
COJIEHOMTA/ILHBIX BEKTOPHBIX MOJIefl ¢ HyJIeBOH HOPMAJIbHOl, K I'DaHMIle 0OJACTH, COCTABJIAIO-
meit. TakuM 06pa3oM, IPUHUMAs BO BHEMAaHME Pa3JIozKeHHe CHMMETPHYHOIO TEH30PHOTO HOJIs
Ha [IOTEHIMAJBHYIO U COJIEHONJIAJBHYIO YacTh 7], IPUXOUM K BBIBOJLY, UTO IO U3BECTHOMY IIPO-
JIOJTBHOMY JIy9eBOMY MPeoOPa3oBaHMIO BEKTOPHOTO MOJIA MOYKHO OJJHOZHAYHO BOCCTAHOBUTH JIMIIH
ero COJIEHOMJIAJIbHYIO YacTh. EC/IM e U3BECTHO MONEPevHoe JIyIeBoe IPeodpasoBaHue IoJIst, TO
OJIHOZHAMHO BOCCTAHOBUTH MOYKHO JIMIIb €r0 MOTEHIMAIBHYIO 9acTh. 110 3TOil mpuuuHe 3a1a4a
BOCCTAHOBJICHUs PA3PBIBOB BEKTOPHOTO T10JIs1 PACCMATPUBAETCA B JIBYX BapuaHTax. VIMEeHHO, Tpe-
OyeTcst BOCCTAHOBUTH Pa3PhIBBI JIMO0 COIEHOMIATBHON YaCTH UCXOIHOTO TIOJIS IO €r0 U3BECTHOMY
IPOJIOILHOMY JIyY€BOMY MPeoOpPa3oBaHuIo, MO0 €ro MOTEHIUAIBHOI YacTH — I10 U3BECTHOMY
[OTIepeIHOMY IIpeobpazoBannio. HeCKOIbKO CI0YKHEe CUTyalldsl ¢ CAMMETPUIHBIMIA TEH30PHBIMHE
nojisMu Broporo panra. OHa OyJIeT olnmcaHa HUXKE y?Ke B CTPOTMX PAMKAX COOTBETCTBYIOMIETO
MaTeMaTHYecKoro arnmapara.

Hycts B = {(z,y) € R?|2% +y? < 1} — Kpyr eMHUYHOTO pajyca ¢ MEHTPOM B HadaJe
JEKAPTOBOIl MPAMOYTONbHOM cucTembl Koopmnat, OB = {(z,y) € R%*|2%? +4? = 1} — emn-
HuaHas okpyxkHocth. Yepes Z = {(a,s) € R? : a € [0,27],s € [~1,1]} obosnauaem rummmIp
[—1,1] x [0, 27]; uepes & € OB, &€ = (cosa,sina), n:= &+ € OB, n = (—sina, cosa) — exunmy-
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Hble BeKTOpHL. OGo3Havenne Lg , NPUHATO IS IIPSIMON, 3a/[aBaeMONl HOPMAJIBLHBIM yDPaBHEHNIS
rcosa +ysina — s = 0; uepes SH(B), S%(B), S™(B) ob603HauaeM MHOXKECTBA, OIIPE/ICICHHBIX B
B BeKTOPHBIX, CHMMETPUYHBIX 2-TeH30PHBIX HOJIeil, CHMMEeTPUYHBIX M-TeH30PHbIX M0JIeil, CooT-
BETCTBEHHO.

OmnunieM KJj1acchl Pa3pbIBHBIX (DYHKIIUi, BEKTOPHBIX U CUMMETPUYHBLIX 2-T€H30PHBIX IOJIeil,
KOTOpBIE OyIyT paccMaTpuBaThcs B gajbHeiimem. Ilycrs obnacts D C R? (BO3MOXKHO, MHOIO-
cBsA3Hast) Takas, uTo D C B, COCTOUT M3 KOHEYHOTO HMC/Ia HelepeceKalomuxcst 1oobmacreit

{D;}, i = 1,..., N, takux uro obbemunenue Dy = UD; s1ux momobaacreil I0THO B D, a ux
rpanup raajkne kiaacca O, Herpyano 3ameruts, uro 0D C 0Dy, a rpanuma 0D, coBiaiaer ¢
obbeaunennem rpanun, UD; momobnacreit D;, i = 1,..., N. TpeboBanne K rpaHuiiaM COCTOUT B

TOM, UTO OHH HE COJIEPIKAT HPSIMOIMHEHBIX YIaCTKOB. 3ajaiuM B D C B Tpu Kiace DyHKImiL.
[epseiit C~1(B) conepknT pa3pbiBHBIE B TOUKax MHOwkKecTBe (,y) € ODg dynxmun. Ilepsbrit
KaacC (DYHKIMIA CIIyKHT JJIs OINMCAHHs Pa3PLIBHBIX CKAJAPHLIX Tojieil. Bropoit ximacc CO(B)
COCTOUT U3 HEIPEPBIBHBIX (DYHKITU, [TePBbIe ITPOU3BOJ/IHBIE KOTOPBIX TEPIISAT Pa3pPbiB B TOYKAX
MHOXKeCTBA (,Yy) € ODgy. DroT Kaace HYHKIUIT CILy?KUT TOTEHIUAIAME JIJIsi DA3PbIBHBIX BEKTOD-
HBIX ToTeit. Haxowert, Tpetwit kmace C1(B) cocTONT n3 HempephIBHBIX (bYHKIH ¢ HeTPEePBIBHBIMA
[EPBBIMU TTPOU3BOIHBIMEU, HO ODJIAIAIOIIMMEI BTOPBIMU YACTHBIMU [TPOU3BOIHBIMU, TEPISIIAME
pa3pbIB B TOUKaX MHOXKecTBa (z,y) € ODp. Drn GyHKIUM CIyKAT NOTEHIMAJAME JIJIS PA3PbIB-
HBIX CUMMETPHUYHBIX 2-T€H30DHBIX MoJjieil. Bece paspbiBbl IPEIIOIaraloTcs pa3pblBaMu IIEPBOTO
poa, ITo sicHO u3 pusudeckux coobparkeuuii. lajee snadok “ B” B 0003HaUMEHUSIX KJIACCOB (DYyHK-
Ui OITyCKaeTCs. Y TOYHUM OIHCaHus noTeHnuasos. [lorenmanst p(z,y), ¥(z,y), x(x,y), ... u3
C*, k= —1,0,1, oupenesensl B B, obpamaiorcs B 0 Ha MHOXKeCTBe B \ D, a WX HOCHTE/b COB-
najier ¢ saMbikanuem D, supp ¢ = D. B Toukax (z,y) € D obaactn D moTeHImabl 6eCKOHETHO
muddepenrupyembl. B cuy cBoeit riagkoctu B obsactu I MOTEHITHAIBI 0018 aI0T TaCcTHBIMU
MPOU3BOIHBIME JTIOOOTO TOpsiKa. UTO KacaeTcss TOUEK, TMpuHaIex)Ramunx 0Dy, To B HUX BCe

JacTHBbIE TTIPOU3BOIHbIE l=0,....k, 7 <, 1o nopsgaka k BKJIIOUYATEIHHO HEIIPEPHIBHLI,

v
OxIOyt=3"
k = 0,1, a mpousBognbie mopsaaka k + 1 Tepuar pa3peiB 1-ro poma. Bymem ropoputh, aTo HyHK-
nus @ ABaseTcss nomenyuanom eaaoxocmu CF, wmm CF-nomenyuanom 8 R?. Hanomuum, urto k
IpUHUMAET 3HadeHust o7 —1 (OIHCBIBAIOTCS pa3pbiBHbIE (DYHKIMK) 10 1, HOCPEICTBOM TAKUX IO~
TEHIIUAJIOB OIUCHIBAIOTCST PA3PBIBHBIE CUMMETPUYHBIE 2-T€H30PHbBIE MOJisi. Boobie roBopst, mpn
yBeaudennu k OyJeT yBeJUYUBATHLCA U TJIAJIKOCTH COOTBETCTBYIONINX CKAJISPHBIX, BEKTOPHBIX 1
2-renzopubix noJieit. OOIme cBoiicTBa moJielt OyayT (hOPMYIUPOBATHCS I TPOU3BOJIBHBIX K,
pasyMeercst OTPAHMYEHHBIX CHU3Y HEKOTOPBIM IIEJIBIM YHCJIOM, KOTOPOE OOLIMHO OyHeT yKasbl-
BaThHCA.

UNsBectHO 7], 9TO Kak MOTEHIMAJIbHbBIE, TAK U COJIEHOUAJIbHBIE BEKTOPHBIE I0JIs1, 3a/IaHHbIE
Ha TIJIOCKOCTH, OTPEIEISIOTCS CBOUMHI TOTEHIAIaMA. HAmOMHIM, 9TO BEKTOPHOE TOJE U NOo-
MEHYUAADHO, €CIIU CYIIECTBYET IIOTEHIUAI , Takoii uto u = Vo = (9p/0x, 0p/dy). BekropHoe
nosie v coneroudasvro, eciu div v = 0. Takum 06pazom, moTeHImaIbHOE 1MoJIe U (COTEHONIATBHOE
1oJie v) UMeeT BUJL

i =50 = (22.02) (== (- 22,29

e gepes V1 06o3HAUEH OIepaTop opmozonaivhozo epaduerma. Hapsity ¢ omepaTopoM IuBep-
rerrun §, dw = Owy /Ox + Ows /Oy OIPEEIHM OLEPATOP 0PIMO20HaAIbHOT dusep2enyut, 6=, 6w
= —0w; /0y + Owy/dx. O6ObIIEHNSIMI OLIEPATOPOB I'PAJINEHTA U | -Ipa/IHeHTa SBJISIIOTCS Ollepa-
Tops! BHyTpennero muddepennuposanus d u d- Oueparop BHyTpentero muddepeHnnpoBanms
d: Cck(S™) — CF-1(S™+), k > 0, neficTByeT Ha CHMMETPHYHOE M-TEH30PHOE IOJIe W U JIAeT
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cummerpuanoe (m + 1)-TeH3opHoe mose % MO0 IPABHIILY

o 1 ow;, i, - OWi, ...y, jig 1w
k=1

Omneparop d* : CF(S™) — Ck=1(S™*+1) k > 0, suyrpennero oproronanbnoro audddepentmpo-
BaHUs JICHICTBYET 10 IIPABUITY

. n 1 aw“ im - 3wi1...ik,1jik+1...im
Vi = (W0 = o (1) 55 D i e )-
=1

m+1

3aecy w € CH(S™), u,v € CF~1(S™F1) k > 0. OnepaTopsl AUBEpreHIUE § U OPTOrOHATLHOI
nuseprenmun 0+, 6, 0+ @ CF(S™) — CFTL(S™TL), k > 0, meficTBylOT Ha CHMMETPHYUHBIE M-
TEH30PHbIE OJIS W,

OWiy i1 OWiy iy 11 Owiy g, 12

Wiy iy = (OW)iy iy = B = EsI + 22 )
Viriimr = (0 Wiy iy = (—1) awilmim-_lj = O i) awil"'im_ﬂ,
Q37 Ox? ol
U JIAIOT CUMMETPUYHbIE TEH30PHBIE TOJS U, ¥ BaJeHTHOCTH M — 1.
CymecrByer Tpu  THIA CUMMETPHYHBIX  2-TeH30pHBbIX  nosieii  [8]. Hmke — mc-
moJibdyeM  “BeKTOpPHYIO’  opMy  3amucu (wn, w12, w22) CHUMMETPUYHOIO  2-TE€H-
sopHoro mosis  w;;. lloTenmmanbHoe — CHMMETpHYHOE — 2-TE€H30pHOE — IOJIe U €

CF2(8%), k> 1,
(1)

2y 9%y 32¢)

(u117u12)u22) = (6$2’ 8338:1/’ 8:1/2

3aj1aercst orerrmasnoM ¥ € CF, k > 1. TloTeHnmaabHOE CHMMETPHIHOE 2-TEH30PHOE TOJIe U €
CF=2(5?%), k > 1, obiajiaer KOMIIOHEHTAME

92 9y?

~ 0%y Py 0% ~ 0%y
U = " 9z0y’ Upg = Ugy = ( ) 20 = 2y (2)

u onpejiesisieTcs motentmatoM x € CF, k > 1. CoeHomambaOe CHUMMETPIIHOE 2-TeH30PHOe MOoJIe
v € CF2(8%), k > 1, c kommonenTamu

v _ P Vro — v __ P v _ 9% (3)
NS g V2TUn s g vn =g

sajlaercs norennuanom o € CF) k > 1. Moxno mokazarh [9], 4To BCsAKOe TEH30pHOE MoJe W €
CF(S?), k > —1 eauncTBEHHBIM 06PA30M PA3IArACTCH B CYMMY

w=v+u+u
nosteit, 3ajanubx coornomtennamu (1), (2), (3) n moporkaeMbIX moTennuagamu ¥, x, @ € Ck2,

k>-—1.
[IpeobpaszoBanue Pajona dbyHKIMN (0 ONpEEIsieTcss COOTHOIIIEHUEM

(Re) (€, ) =/L w(xyy)dL=/oo ©(s€ + tn)dt. (4)

—0o0
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Baech £ = (cos a, sin ) HOpMaJIBbHBIA, a ) € OB, 1 = (— sin «, cos () — HAIIPABJISIONINI BEKTOPBI
ydKa IapajulebHbIX IPSIMbBIX, 10 KOTOPBIM IIPOU3BOIUTCA nHTerpuposanue. [Tapamerp s, —1 <
s < 1 xapakTepusyeT paccTOsiHHe |s| OT HpsMOil 0 Haudaia kKoopauHat. Omeparop obpammot
npoexyuu, (OOIT) R# neiicTByer na oGpas omeparopa Pasona (Rgp) (&(a), s), onpejiesieHHBIN B
MUWINHIPE 7, TI0 IPABUITY

2m
pos) = 5 [ (Re)(E@).s(ap0)d o)

naer B pesysbrare GyHKIMO (1, ), onpeieaennyio scioay B R2.

[Tycrs w = (w;) BekTOpHOE TIOJIE ¢ HOCUTEseM B B, a ( — BeKTop eauHu4HOil quuHbl. O6o-
sHa"mM KpaTko w;(’ (Mo MHueKcy i mompasyMeBaeTcs cymMuposanne oT 1 g0 2) gepes (w, ().
OrnepaTopbl NPodoavHo20 AYHEG020 NPEodPA30BAHUSL T NONEPEUYHO20 AYUEB020 NPEOOPAZ0BAHU,
JIefiCTBYOIME HA 3aJIAHHOE B €JIMHUYIHOM Kpyre B BekTOpHOEe 1oJie w;(X, ), ONpPepessiioTcst Co-
OTHOIIECHUAMMN

(Pu)ns) = [ (wlse + i, (Pru)es) = [ wlserm.oa (©)

—00 —0o0

coorBercTBeHHO. OnepaTopbl 0OpaTHON POEKINN, 0603HAYAEMbIE (P)#, (PL)#, JeficTBYIOT Ha
0Opasnl (Pw) (n,s), (PLw)(f,s) [IPOJIOJILHOTO U TIOIEPEYHOr0 JIYUEBBIX MPeoOpa3soBaHUil 110
HPaBUILY

2 27
pie) = 3= [0 (Po)nsda, Mle) =5 [ PRI @)

Jhk=1,2,n=n(a),{=~¢«), s=s(x,y,a), n B pe3yabraTe Ja0T COJECHOUIATHHOE U TOTEHIIN-
aJIbHOE, COOTBETCTBEHHO, I10JIsl, OIIPEIe/IeHHbIe Ha BCEil IJI0CKOCTH.

CyImecTBYIOT TpU BHUJIA JIyYEBLIX IIPE0O0pPa30BaHMil CHUMMETPHYHBLIX 2-TEH30PHBIX HOJIei. DTo
npodoavhoe, cmewannoe u nonepeunoe. Ilpusenem obiiee onpeeseHue st JIy9eBbIX Ipeodpa-
30BaHMil, JEHCTBYIOINX Ha CHMMETPUYHBIE M-TEH30PHBIE MOJIsg, U HOJa0KAM m = 2. OnepaTopsl
JydeBbx npeobpasosanmit PY) 1 CH(S™) — CF(Z), j = 0,1,2, k > —1, aeiicrByomue Ha 10
ne w = (Wi,.i,) U NepeBoismue ero B GyHKIUI g9 (€(a), 5), onpenenennnie B nummHpe Z,
331aF0TCsl COOTHOLICHU M

o

(PYw) (¢, ) = / Wiy i & EI Pt (8)

—00

& = (cosa,sina), n = (—sina, cosa). [Ipu j = 0 3T0 mpogoIBLHOE JTyUeBoe MpeobpasoBanue P,
U 110J[ HHTEIPAJIOM YYACTBYIOT TOJILKO KOMIIOHEHTBI HAIPABJISAIONIEr0 BEKTOPa (IPSIMOMA, BJIOJb
KOTOPOIi Ipou3BouTCst nHTerpuposanue) 7. Ilpu j = 2 310 1o1iepedHoe JiyueBoe npeobpa3oBaHie
PL, u nombIHTErpasIbHOE BLIPAYKEHUE CONEPIKUT TOILKO KOMIIOHEHTHI HOPMAJIBHOTO BEKTOPA &.
Hakomer, ipn j = 1 970 cMemmanHoe jydeBoe mpeobpasosanme P: comepkur 1o mHTErpagoMm
KaK KOMIIOHEHTBI HOPMAJILHOI'O, TaK U HAIIPABJIAIOIIEr0 BEKTOPOB.

[TpuBenem bopmysty mutst oieparopa auddepeHnupoBaHus 06pa3a JIyIeBOro Ipeodpa30BaHMs
(8). dnz (PWw)(&,s) €CH(Z), k>0,1<k+1,

L(p)
PO = W (9)
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Jl1st KayK10r0 M3 TpeX TUIIOB JIy9YeBbIX MPeoOpa30BaHnil CyIecTBYeT “‘cBoi” omepaTop obpar-
HOI [IPOEKIINH, (73)#, (PL)#, ('PT)#. O6paszer OOII, geficTByomuUX Ha IPOJIOJIBHOE U TOMEPEY-
HOe JIydeBble ITpeoOpa3s0BaHms, CAMMETPUYHBIE 2-TeH30PHBIE OIS A U U,

1 2

1 2 .
p= g [ P)msde. hi= 5o [ O P €. (10)

IPEICTABIISIOT coboit mosist Tuma (3) (conenonanbioe) u (1) (morenmuansaoe). [ose

1 2m
vnle) = 5= [ O (Plu)€. 9o, (1)

TakKe IMoTeHnuaabHoe Tuna (2). HamomuuM, 910 B mocjieHux cooTHomeHusx j, k = 1,2, n =
77(04)7 §= g(a% 5= S(:Zi,y, Oé).

B kauecTBe MCXOMHBIX JIAHHBIX JJIsi 33191 BOCCTAHOBJICHHS Pa3pPbIBOB BLICTYIAIOT IIPEOO-
pasosanue Pajiona (4); npojiosibHOe U TI0NepedHoe JIydeBble IpeobpasoBanus (6) BEKTOPHBIX
noJieif; MpojIoJIbHOE, MOIEPEYHOe M CMEIaHHOe JiydeBble IpeobpaszoBanus (8) CUMMETPUYHBIX
2-TEH30PHBIX TOJIEN.

[Tporneiypa 1mMocTpoeHus: ONepaTopoB UHIAMKATOPA PAa3PbIBOB COCTOUT B IMOC/IEJI0BATEHHOM
IPUMEHEHUH — B Pa3HOM MODPsiJIKe — olieparopos juddepenimposans 110 s (9), Ipu HEKOTOPOM
l; omeparopos obparmoit mpoeknun (5), (7), (10), (11), mpumensiemMbIx K npeodbpasosannio Pajona
1 “cBoMM” THIIAM JIyYeBBIX IIpeobpasoBanuii; muddepennuaibabix omeparopos d, dt, §, 6+ n
ux kKoMmmosunuii. [TocenoBaTeIbHOCTh TIEPEUHNCIEHHBIX OIIEPATOPOB JIOJIZKHA OBITH TaKOM, ITOOBI
0OpasyeMblii OllepaTop MHIMKATOPa Pa3pbIBOB JIaBaJ 0OCOOEHHOCTH JIOrapudMUIECKOTO THUIIA TIPU
crpemsieHnn TOYKA (x,y) € B K jJuHAN (MWK TOYKE) paspblBa CKAJISPHOTO, BEKTOPHOIO WA
2-TEH30PHOTO OJIS.

3 Ilpumepbl UHAMKATOPOB Pa3pbIBOB

CkansgpHoe nosie. PaccMoTpuM 3aj1ady, perenne KOTOPOil MPOsICHSIET CYTh ITPUMEHEHUsT -
depeHnuaIbHbIX OIIEPATOPOB JIJIsi BOCCTAHOBJIEHUS pa3pbiBoB dyuknumii. s sToro nmocrpoum u
HCCJIeIyeM TIOBEJIEHNE MHIUKATOPa Pa3pPbIBOB JJIsI XapaKTePUCTUIECKON (DyHKIUN Kpyra,

O+t <,
p(z,y) = {0’ — (12)
rae C' > 0 — koncranTa. [Ipeobpasosanue Pajgona dyuknun (12) nzsectHo,
(R)(€,5) =21/ 1= 52 (13)

[Iycrs (z,y) € B. Paccrosgruue or mpsimoii, Tpoxo/simeil depe3 Touky (x,y) u 3ajaBacMOil HOD-
MAaJIbHBIM BEKTOPOM (C€OS v, sin v), paBHO § = |2 cos o~y sin . Tostozkum & = pcos-y, y = psin~y
s 0 <y < 2m, p < 1. Torma V1 — 52 = /1 — p2? cos?(a — 7). [Ipumenenne onepatopa R 06-
parHoii npoekiuu K (13), 3amena o = 7/2 + vy — Y ¥ CBOICTBA NOJIYYEHHOl MOJIBIHTEIPAJIBHOM
byHKINNT 1a10T i QYHKIUN (i BHIPAXKEHHE

/2
= @E(p) — 40/ m@lx, (14)
™ ™ Jo

UHTErpaJl B KOTOPOM IIpeJICTaB/IseT coboii IOoMHbL 3/ munTHaecKuii uarerpas sroporo poja E(p).
Ero passioxenue B psiz 1o nepemennoit p, 0 < p < 1, [10] nokasbiBaer, uro E(p) — 1 upu p — 1.
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D70 npeebHOE pABEHCTBO IO3BOJISIET ClIeJIaTh BRIBOALI 0 oBegennn sHadeHuit OOII mpu crpem-
JICHUW TOYKU K rpaHuile Hocuresisi pyHkimu, a uMmerno p — 4C /7 upu p — 1. Takoii e BbIBOJIL
MOXKHO cJiesaTh, eciau B (14) monoxkurs p = 1. Torga uHTErpas BbIpasKaeTcsl Yepes3 dJIeMeH-
TapHble (PYHKIIUNA, U MbI HOJyIAEM TO K€ 3HAUEHUE IS (i, YTO OBLIO MOJYYEHO B PE3YJIbTATE
[IPEJIEJILHOTO TIEPEXOIA.

le] le] o 0
Hcceayem noBeienne YaCTHBIX IPOU3BOIHBIX Gt I 8—’; U MPOU3BOJIHOM IO HOpMAaJTH 8—’;, nMe-
IOIUX BUJ
ou 4Ct
— =——1I(p), upu t=uwz,y,p.
ot T
Wurerpan

w/2 sin2 %

— X,
01— p%sin?y

BXO,H,HIH,I/H'?'I B ITIOCJIEIHEE DABEHCTBO, BbIpa2KaeTCid 9€pPE3 IMOJIHbIC JJIJTUIITUYICCKUE NHTEr'paJibl I1€P-

I(p) =

BOI'O 9
T d
X

~Jo V1= p2sin?x
u Broporo E(p) pona (14) cremyronmm o6pasom,
E(p) . K(p)
7 T
p p
O6pamasich K pazioxkennio B psiz dyukiwm K(p) [10], nomywaem, aro K(p) npu p — 1 obaagaer

sorapudmuyeckoit ocobennoctsio, a uvento K(p) ~ In2v/2—11In(1—p) — +oo. CienosarensHo,
I(p) ~ —In(1 — p) — +oo mpu p — 1, u, Takum 0b6pazom, npu p — 1 nmeem

K(p)

I(p) = —

9 — _AC41(p) ~ 4C¢4N(1 — p) — t=
ot T (p) T Il( p) oo, ¢ < 07 x,Y, (15)
op _ _4AC

4Cc
5, = — = PL(p) ~ ZrpIn(l — p) = —oo.
Crpemiterne K +00 YaCTHBIX HTPOU3BOAHBIX Ou/0z, Op/0y TMO3BOJSET HCIOJB30BATL B Kade-

CTBEe WHJUKATOpA paspbiBa ckajsipHoro nosisi oneparop |d(-)|. Ha ocnosanuu (15) nosydaem,
aro oneparop |d(-)| obaamaer sorapudmuueckoit 0cobeHHOCTbIO BOMM3M TpaHunpl u |dy| =

2 2
\/(2’;) + <%Z) — OQ IIpH p — 1. OrMeTuM BarkHOE 0OCTOATEIHLCTBO: IIPpU TaKOM IIOBECJACHUU O

IIO.Hy‘{GHHbeI pe3yibTaT HE 3aBUCUT OT BEJIMYUHbI KOHCTAHTDBI C
BekTopHoe nose. Pacevorpum C-norentmast (06,1a/1aeT pa3pbIBHBIMUA IIPOU3BO/THBIMI I1EP-
BOI'O NOPsiJIKa Ha rpanute 0B),

(16)

(2.7) (1—$2—y2), mpn  x? 4+ y? < 1,
x,y) =
oY 0, mpu 22 +y% > 1.

4 .
IIpeoGpasosanne Pajona norennuana (16) ussecrno, (Ryp) (€, s) = 5(1 - 32)3/ 2, re—1<s<1

u (Re) (&, s) =0 upn |s| > 1. YacrHas npoussonas or R 110 s €CTh

I(Rp)(&: 3)
Jds
3 cBOMCTB JIy9eBbIX MpeobpasoBaHuil CiIelyeT NpUBEIeHHAs BhIIIE IIPOU3BOIHAS JAeT KaK IIPO-
JIOJIbHOE JIyueBOe PpeobpasoBaHue COJIEHOMJIAILHOTO 1o v = (2y, —2z), Tak U HOIepedHoe
JIydeBoe IIpeobpasoBanne HOTEHIAIBHOTO Mot U = (—2z, —2y).

= —4s4/1 — s2.
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PaccmoTpum, Jj1st onpeie/IeHHOCTH, TPOJIOJIBHOE JIydeBoe IIPeodpa30BaHue COJIEHOUIAJILHO-
ro noss v. Ilycrs Touka ¢ koopaumartamu (x,y) € B. 22 + y? < 1, npoussosnbna. Tax Kax
$ = xcosa + ysin @, To mojarast x = pcos~y, y = psin-y, noayanm s = pcos(a — ), V1 — 52 =
\/ 1 — p? cos?(a — ). Boipazkenust Jijisi KOMIIOHEHT BEKTOPHOTO TIOJIS [, HOJIy‘{eHHOI‘O B pe3yJIbTa-

Te JeficTBuUsI onlepaTopa 0OpaTHON IPOEKIUY, IIPUMYT BH/[ (HAIIOMHIM, YTO nt = (¢ J‘) —sin «,
2= (€1 = cosa)

92 2T
pi(z,y) = / Sina( cos(a —y )\/1 02 cos2(a — 7) da,
T Jo

2

2m
ug(x,y):—/ cos a(pcos(a — ) )\/1 p? cos?(a — v) da.
T Jo

Bamena niepemenHoit 5 = a — v (npu 3tom o = 3 + v, dow = df3), nociie oueBuHbIE IPEOOPaz0-
BaHMUsI, ¥ €Illle OjIHA 3aMeHa X = 7/2 — [ UPUBOIAT K BbIPAKEHUSIM

8y [™/2 8
pi(z,y) = y/ sin® x\/1 — p?sin® y dx = Y 1i(p)
™ 0 Y
8x [™/2 x
p2(,y) = sin® x1/1 — p? sin xdx——fh( )

0

Unrerpan I (p) B npassix gactsax (17) Boipaxkaercs [10], crp. 172, 2.583(4),

1—p? 1—2p?
Il(p) = pg F(ﬂ'/?,p) -

E(m/2,p)

gepes ssumnrudeckue uarerpasisl [10], crp. 818-819, 8.111, nepsoro u Broporo po/a,

é dov 1)
F(57 p) = / T 9.2 E(57 p) = / \V 1- p2 sin? ada,
0 V1—p?sin“a 0

coorBercTBenno. Mssecrno, uro F(mw/2,p) = K(p), E(n/2,p) = E(p), rae vepes K u E obo3na-
YeHbI y2Ke MOJIHBbIE SJINITUYIECKIEe HHTErPaJIbl IIEPBOI0 U BTOPOro poja. Takum obpazom,

1—p? 1—2p?
Il(p) - B K(:O) - 3p2

E(p)

Bamernm, uro E(p) — 1, (1 — p?)K(p) — 0 mpu p — 1. Crenosarensno, I1(p) — %, U TI03TOMY
w1 — 8siny /3w, e — —8cos~y/3m upu p — 1. DTH BLIBOJBI JIETKO MOJYIUTH HA OCHOBE Pa3JIo-
xkenuit B psiyt byukuuit K(p), E(p) [10]. Eciu 8 dopmynax (17) momoxurs p = 1, To nosydum
MHTErPAJIbI, BHIPAZKAIONINECS B 9JIEMEHTAPHbBIX (hyHKIMsX. /lajee IpoCThie BEIYUCIEHUS TAIOT T€
JKe BBIPDAYKeHUsl JUIS (11, b2, KOTOPbIE ObLIM TOJYYEHbl B Pe3y/IbTaTe MpeIebHOro Mepexo/ia.

B nanbreiimen, npyu BHIMACIEHUN TPOU3BOIHBIX BEKTOPHOTO TIOJISL [4, HAM MOTPE0YeTCsT BEIH-
YUHA

™2 sint x dx

01— p2sin?y

CoorBercTByIomuii Heonpe/ ie/enublii nurerpas ects [10], crp. 176, 2.584(11)

sin x cos 5 2+ p? 2(1 + p?)
Ly, p) = 2R XCOSX, Jq Flop)— 22T By o).
2(X; p) 3,2 prsnix+ =5 (X p) 3 (X p)

Ly(p) =
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CsoiicTBa TPUTOHOMETPUIECKNX (PYHKIIUNA U SJIAITHIECKAX UHTEIPAJIOB JaI0T

_2+7°

2
La(p) = 21 k() - 2

3p

E(p). (18)

Ucnosnb3ys npeacrasienue (18) u pasinoxkenns B psj [10] mast K(p) n E(p), uccrenyem nosegenne
sesimansbl I ipu p — 1. IlpenBapuresbHO 3aMeTnM, ITO MOTHBIN SJUIMIITHYECKUiT HHTErpaJt 1-ro
pora K(p) ~ In —2— ~ In2v/2 — %ln(l —p) = 4ooupu p < 1, p = 1. Orcrona, ucnosb3ys

vV 1-p?

(18), momygaem uro Is(p) — 400 pu p < 1, p — 1. Hanmomunm, 4uro panee ObLIO YCTAHOBIIEHO,
aro I (p) — &. Tax kax dIi(p)/dp = —pIa(p), To

O Say O 8 8y>
Dz = ———Ix(p), Dy = —Ii(p) — —1Ia(p),
T T Y T T (19)

%f_§1()+%1() %f&ﬂI()

oz a V¥ N 8y_7r2p’

OTKYJla cjesyet, 9Tto ipu p < 1, p — 1

0 0
ﬂ_)_ooa x#07y#0a ﬂ_)_ooa y#()?

ox oy (20)
O Opo
— — 400, x#0, - > too, z#0,y#0.

ox oy

Takum 00pasoM, yCTaHOBJIEHO IMOBeJIeHNE YACTHBIX ITPOU3BOIHBIX HMPU MPUOJIMKEHIN K TOYKaAM
OKPY?KHOCTH U3HYTPHU. 3aMeTuM, 910 ciaydan p < 1, p — 1 u, onnospemento, r — 0 wan y — 0
TpebytoT ocoboro aHasm3a. OUeBUIHO, Pe3Y/IbTaT Oy/IeT 3aBUCETb OT COOTHOIIEHHUSI CKOPOCTEit
CXOJITUMOCTHY BEJIMYUHDLI P U ITEPEMEHHBIX T, 3§ K TOUYKAM OKPYZKHOCTH.

PaccmorpuMm nosejieHue mpousBOAHbIX Oy /0p, Opa/0p BEKTOPHOrO MOJS [i IO HOPMAaJU K
okpyxkuoctu, p — 1. IlockoabKy

0 8 si 802 si d 8 8?2
o Slmll(p)— S blmIz(p), o COSVIl(p)Jrip COSVIz(p%

dp 0 ™ dp 71'

TO 88% — —00, % — +oo. [Ipu = # 0, y # 0 wacTHble npousBoHbie Oy /0x, Oy /Oy cTpeMsTCs

K —00, a Oug/0x, Oug/dy crpemsirest K +o00 mpu p < 1, p — 1.
B kavecTBe MHIMKATOPOB PA3PBHIBOB BEKTOPHOI'O TI0JIsl MOTYT BBICTYIIATH, B 9ACTHOCTH, TAKUE
oneparopnr Kax |dpu|, [du|, |6+ u|. deitcrurensuo, na ocnoamuu (19), (20) nomydaem

OuiN2  (OmN\2  (OuaN?  [Oua\2\ Y
vil=((52) +(5) ~ (%) + (%)) —=
Vul < Ox oy Ox oy ’
upu p <1, p =1,
Opz O
tul =22 -2 5
6=l =15, oy
p <1, p— 1. OTu oneparTopsl, B CHIy IOBEJICHUSA YACTHBIX MPOU3BOIHBIX, 00JIaIAI0T Jorapud-
MUYECKONH 0COOEHHOCTHIO BOJIU3H I'PAHUIII.
Ocobblii MHTEpEC NPeJICTABIIsIET OepaTop 0 U, COOTBETCTBEHHO, MHJUKATOD Pa3PbIBOB |JL|.
Bamernm, aro (coorHomenus (19))

J

_Om Opa By

Sy — -
K Oz y T

8x
L(p) + — L(p) =0, p<1L.
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U, 110 OIIPeeJIEHNIO, TI0JIE [ COJIEHOMIAJIbHO. TakuM o0bpa3oM, omeparop d, eIUHCTBEHHbBIH cpean
BCEX OCTAJbHBIX, “aHHyJMpyeT moJie i B Kpyre B. Tem He MeHee UnCIEHHBIE SKCIIEPUMEHTHI C
HCIIOJIb30BaHUEM JIAHHOTO OIlePaTOpa NOKa3aJM XOPOoIllee KAa4eCTBO BU3yAJIU3allud PAa3PbIBOB BEK-
TOPHOI'O IIOJIsSI ¥ PA3PBIBOB €ro MPOU3BOAHLIX. [10-BHINMOMY, 9TOT HEOUYEBUIHBIN 5P (HEKT BOZHU-
KaeT 3a CUYeT AUCKPeTU3aluu 3a7a49u. [[09ToMy Ipu 9uC/IeHHON peau3aliui, C UCIOIb30BAHIEM
omepaTopa d, cieayeT CoOJIIONATE OIPEAeIeHHYI0 OCTOPOXKHOCTD BOIN3M TOYEK I'PAHMUIILI. TOYHO
TaK Ke JIeICTByeT U OllepaTop (5J-, HO Ha 00pa3 omeparopa oOpaTHON MPOEKINU, JIeHCTBYIONIErO
Ha, IIOIIEPEYHOE JIy9eBOe MPeobpas3oBaHre IMOTEHIINAIBHOIO BEKTOPHOIO MoJist. OTMeTuM, 9To
gm0 1Oy S )
M—ax 8y_ Flp 7T2,0-
CuMmMeTpudHOEe 2-TeH30pHOoe 1oJie. BosbMeM moTeHIma , 00/1amaionuii pa3pbIBHLIMI
BTOPBIMU ITPOU3BOIHBIMU HA T'PAHUIE €JUHUYIHOTO KPyra

_ =22 =y 2?7 <,
Plr.y) = {0, uHauve.

Hpeo6pa3OBaHHe Pa,H,OHa 9TOI'0 nmoTeHnmuaJIa JIETKO BbIYUC/IAETCA,

Rees) = [ 1= == 100 - )7, @)

rae to = V1 — s%. Bropas uacrHast npoussogaas or (21) 1o s: %(Rgp)(f, s) = ¥V1—s2(4s* —

1). Ona coBmajiaer, B 9aCTHOCTHU, C TPOJOIBHBIM JIYUEBBIM IIPEOOPA30BAHUEM COJIEHOMIATBLHOTO
CUMMETPUYHOTO 2-TEH30PHOI'O IMOJisl, 0OPA30BAHHOTO ITOTEHIINAIOM .

IIpoMexxyTOUHBIE pACCYKIEHUS U BHIUUCICHNS aHAJIOTUIHBI NCIIOJIB30BAHHBIM B CJIyIae BeK-
TOPHOTO TI0JIsA, HO D0JIee TEXHUYECKHU CJIOXKHBI 1 TPOMO3JIKH. MBI UX OIyCKaeM, U ITPUBOIUM JIUIIThH
HEKOTOPbIE BLIBOJIBI.

3amnuiem mpeiesibHOe TTOBEIEHNEe YACTHBIX MPOU3BOMHBIX TOJIsT (4 TIpu p — 1

a1t Op12 Opio2 3
o z K(p), . yK(p), 5 " K(p),
dp11 3 Opia Opaz

KOTOPOE JIaeT MpeJICTaBJICHHEe O TOBEJICHUN YaCTHBIX MPOU3BOIHBIX (JHO0 +00, b0 —00) Ipu
IormaJaHU TOYKU B OJIHY U3 quBepTeﬁ 1 Ha OCH KOOpJAMHAT.
[Torygaem, aTo

22
dp

Op12
dp

Opy
dp

mk _
upu v # 5, k=0,1,2,3.
CrpemiteHne K 00 YaCTHBIX TPOU3BOIHBIX IPHU p — 1 MO3BOJISIET UCIIOJIb30BATH, HAIIPUMED,
oneparop |d(+)| B kKagecTBe MHIUKATOPA Pa3pbiBa. JleficTBUTEIbHO, IO OIPEIEICHUIO NMEEM

2 Aii \ 2 2 Oii \ 2
|d,u|2=z<axj> +Z<8y]> — 00
2%

ij=1 =1

~ —K(p), ~ cos ysinyK(p), ~ —K(p),

npu p — 1. Huxke, B cieayoreil ceknum, Mbl MPUBEIEM U JAPYTHE ONEPATOPHI WHIMKATOPA
pas3pbeiBOB. Paszymeercst, 9T0 HENOJHBIN CHUCOK. TakK, Mbl HE BKJIIOUUIN B CIKCOK OIIEPATOPOB
MH/IMKATOPA Pa3PbIBOB (TEH30PHOTO 110JIs1) ollepaTopbl JuddepeHupoBaHus 1o s.
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4 YwuciaeHHbIe JKCIIEPpMEHTDbI
Tect 1.: Paspwisraa dynrxyus u GynkuuL ¢ paspulieami 6 nepsur npoudso0Hvir.

Omneparop Baiinbepra Ha pasjmdaeT pa3pbiBbl (DYHKIUI U pA3PBIBBI €€ IEPBbIX TPOU3BOHBIX.

Oneparop Baiinbepra — 310 cieayomnias MOC/I€I0BaTEIbHOCTD JIefICTBHI:

0?2 0?2
R —> ch — R# R(p =g(x,y).

c1&C? Omnepatrop OIT Omneparop Baiiubepra

Omnepatop “mMoaysb TpaiieHTa’”’, TPpUMEHEHHBIN K OIepaTopy 00PaTHOM IMPOEKIINH:

Rp = R7(Rye) = |[V(R*(R))| = gz, y).

0000

Omnepartop BaituGepra Momynb rpajguenTa Heaxxasr MI'

OmnepaTop JIBOMHOIO “MOAyJIisi TPASMEHTA’, HaUWHAsI C OC/eHel PYHKIUN § IPe LIy el
HENOYKN (MOJIYJIb TPA/IIEHTA):

g(z,y) = Vg — [Vg| = h(z,y).

Beisosbr Briostae odeBuubl. Oneparop BaiinOGepra He oTyimiaeT paspbiBbl (PYHKIMHA U PA3PHIBBI
ee TepBbIX MPOU3BOAHBIX. C MATEMATHIECKON TOUKHM 3PEHUS STOT OIEPATOP “alllpOKCUMUDPYET’
0-pyHKIHMsI, KOTOpasi BOSHUKAET Ha JIMHUU Pa3pbhIBa MMOCJe JBOMHOrO muddepeHInpoBaHus 10 S.
Omneparop “Mojysib rpajuenta’ jgeficTByeT Oojiee akKKyparHo. V3 pucyHKa BUIHO, YTO HUKAKO
0CODEHHOCTH Y HENPEPBIBHON (DYHKIMK C pa3phIBAME IIEPBOTO POJa B IPOU3BOIHBIX, HE BO3HU-
KaeT, HO Pa3PbIBbI PA3PBIBHON (PYHKIIUN XOPOIIO TPOSIBJIAIOTCS.

Tect 2.: Paspuisroe corernoudarvHoe 6eKmopHoe noe.
BekTopnoe HO.He o6pa3yeTCH u3 norennuaia p(z,y) = h — —\/xQ +y? mpn 2 +y>? < R’ n
p(x,y) =0 npu 2® +y* > R*:

h

h Y T
v = (1}1702) - E /71‘2 +y27 _E /7‘%2 +y2
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>

norennuas BIT 1-s1 koM. BIT 2-g komir. BII Comnenong. BIT

[IponosbHOE JyueBoe 1peobpaszoBaHie PACCMaTPUBAEMOTO COJIEHOUIAJILHOIO BEKTOPHOI'O TIOJIst

1 jt-:%lh
A \"tun.l‘...m-'

|V ()|: MI-omep. |div p|-omep. P7(0/0s(Pv)) P (0/0s(Pv))

OnepaTopbl THINKATOPOB Pa3PBhIBOB COJIEHOUIAILHOIO BEKTOPHOIO IOJIA KPATKO OIMMCHIBAIOTCS
CJIEJIYIOIIUMHU TIOCJIEI0BATE/ILHBIMU IETOYKAME ITPOCTBIX OIIEPATOPOB.

P — Pﬁfm%) = (u1, p2) = V= (vij) = |v(@,y)l;
Pv — Plt (Pv) = (pa, p2) — |div p(z, y)l;
P — as(m = g(n,5) = [P} (& (Pv))(z,)];
Pv— L (Pv) = g(n,s) = [Py (Z(Pv)) (z,y)].

Kak Bujao u3 pucynka, orneparops! |V (u)| u |div p| BBLAEISIOT H30IMPOBAHHY O CHHIYJISIPHOCTD B
Havasie KoopauHatT. Ecim »ke BHauae IpuMeHsIeTcs oneparop AuddepeHnupoBanms 110 S, a 3aTeM
onepaTopbl 00OPAaTHONH NPOEKIMU, TO 3Ta TOYKA TEPSETCH, XOTS JIMHAS Pa3pbiBa MPOSAB/ISETCS
XOPOIIIO.

Tect 3.: PaspvisHoe corenoudasvHoe CuMMeMPUIHoOe 2-meH30PHOE Noe.

Crieyonuit IOTeHIMA TeHEPUPYET Pa3PhIBHOE COJICHOMIAJILHOE CUMMETPHYIHOE 2-TEH30D-
noe osie: (x,y) = vy(R? — 2% — 4?)2, upn 22 + 4% < R? u ¢(x,y) = 0 npu 22 + y2 > R?,

e — o,

\;, L (&> ; > (S ) ) ( ’\

> o > >

[Torenrmasn ¢ KommonenTa v11 Kommnonenra v12 KowmmonenTa v2o

OMH W3 OlepaTopoB MHAMKATOPa pa3pbiBoB — 3To |d2u|. Bomee mompobno, BramCIseTCs
Quiij(z,y) = Ppii(z,y), Qu2ij(w,y) = 2z, y), Qooij(w,y) = d*u2(z,y), n Torna byskuus
Qz,y) = \/Z?,j:l (\Qmj\z + Q1252 + \Qggij\Q) Bbljle/IIeT JINHUU Pa3pPblBa CUMMETPUYHOIO
2-TensopHoro noss (vi1, v12, v22).
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[TpuBeseM puUMeEpBI APYTUX OMEPATOPOB HHANKATOPA Pa3pbiBoB. d1o Q(x,y) = |d(du)|, min

Q(z,y) = |6(dp)|, mmu Q(z,y) := |6?u|. Ha pucyHKe HIzKe IPUBEICHBI PE3Y/ILTATHI IIPUMCHCHUS
YKa3aHHBIX YETHIPEX ONEPATOPOR.

[6(dp)]

|d(6p)]

Kaxk BuaumM, ecyi mocjieiHMi IpUMEHIEMBbII omepaTrop d, TO IJIajKasi 9acTh MOJsI 0OpallaeTcs B
HYJIb, KAK U CJIEJOBAJIO OKUIATh. Kcin e mocaequuii oneparop d, To IyiaiKast YacThb HEHYJIeBasd,
HO JIMHUSI Pa3pbIBa, TEM He MeHee, TIPOSIBJISIETCSI XOPOIIIO.
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O nmpuMeHUMOCTU KOPPEJIAIIMOHHOTO aHAJM3a JIJIA CIIyYaiiHbIX
CUTHAJIOB C HEeJIMHEMHOI perpeccueil
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Awnnorauusi. V37103keHbI OMTaceHusi, KacarIuecss HEBEPHOU WHTEPIPETAINY CJIyIafHBIX MPOIec-
co (CII) ¢ menuueiiHON perpeccueif, ecim I UX AHAIU3A MCIOJIB3YIOTCS CPEJCTBA TPAUIIAOH-
HOT'O KOPPEJISIIUOHHOIO U CIEKTPAJbHOIO aHaau3a. lIpuBosaTCSa M3BECTHBIE U BHOBb BbISIBJIEHHBIE
CBOICTBa M 0COGEHHOCTH aBTO-(COOCTBEHHBIX ) U B3auMHbIX Gynkimit perpeccun CII. Taercs craTu-
CTHYECKas MHTEPIIPETAINs Pe3YIbTATOB 3aMeHbl (DYHKITUN PErPECCUN CPETHEKBAIPATUIHON IPSIMOit
perpeccuy u CKeIacTudeckoil dyHKIuel - ux "cpeIHeKBapaTHIeCKIMI aHAJIOraMu " U ITOsICHSIIOT-
Cd K 9eMy 9TO IPHUBOMUT IIPU TPAJUIAOHHOM KOPPEIAIHMOHHO-CIIEKTPAJIBHOM aHAJMU3€ IIPOIECCOB C
HeJIMHEWHOI perpeccueit. PaccmarpuBaeTcst mepedennb 3a/a4 Pa3BeIOYHOTO aHAIN3a JAHHBIX, HEOO-
XOJIUMOCTB U IIPUTOJTHOCTH €r0 IPU 00pabOTKe CIyYailHbIX CUTHAJIOB, BDEMEHHBIX PsJI0B, MMEIOIINX
HeJIMHeHHbIe PEerpecCuu.

Kirouessie caoBa: CirydaiiHblil Iporiece, KOppeJsiius, KOPPeJIsIUOHHbBIN aHaJIN3, PErPeccusi, pe-
I'DECCUOHHBIN aHAJIN3, PA3BEJOYHBIN aHAJIN3 JTAaHHBIX

1 TIlocranoBka 3aga4m

Kak 1npaBuio, KOppessaiuoHHO-CIIeKTPAJbHbIH aHAIN3 CJIyIaifiHbIX CUIHAJIOB, T.€. CUIHAJIOB, MO-
JIeJIbHO MATeMaTHIeCKH ONUChIBaeMbIX ciydaiinbiMu nporeccamu (CIT), npoBomst, He 3a1yMbl-
Basicb 0 Buje ux yuknun perpeccun (OP). OmHAKO XOPOIIO W3BECTHO, YTO KOPPEJISIITUOHHBII
aHaAJIN3 CIy4YaiHbIX BeJmarH X 1 Y, KaK 3J1eMEeHTOB CJIy4aifHOro BEKTOPa B YaCTHOCTH IIPEICTAB-
Jstionero coboit Bpemenusle orcaérsl X (t1) n Y (t2) coyqaitabix nponeccos X (t), Y (t), penpesen-
TATUBEH CTPOrO TOBOPS, JINIIb TOTA U TOJBKO TOTIA, KOIIa 3TH BendnHbl X u Y JUHEAHO cTaTu-
CTUYECKH, B YACTHOCTH (bYHKIIMOHAJIBHO, CBS3aHbI. FC/In 9Ta ¢BsI3b HeJIMHEeiHas, TO 110 3HAYEHUIO
K03 PUINEHTOB KOPPEIAIUU U, CJIEJI0BATEILHO HOPMUPOBAHHBIX KOPPEIANMOHHBIX (DYyHKITHIA
(HKD)px x(t1,t2) n pxy (t1,t2) cayuaitabix nporeccoB X (t), Y (t) MOXKHO JHIIb TPUOINKEHHO
cyurhb o crernern cBsazu X u Y wim X (t1) u X (t2) smbo X (t1) u Y (t2). Crenenb TouHoCTH M
IpUOIM3UTETBHOCTH (DYHKIIUI 3aBUCUT OT TOTO, HACKOJBKO (byHKImHU perpeccust my (), mx (y)
pesmand X, Y wim mx (x;t1,t2) = M{X (t2)| X (t1) = =}, my (x;t1,t2) = M{Y (t2)| X (t1) = =},
mx (y;ti, ta) = M{X(t2)|Y (t1) = y}, tme M{Y|X = z} — oneparop ycja0BHOrO MaTeMaThue-
CKOTO OXKuJaHusl, a Takke my (r;te, t1), my (x;ta, t1), mx (y;ta, t1) mus X (t), Y (¢) ormuans or
JIMHEHHBIX B 00s1acTH BeposTHBIX 3HaveHnil X u Y. B psiye ciaydaem (cM., HAIpUMep mpuMephbl
B [1-3]) BbIBOABI 1O 3HAYeHUsSIM px x (t1,t2), pxy (t1,t2) MOIYT NPUBECTH K JIOXKHBIM 3aKJIHOYe-
HUsIM O XapakTepe cBsi3um Mexkjay X u Y miam mexiay orcueramu X (t1), X (t2), X(t1), Y (t2).
[TockobKyY HOPMHUPOBAHHBIE CIIEKTPAIbHbBIE IJIOTHOCTH MOITHOCTH Sx x (W), Sxy (w) craimonap-
ubix CII smneiino ceszanbl ¢ HK® pxx (7) u pxy (7), riae 7 = to — t1, 4epe3 S9KCIOHEHIUAIBHOE
npeobpasosanue Pypbe, OTCIONA CJIEIyeT BO3SMOXKHOCTh BOSHUKHOBEHUS HEBEPHBIX CY2KICHUIA 110
3HAYEHUsIM Sy x (W), Sxy(w) 0 Tex 4acTOTHBIX creKTpasibHbix ocoberHocTsix CII, KoTopble MbI
[BITAEMCS MCIIOJIb30BATh (MCCIIEI0BATE) DU PEIIeHIN KOHKPETHOI IIPUKJIATHON 3a/1atH.

B ¢BsI3M ¢ M3JI0KEHHBIM, B JIOKJIAJIE PACCMATPUBAIOTCS 0COOGEHHOCTH (BYHKIMI aBTOperpec-
cun mx (x;te,t1) CII X (¢) mo cpaBuenuio ¢ @P cayuaitasix Beamann X, Y u cremeHs perpe-
senrarupHocT K@ st XapakTepucTuk cBsasu orcueros cramuonapuoro CII ¢ menuneiHOi-
ABTOPErpecCcuei.
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2 Ocobennoctu pyHKIUII perpeccum Cjay4dailHbIX IIPOIECCOB

st yupomenus gajee 6yaeM pacCMaTpUBaTh TOJBKO CTAIIMOHAPHBIE HAa YPOBHE BCEX PaCCMaT-
puBaembix xapakrtepucrtuk CIT X(t), Y (¢) , Z(t), u nerepmunuposanubie (6e3bIHEPIMOHHBIE)
upeobpazosanust f(-), g(+), ¢(). [Ipexx e Bcero, npusejiem usBecrHbie 1| 1 BHOBb BbIsIBJIEHHBIE
ocobennoctn PAP, B Tom uncie @AP CII. DT1o croiicTBa: BBIPOKICHHOCTH, CAMMETPHUH, PO~
nopIoHasbHOCTH. 3aMeHuM Jyist craroHapHbix CIT mx (x5t ta) = mx (x;ta —t1) = mx(x; 7),
mx(y;t1,t2) = mx(y;7) u 1.4 CBOiiCTBA BBIPOXKJEHHOCTH MATEMATHIECKH MPEJCTABIISIOT-
cst pasencrBamm: mx (w3t t) = x, ok (x;t,t) = 0; my(z;t,t) = f(x), o2 (z;t,t) = 0, ecsm
Y (t) = f[X(t)], xorma f — onHo3HauHas GyHKIUS, U |

Ceoiictso cummerpun PAP oznauaer, uro mis cranumonapubix CII mx (z;7) = mx(z; —7).
CaoiicTBa nponoprnmonassroctn otaocarcss Kk CIT X (t), Y (t) ¢ smmeitnoit perpeccueii n eciu
mxc(a;7) = MUX(t +7)|X(1) = 2} = mx + ox (5 7); mx(y7) = M{X(t + 7)Y (1) = y} =
mx +@x (y;7); my (z;7) = M{Y (t + 7)| X (¢) = 2} = my + ¢y (2;7), T0 (3):

{M{X() x[X(t+7);7]} = Mx{e%(X; 1)}, (1)
(2;0) = —mx;

Y;7)},

’ (2)

{M{)O((t)wx[y(t +7) 7]} = My { (V5
lpxy (10)| = 1;

X (
px(y;m0) = 55 (y — mY)SignPXY(TO)
(

{M{Y(t) [X(t +7); 7]} = Mx{p{(X;7)}, (3)
ey (z370) = X (2 — mX)SlgnPXY(To) | |PXY(TO)| =1

Bepxuue Boipaxkenus: B (1)-(3) cupasemuesl st JIP-tiponeccos nipu Beex 7, jyjisi Bcex OP
upu 7 = 0 qya (1) m qyis 7, Tae Ty ompeessieTcst paBeHcTBoM |pxy (10)| = 1 mas (2) u(3), Te.,
ousThb Taky, Jist JIP-ciaygas. Kpome toro Beceria Mx{mx (z;7)} = mx, My{mx(y;7)} = mx,
Mx{my (z;7)} = my.

3 Crarucrtuyeckasi UHTEpOpeTanusl Pe3yJIbTAaTOB 3aMeHbl (DYyHKIINN
perpeccun eé "cpenHekBaJI[paTudecKuMu aHajioramm"

Vcnosib30Batne TPaJUIMOHHOTO KOPPEJISIMOHHOIO aHAIN3a [Tl CJIy YallHbIX CUTHAJIOB (IIporec-
COB) 110 CYTH JieJla PABHOIIEHHO CTATHCTHYECKON JmHeapu3anuu perpeccun. Ilosromy nccieyem
noio6uble JmHeapusanuu. /s sroro nommumo dyuknuit aBroperpeccun my (z;7) CII X (t) u
my (y; 7) CIL Y (t) = f[X(¢)] n B3aumnoit perpeccun X (t) u Y (¢) = f[X (t)], maupumep my (x; 7),
Oy/ieM paccMaTpuBaTh TaKKe YCJIOBHBIE CPEJIHEKBAPATHYCCKIe OTKJIOHeHns: o(-) min (CKeia-
cruueckue ynxmun) o2(-), a mmenno, ox (7;7), oy (y;7), oy (T;7T), a TaKKe «IKBUBATCHTHDIE>
«JIMHEHHbIe» CPEHEKBaIPATHICCKHIE OTKIOHEH! & (+), re

Dx (x;7) = 6% (237) = M{[X (¢t + 7) — rx (a3 7)]*| X (t) = x} (4)
Dy (z;7) = 6% (w3 7) = M{[Y (t +7) — oy (2;7)]*| X (t) = 2} (5)

riae mx(x;7), my(x;7) — coorBeTcTByIOIUE CpeAHEKBaAparndeckue mpsivMble perpeccun CIT,
HallpuMep,

my (z;7) :my—l—a—ypxy(T)(:c—mX) (6)
ox

Herpynuo ybenurhest, aTo

Dy (2;7) = o (2;7) + [my (z;7) — my + %PXY(T)(?J —mx)]” (7)
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Dx(z;7) = Dx(x;7) + [mx(z;7) — 2pxx (1) + mx (1 = pxx(r))]? (8)
st nenrpuposannbix X (t), Y (), r.e. upu myxy = my = 0 us (7), (8) nosyuaem

Dy (2;7) = 03-(257) + [my (;7) — my + %PXY(T)]Q (9)

[)X(m;T) = Dx(x;7) + [mx(z;7) — zpxx (7)]? (10)

Uz (7)-(10) caremyer odeBummoe, ecau X(t) n Y (t) uMeror JHHEHNYIO PErPecCrio, TO
Dy (x;7) = Dy (z;7), Dx(x;7) = Dx/(x;7) (11)

U3 (8), (10) rakxke cieayer, 9TO BCerja KOTJa PacCMATPUBAEMbIE MOMEHTBI CyIIECTBYIOT,
Dx (;0) = 0. 9T0 paBEHCTBO MOXKET HCIOMB30BATHCS KAK TTPOBEPOTHOE JTS OTPEICTICHIS BEPHO-
CTH aHAJTUTHYECKOTO BhIpazKeHus 1ist Dy (; 7). 3aMeTuM, 4To HeOTPHIATE/bHbIE IPABOE C/Iara-
emoe B (7)-(10) mokaseiBaet, HACKOJIBKO MOXKET BO3PACTH yCJIOBHBI KBapaT pasbpoca (pa3maxa)
Y (t+7) nm X (t+7) st X () = 2 10 OTHOIIEHNUIO K IIPSIMOi CPE/THEKBAIPATHIECKOI perpeccun
10 CPABHEHUIO C KBaIPATOM pa3dbpoca IO OTHOIIEHUIO K NCTUHHON HeJIMHeRHON (DYHKIIUN perpec-
cur. B 9TOM ¥ COCTOUT CYTh CTATHCTUYECKON MHTEPHPETAIUE YIIEePOHOCTH OOBITHOIO KOPpeJIsi-
IMOHHOIO aHaM3a Ipu HeauHehnoit aproperpeccun CII. JIns gucioBoii onenkn kKo3dduimenTa,
«JIO’KHOTO» yBEJMYEHHsI YCJIOBHOIO paccesinus +ady (x;7), adx (x; 7) 3navenust X (¢ + 7) npu
X(t) = = Bokpyr my (z;7) wim mxy(z;7), Korga Mbl 3amensieM uctuayio ®P my (z;7) win
mx (x; T) upsMoit cpeaaexsagparutdeckoil perpeccun (CKP) my (z;7) nm mx (x;7), mo cpas-
HEHUIO C MCTUHHBIM YCJIOBHBIM paccessHueM +aoy (x;7),

taox(x;7), tae a > 0 — 3amannoe w1ucs0, BOKpyT ncruunoit P my (z;7) nmm mx (z;7) MoKHO
HCTIOTL30BATH TIOKA3ATENb — YCIOBHbIH KO3 hUIHEHT OTHOCUTETLHOTO JIOZKHOTO paccednus Cy | x
u Cy|x BUAA

Dy (z;7) — Dy (z;7)

C}2’|X(‘T;T) = Dy(a?;T) ’ (12)
Ghpelair) = 2B D), (13)

JLj1st KOJTM9IeCTBEHHON OIEHKU CTEIEHNU JIOYKHOTO yBEJIMIEHUsI PACCESIHUST BIIOJIb BCeX 3HAYEHHI X
MOZKHO BBECTH KO3(DPUIMEHTBI JIOXKHOCTH paccedanus Sy |y U § X|x BuIa

i) - MBI =MDy 7 "

AHaJIOrUIHO BBOIUTCSI fg(l (7). Ucnonp3yst KOppeIsAnuoHHbIe OTHOMICHIS Syix m &x|x , TAe

[1-4]
_ 1 _ [D{my(2)}
512/|X(7') = U%M{[mY(l’) - mY]Q} = T};}a (15)

2 ()2 (s
Gix(r) = nypl((_i?%q)fz:;( )' 16)

U3 (14) mosyuaem

U3 (20) ciemyer, aro &2(7) € [0; 0c]. Ipu mumeitHoit perpeccun 7’]%/|X(T) = py(T) 1 532,|X(7') =0
Juist Beex 7. B 1o ke Bpemst, ecim Y () = f[X ()] u f(-) - onnosnaunas dyHkuus, To €12/\X(0) =1.
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[Tpu sToM pxy MOXKeT UMeTh Jioboe 3HaYeHre u3 auanasona [—1;1], a nf,l  JIIOObIe 3HAYEHUs U3
nnanasona [0; 1], 3aBucumocts ot T Bujia obparnoil dyukipm X = ¢(Y'), u, BO-BTOPBIX OT 3aKOHA
pacrpeenenns wx (x) (cm. npumepst B [2-4]). fero, uTo mpu sToM i mobbix px Y2 # 1 (re.
He JIs IMHEHHBIX B o6macTy sHadenuit X dynkmmit f(-) m ¢(-) €2 = 00. DT0 NOHATHO, TOCKOIBKY
upu toM 0% (z) = 0 jyist Beex z, T.e. M{Dy (z;7)} = 0. B 0 ke Bpems 151 JIP- nponeccos, st
KOTOPBIX n§,|X(7') = 77§(|Y(T) = p%+ () Beeraa 532,|X(7') = §§(|Y(T) = 0, aro caeayer u3s (16)-(18).
Yro6b1 n36€KaTh GECKOHEUHBIX OTHOCUTEILHBIX 3HAUECHU «JIO?KHOCTH» BBejgeM BMecTo (12), (13)

2 Dy (;7) — Dy (z;7)

Iy|x = Dy (z:7) ; (17)
_ Dx(x;7) — Dx(x;7)
U§(|X - DX($;T) ) (18)

a Bmecto (15)

02 (ry = MADy (@i 1)} = M{Dy (i)} _ i)~ Py (7)
e M{Dy (z;7)} L= (7)

€ [0;1] (19)

[onsaTHO, uTO Wem 7% Gymer Gmmske K p?, T.e. deM Oamke GYHKIMA perpeccun my (r;7) wim
mx (x;T) Ha wHTepBaJe T OyJeT K JMHENHHON, TeM MeHbIne Oyer v%/\ (7). 1, maobopor, upu

HEB3aMMHOOJHO3HAYHBIX ITpeobpasoBanusx Y (1) = f[X (t)] V?q +(T) Moxer ocTHraTh 3HAUCHMS
1, B wactaocTH ipu 7 = 0.

4 MecTo 1 poJib PA3BEJOYHOTO aHAIN3A IIPU 00paboTKe CIydailHbI CUTHAJIOB
Cc y4deToM BU/ia (PYHKIIUU PErpeccuu

B 060611ieHHOM MOHUMaHUU pa3BeouHbll aHagu3 Jlanubix = (curaajoB V JaHHBIX V 3HAHUI
KaK HocHuTeJell MHGOPMAIMN) COCTOUT U3 CJIEIYIONUX Pa3/Iesios |5):

— PAJI-1 — mocrpoenune BepuduIMpOBaHHbBIX allOCTEPUOPHBIX MOJIEJIeH U THIIOTe3 TI0 HUM, 0Dec-
IeUeHre MPABUIbHON MTOCTAHOBKH 3aJIa4M UCcienoBanns JlanHbIX;

— PAJI-2 — mocTpoenne amocTepUOPHBIX Mojesel coriacoBaHHOCTH JIaHHBIX ¢ MOCTAHOBKOM
3aJadn ¢ UCHOJIL3YEMBIMU CPEJICTBAMU U TEXHOJOTUAMU U3 MOJIYICHUS U AHAJIM3A,;

— PAJI-3 — mocTpoenme amoCcTePUOPHBIX KYOMOIHBIX Mojeseit JaHHBIX, OTBeUAIONNX Ha BO-
npockl «Kak?», «Kakum 0b6pa3om ycrpoeHs! maHHbie?y, «UT0 0OHE c000ii IPEJICTABIISIOT? ]

— PAJI-4 — nocrpoenne KyantyMubix («Ckosbko?», «Ha ckoibko?») anocrepropHbIX Mojiesieii
JlaHHBIX: UCC/IEIOBAHNE MOTEHITUAJIBHBIX BO3MOXKHOCTEH J{aHHBIX U MCIOJB3YyEeMbIX JJIS UX
aHaJIn3a CPEJICTB;

— PAI-5 — mnocrpoenme kyasmracHbix («KakoBo kadecTBo?») amoCTEpHOPHBIX MOJEJIel
JLaHHBIX; TOBBIIIIEHNE KAYeCTBA IEPBUYHBIX «CBIPBIX» JIAHHBIX;

— PAI-6 — ucciemoBanme JAHHBIX JJTsT HHTEPIIPETAIINE PE3YIbTATOB X aHAJM3a: BLISBICHUE 1
JIONOJTHEHUE METAJIAHHBIX (JAHHBIX O JIAHHBIX );

— PAJI-7 — nocTpoenne 00y Iaronuxcsl alloCTEPUOPHBIX MoJieseit JlaHHBIX 1 3HaHUI 00 0ObeKTe:
UCIIOJIb30BAHUE OIBbITA aHaIn3a JJaHHBIX IPU PENIeHuN TPUKJIAIHBIX 3a/1a4.

[Tepeuens mokaseiBaet, uTo, coryiacio PAJI-2, PAJI-6 u uzjoxkenHoMmy B 1. 1-4, ecyin curaa-
JIBL U JIAHHDBIE THUIIA, BPEMEHHOI'O PsiJia IOJBEPraloTCs KOPPEJISAINOHHO-CIIEKTPAILHOMY aHAJIN3Y,
TO UX HEOOXOIUMO 00sI3aTEJIbHO IPOBEPUTH HA JIMHEHHOCTD WJIM HEJIMHEHHOCTH (DYHKITMH Perpec-
cun. [JocKoJIbKy M3BECTHO, YTO JIJIs CIyYailHbIX BEKTOPOB OJIHA M3 (DYHKIUI PErpeccun MOXKET
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OBITH JIMHENHO Jla’Ke B CcJIydae, KOTJla BTOpas He SBJISeTCs JIMHEIHON TPOBEPATD CJIE/lyeT UMEHHO
uvesmueitnocts OP. [ljist aToro npejjiaraercst Cieayromuit TpéxaTanubiit crocod. Ilycrs HEeobxo-
JIIMO TIPOBEPHUTH Ha HEJIMHEHHOCTH (DYHKINH PErpeccuul crydaitHoro mporecca X (t).

Ha 1epBoM Tale HAXOIUM OLECHKH Ry x (1) wmm, syume, pxx (7). Ha Bropom srane mojsep-
raem X (t) onHO3HAUHOMY HeJMHeNHOMY IpeobpasoBanuio f(-), T.e. nomyudaem Y (t) = f[X ()], n
HAXOJIUM OIEHKY RXy(T) wim pxy (7). s NOBBIIIEHUsT TOCTOBEPHOCTH BBIBOJIOB MOYKHO 3TOT
9Tall IpoJieaTh Jisi HECKOJIbKUX pasHbIX MyHKIM f(-) 0606ImUB WM yCpejHUB 110JIyYeHHbIe
npu 9TOM pesybrarThl. Ha TperbeMm sTame mpoBepsieM MPOIOPIHOHAJIBHBL JIU 3HAUYEHUs Pxy (T)
3HAYEHUsIM pPx x (T) JUisl TeX yKe T WM BJIOJIb BCeX T Jyisi ofHOil min pasubix f(-). Ecin Her,
To OP nporecca X (t) we siBasiercst auneiinoil. B kadecTBe 0/IHOI M3 KPUTEPUATBHBIX CTATHCTHK
runore3nl Hesnneitnoctu OP npejyraraercs: craTucTuka

_ (Jo"Ipxx (1) = Apxy (7)]2dT)
fooo ﬁg{X(T)dT ’

rje A BbiOupaercsi Teoperndecku 1pu u3BecTHuIX f(+) u dbyHKIMAX pacupenenenus X (t) 6o
nomoupaercs u3 yciaosus muanMmyma ¥ o A. B nuckpernoii hopme cratuctuka ¥ mMeer Bu

20 [Pxx (koT) — Apxy (koT)]*
(ZOI Pix(7)

4

(20)

v = (21)

Eciu ¥ > ¥, o canraercs, uro ®P CII X (t) nesnuneiinas. 3uauenne ¥y HazHavdaercs jamubo
HCXOJI U3 CyTH pelaeMoil IPUKJIaIHON 3a1auu, ubo 1O MpaBUIaM CTATUCTUIECKON ITPOBEPKU
runore3. Bropoii Bapuant, nocrpoenne gpyHKImit perpeccun Mexty px x (7) u pxy (1) jms pas-
ubix 7w |p(7)| € [a,b], tue [a,b] — quanason BO3MOXKHBIX 3HadeHHN p(T) U IpOBEpKe eé Ha
JIMHEHHOCTDb WM BU3YAJILHO 10 JIHAIDAMME PACCesTHHUSL.

5 3akJroyeHue

IIpencrasiiennast pabora siBJSETCsS OIHON u3 pabOT B CEPUU MOCBAIIEHHONW HCCIEIOBAHUIO CJIY-
JafiHbIX IPOIIECCOB C HEJWHENHO# perpeccueii. B paboTe NMpuBEIEeHBI ONACEHU, KACAIOIIAECS
HEBEPHON MHTEPIIPETALMN PE3YJIbTAaTOB IIPUMEHEHUA TPAJUIMOHHOIO KOPPEJISAIMOHHOIO aHaJIU-
3a NAHHBIX B CJIy4dae ero HEKOPPEKTHOI'O IPUMEHEHUd IIPU NUCCIIeJOBAHUN CAyYalHbIX HPOIECCOB
¢ HesinHeltHOM perpeccueil. [IpuBenennbl N3BeCTHLIE U BHOBDL BBLISIBJICHHBIE CBOHCTBA M OCODEHHO-
CTH aBTO- U B3aMMHBIX (DYHKIIUN PErPEeCCUU CIyYalHBIX MIPOIECcCcOoB. B pe3ybraThl BITIOJTHEHUS
paboThl IIPOBEIEHa CTATUCTUYECKas] NHTEPIIPETANNs Pe3yJIbTaTOB 3aMeHbl (PYHKIUU PErpPecCriu
CPEeIHEKBAIPATUIHON MPSIMOIl PErpeccud U CKeIacTUIecKoi (PyHKIMeil - ux "cpelHeKBaIpaTu-
YeCKUMU aHAJOIaMU OCHOBaHHAsI HA OIEHKE YCJIOBHOrO pasbpoca Y (t + 7) wmu X (t + 7) ast
X(t) = x 10 OTHOIIEHUIO K IPSIMON CpPe/HEKBAIPATHYECKON PErpeccuil Mo CPABHEHUIO C KBaJl-
paToM pa3bpoca M0 OTHOIIEHWIO K MCTUHHON HeJWHEeHHON (PYHKINN perpeccuu. PaccMOTpeHb
[epeveHb 33129 PA3BEIOTHOIO aHAJIN3a, JAHHBIX, HEOOXOIUMOCTb U IIPUTOJHOCTH €ro Ipu 0bpa-
6OTKe CIyvIaiffHbIX CUTHAJIOB, BPEMEHHBIX PAJIOB, NMEIONINX HeJnHeiiHble perpeccun. I1pemioxen
TPEXITAITHBIN c110cO0 TPOBEPKU Ha HEJUHEHHOCTH (DYHKIIMU PErPECCUM CJIyYaiiHOTO IIpoIiecca.

B nanpreiimux paborax B IEPBYIO O0vUepeib TpeOyeTcs MCC/IeOBATH BIUSHAE aBTO U B3aWM-
HBIX (DYHKIIMA PErPECcCUU Ha 3HaUYeHus aBTO- U B3auMHBIX K®. Jlajee Ha mpuMepe pasTHIHbIX
HesImHEeHbIX mpeobpazoBanuii CII nccirenoBars BiMsSHUE BUIOB TPe0OPA30OBAHNUS U PACIIPE/IEIe-
aust X (t) n ux nmapamerpos Ha u3Menenuss K®. A rakke BBIIOJHUTH 000OINEHUE 1101y Y€HHBIX
PE3yIbTATOB Ha CHEKTPAJIbHBIN aHaJIN3 CATHAJIOB.
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MaTremarndeckasi MO/€eJb JIJBYMEPHOTO OCECUMMETPUIHOTO
JBU2KEHUS Ta302KUIKOCTHOI cMecu B ra3imTHOI CKBa KMHE

H.M. Temup6erosn, A.K. Typapos

Bocrouno-Kazaxcranckumit rocymapcrBeHHbIil Texunideckuii yausepcurer uM. JI.Cepukbaesa,
r.Ycrb-Kamenoropek, Kazaxcran
temirbekov@rambler.ru, t0101830gmail.com

Anvotauusi. B pabore ucciemyercsa 3ajiada 0 JBUXKEHUM Ta3a W ra303KUIKOCTHONR CMeCH B ras3-
S THBIX CKBaxKMHaxX. [IpesokeHa HOBasl IByMepHasi MOJIe/Ib, OCHOBaHHAasl HA ypaBHeHusix Hapbe-
Crokca B MUIMHIAPUYIECKAX KOOPIAMHATAX, KOTOpas 60Jiee MOJAPOOHO OMUCHIBACT (PUIUUECKUE ITPO-
IIeCChI, TIpOTEKAoINMe B HeTAHOM Itacte. Vlcxomsa n3 mpuHIUIa paboThl ra3IudTHON CKBAXKUHDI
BBIYHUC/IUTE/IbHAsT 06JIaCTh pas3jie/ieHa Ha TPHU MOJ06JIaCTH, B KaXKJONH U3 KOTOPBIX yYUTBHIBAIOTCS
XapaKTEePUCTUKNA COOTBETCTBYIOIEH cpebl. Ilpemiaraercss BEIYUCINTENBHBIN AJITOPUTM YUCIEHHON
peasu3aIyy MO, OCHOBAHHBIN HA IPUMEHEHUN ABYXIIaroBoro Merosna Jlakca-Bennpodda. I1pu-
BeJIEHBI PE3YJIbTATHI BBIUMC/IUTENBHBIX IKCIIEPUMEHTOB, ITPOBEIEHHBIX JIJIsi OJJHOMEPHON U JIByMeEp-
HOI TECTOBBIX 3a/ad.

KuroueBnbie ciioBa: ra3indTHBIN MTPOIECC, ABYMEPHAS MOJE/b, Ta30yKUIKOCTHASA CMECh

1 Bsenenue

lazmudTHBI Tpoliece UrpaeT BaKHYIO POJIb IpU H00bIYe HedTH Tociae POHTAHHOTO ITPOIECCa.
MopenupoBanunio mporecca HedTe00bIIH Ta3IuGTHBEIMA (BTOPUIHBIME) CIIOCOOAME MOCBATIEHO
MHOXKECTBO PaboT 3apybe:KHBIX U OTEUeCTBEHHBIX yueHbIX. B paborax [1,2,3] paccmarpuBaercst
MaTeMaTHIecKass MOJIE/b PabOThl HE(DTIHBIX CKBAYKWUH, IKCILIyaATUPYEMBIX Ta3JIM(MTHBIM CIIOCO-
60M, 110 IIy3BIPHKOBOIl CTPYKTYpE.

Hns pernennst nanHOi 3a1aun B paborax [1,2,3] ucnonb3yercss METo| IPSIMBIX, € OMOIIBLIO
KOTOPOI'0 MCXOJHbIE YPABHEHUsI CBOJATCS K CHCTEME OOBIKHOBEHHBIX Jud DepeHnaabHbIX ypaB-
HEHUM, 1JIsi KOTOPOI CTaBUTCA 3a/iada IOCTPOCHUS ONTUMAJIBHBIX TPACKTOPUHA W YyIIpaBJIeHUN
npu g00br4ue Hedru. [IpuHnMast B KadecTBe yIpaBjeHUs JaBjIeHNe I 00beM 3aKa9MBaeMOT0 rasa,
JIaHHAsT 33][a1a CBOJIUTCS K JIMHEHHO-KBAIPATUIHON 3a/1a1e OITUMAJIBHOIO YIIPABJIEHUSI.

B pabore [1,2,3,4,5] paccMarpuBaioTcsi OJJHOMEPHbIE MOJIEJIH.

Bce BoInienasBanHble pabOThl OCHOBaHBI Ha Kjaccuueckux padborax H.E. 2ZKykosckoro o ruj-
PaBJIMIECKOM yIape B BOIOIPOBOJHBIX TPyOax, KOTOpPBIE JO CHUX IOP JIeKAT Ha OCHOBE BCEX
MCC/IeIOBaHUI JAaHHOrO HampasieHusl. CTOUT OTMETHTb, UTO B BBIIIEHA3BaHHLIX paboTax HC-
MOJIL3YIOTCS OJTHOMEPHbBIE MOJIEJIM U OJITHOMEPHOCTH PACCMATPUBAEMBIX IMTPOIECCOB 3AKII0UAETCS
B OOJIbIIEll pa3HOCTH MEXK/LYy AraMeTpaMu TPpyO M BBICOTOH CKBaKuHBI. HaCKOJIbLKO HaM M3BECT-
HO, JIByMEPHBIE MOJIEJIN, OMUCHIBAIOIIE IBUKEHNE Ta3a U Fa30yKUIKOCTHON CMEeCH B ra3ingTHBIX
CKBasKMHAX, HE MCCJIEI0BAJINCE.

B nmammnoii pabore npeiaraercst AByMepHasi MOJIE/Tb IBUXKEHUS ra3a U Ia302KUIKOCTHON cMe-
ch B ra3anTHBIX CKBaskKMHAX C momoinbio ypapHeHnnit Hapbe-CToKca 1jIsT C:KMMAaeMOro rasa B
0CECHMMETPHUYHBIX KoopanHarax. [Ipeanaraercs s deKTUBHBIA aJIropuT™M YUCIEHHOI'O PEIICHMS
JAHHON 3aJ1a9M, OCHOBAHHBIN Ha ABYXIIaroBoit cxeme Jlakca-Bennpodda. Ha monenbuoit 3ama1e
MMOKA3BIBAETCS aJIeKBATHOCTD IIPEJIOKEHHON JIByMEPHON MOJIEIH.

CraTbs nmocTpoena cieayomum obpazoM. Bo BropoM pasesie mpuBeieHa OHOMEPHAS MO
paborbl ra3audTHON CKBaXKUHBI, IIpejJioXKeHHast B paborax [1,2,3]. B Tperbem pasjese mpej-
JIaraeTcsl AByMepHas MOJEb U aJITOPUTM UUCIEHHOT'O PeIeHusl MaHHOU 3ajadu. B derBepTem
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pasaesie ITpuBeACHbI PE3YJ/JIbTaThbl MOJCIMPOBAHUA /I HPEATIO?KEHHBIX MO,ZLGJIeﬁ n ITPOBOAUTCHA
aHaJIN3 BbIYUCJ/IMTE/IbHBIX 9KCIICPDUMEHTOB.

2 OpHOMepHOE MojieJIMpoBaHne paboThl ra3/IM(PTHON CKBA>KUHBI

B manHOM pa3sjeie mpuBOIUTCS OMHOMEPHASsT MOJIE/Ib PaOOThI Ta3/In(OTHON CKBAYKUHBI, U3y I€HHAST
B pabore [1]. B oxHOMepHOiI orpannyeHHol obsacTu 2 paccMaTpUBAETCs CIeyIoas 3ajada
JBUKEHUS ra3a U ra30KUJKOCTHON CMECH B KOJIBIIEBOM IIPOCTPAHCTBE U MO bEMHUKE:

oP  0Q
o An 2 7 9
0z~ ot T 2u€@
OP oQ .
—F,— 2 =1,2 1
ot =i ox’ ‘ ’ (1)
C HaYaJIbHBIMU U FpaHI/I‘{HbIMI/I yC.HOBI/IHMI/I
P(z,0) =0, P(0,t)=Py(t), Q(x,0)=0, Q0,t)=0Qou(t), 0<z<2l (2)

rae P - maBienune, (Q-o0beM rasa U ra30:kKMUIKOCTHONR CMECH B COOTBETCTBYIONMX Tpybax, D;, F; -
COOTBETCTBEHHO, 3(P(DEKTUBHBII THAMETD U IIJIOMIA b [ONEPETHOro cedeHnst, a;, C; - mapaMeTphl.

AstropuTym orpe/iesieHust IaBIeHus 1 00'beMa ra3a U ra30XKNJIKOCTHO CMeCH COCTOHUT U3 JIBYX
sranos. Ha nepsom sramie u3 ypasuenuii (1) npu o = 1 ¢ Ha9aJIbHBIME YCJIOBHSIME (2), HAXOUTCSE
Py (z,t). Ha Bropom srame, npuanmas o = 2, n3 (1) maxomurces Po(x,t), Q2(x,t) ¢ HauaabHbBIMI
YCJIOBUSIMU

Pip1j =Py — 7~ <QU _TQij_l + QGin’j) ;
h - Fy
Qir1j = Qij = 75— (Pij = Pij-1) (3)

i=1,2,.,N—1, j=23, .,K—1,

hFa<1

Bribepem h u T Tax, 9TOOBI BBIIOIHAIUCH YCIOBUS 7~ — < 1, < 1, rme mebur

2ha;
Fo
Q(21,t) = Q2(21,t) sBisieTcst PE3yJILTATOM DElleHust ypaBHeHI/II/I (1)

Ucnonbays yenosust Q(x,0) =0 u P(z,0) = 0 upu ¢t = 0, Haiinem %—?L:O =0u & =0.

ot ‘t:o
ITpu x = 0, yuursiBas ycsaoBus (2), HaAXOIUM:

0Q
=0 <8t 2 Q>

IIpuBemenHAsT MOZEIB ITO3BOJISIET OMMMCATH IPUHIINI PabOThHI ra3anMTHON CKBAYKUHBI C PSITOM

8£
ox

0Py
* ot

_9Q
2=0 ot

aQ

0
07 l

—F,

YIPOIIAIOIINX TPEIIOJIOXKEHUN OTHOCUTETBHO (DUBUIECKUX JAHHBIX MECTOPOXKJICHUS.

OnHako, omMcaHHAasT OTHOMEpPHAS MOJIEIb He YUUThIBaeT (hU3NIECKUe CBONCTBA CPEIIbI, TAKHE
KaK MMOPUCTOCTH, MPOHUIIAEMOCTD, 8 TaKXKe XapaKTEePUCTUKNA HeTH, HAIPUMED, BASKOCTh. JTH
GdaKkTOPBI OIPAHUYIUBAIOT UCIOJIB30BAHUE IPUBEICHHON MOJIEIN B HE(DTIHONW TPOMBINIJIEHHOCTH.

B cienyroriem pasjiesie npeiaraeTcs yCOBEPIIECTOBAHHBIN MO/JI€JIb, KOTOPasl YIUTHIBAET IIPH-
BEJICHHBIC HEJIOCTATKN OJHOMEPHON MOJE/IN.
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3 ,D;ByMepHOG oceCMMMeETpnYHOe MOo/JeJ/JIMpoBaHne JABHU2KEHH: rasa mn
FaBO}KI/I,Z[KOCTHOfI cMecHn B I‘aBJ’II/Id)THOI';I CKBaXmnHe

B mamHOM pasjiesie ucciielyeTcst AByMepHas 3a/1ada O JIBUXKEHUN ra3a U Ma30yKUIKOCTHONH CMeCH
B IIPUCKBaKUHHON 30HE I1acTa. IIpuHImun paboTsl ra3audTHON CKBayKUHbBI IIPEICTABICH Ha PU-
cyuke 1. l'azaudTHas ycraHOBKA MPEACTAB/IsAeT COOOM /IBe KOHIIEHTPUUIECKUE TPYObl C JIJIMHAMEI
L ul u paguycamu R u ro, tie L > [, R > rg. Uepe3 BXOJHYIO TPAHUILY KOJIBIIEBOI'O ITPOCTPAH-
CTBa HaATHETaeTCsl Ta3 co CKOpocThio fi1. [Ipm KOHTakTe HArHETAEMOIO ra3a C IMOPHUCTONH CpeIoii,
00pa30BaBIIasics Ta30KUIKOCTHAST CMECh JBUKETCS BBEPX II0 MOAbEMHOI Tpybe.

Takum obpa3oM, BEITUCIUTEIbHAST 00JIACTh pa3/e/ieHa Ha TPU MOA00/1acTH, ITPeICTaB/IeHHbIE
Ha pucyHke 1: [ - KOJBIIEBOE TPOCTPAHCTBO CKBaXKUHBI, [y - TIopucTas cpena, D3 - BHYTpeH-
Hssi (morbemuasi) Tpyba. B kadecrse pacuerHoit obactu npunumMaercsi ocesoe cedernne OABC
MJITHAPUIECKON (DUTypHI.

©,

Puc. 1. Cxemarndeckoe n300pazkeHHe OTPE3Ka CKBAXKUHLI. 1 - BHEIIHssA TPyba, 2 - BHyTpeHHss (HOLbeMHAs)
Tpyba, 3 - BXOJ B HOJbEMHYIO TPYOy

JBukenue rasa u razoxuakoctHoii cmecu B obmactu D = {0 <r < R,
0 < z < L}, onucsiBaercst cieyrormeil cucremoii auddepeniimaabHbIX ypaBHEHHI:

dp [ 1[(rpu)  O(rpw)]| _
ot { or * 0z | 0 )
8pu+1 6(rpu)+8(7“,0uw) B 8P+1 g 4 Ou 20w 2u
a r 0z -~ Or  r|or 3 ar 38z 3r
0 au ow 4 v 20u 20w
* o < az>>_“<3'r_3ar_3az>]_k“’ (5)
Opw 1 d(rpuw) 8(rpfw2) _op 110 Ou  Ow
ot r [ or 0z CE * ar "'\ oz * or *

02 \""\3 8, " 38, 37 pg — R
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P =pRT, (7)

3/1eChb t - BpeMsl; p- IJIOTHOCTD; U, W - COCTABJIAIONINE CKOPOCTH B KOODJAUHATHBIX HallpaBJle-
HUsiX 1, z; P - nasyenune; T - remieparypa; (- KO3(MOUIUEHT BI3KOCTH; §- YCKOPEHUE CBOOOHOTO
1a/TeHUS.

Hauanbnble snavenns p;j, pij, [PE/IIIOJIArAIOTCST M3BECTHBIMU. Y paBHeHust (4)-

Yitlp g Witlp
(6) 3aMBIKAIOTCS CJIE/IYIOIIUMU IPAHUIHBIME YCJIOBUSIME: Ha BXOJIHOf IPAHUIE CKBAZKUHBI 3a/1aHA
CKOPOCTh HarHertanusi rasza w(r,z) = fi(r), Ha BHeIIHeil CTEHKe KOJIbIIEBOIO HPOCTPAHCTBA U
CTeHKe NobeMHON cKBaxkuHbl w(r, 2) = 0, u(r,z) = 0. Ha ocn cummerpun % = u(r,z) = 0.
Bsi3kocTb ra3a u ra3o:KuaKoCTHON cmecu i (7, 2) 1 Ko3hMUIIEHT TPOHUIIAEMOCTH OPUCTOM

cpenbl k (1, z) ONpeJesIsiIoTCs CISLYIOIMUM 00Pa30M:

(1—8)2.R

ko-(1—5)2 R
p(r2) = (145572

k(rz)= ———2 .
ke (r2) g3 d

rjie € - NapaMeTp OIKMCHIBAIOIIUI MOPUCTOCTL Cpeibl, R- pajuyc BHemHeil CKBayKUHbI, d -
JMaMeTp Kalujsipa.

it qucienHoro perennst HadaabHO-KpaeBoii 3agaqu (4)-(7) B obsmactu D onpesennm pas-
HOMEPHbIE PA3HOCTHBIE CETKU 110 7" U 2 B CJIELYIONEeM BUJIE:

Whl = {7’7; = ihla 1= 17 cey Nla hln - R}7
Wh2:{zz:.7h27 j:,17..., NQ, hQnZL}

rje hy u ho - Arn pacueTHON CETKM 10 T U Z, COOTBETCTBEHHO.
st aucsennoro pemenust 3aa4n (4)-(6) ¢ ykasaHHBIME BbIIlle HAYAJIbHBIMU ¥ IPAHUIHBIME
YCJIOBHSIME IIPUMEHSIETCsI PA3HOCTHAsI cxeMa, JIByXIaroporo Merosa Jlakca-Benapodda [6].
BamnmieM KOHEYHO-PA3HOCTHBIE YPABHEHNUsI, allllPOKCUMUpYomue ypasHenus (4)-(6):

n+1/2 _ n r. n u? — pih u™
Piv1/2, j+1/2 ~ Pit1/2, j+1/2 i 1 Tit1Piqa, j+1/2%ir1, j+1/2 — Tilij41/2 i,j+1/2+
T Tit1/2 ha
V23 n Vel n
Pit1/2,j+1%Wit1/2, j+1 — Pit1y2,j%Wiv1/2,5 0 3
" . -0, (8)
2
n+1/2 n+1/2 _ n n
Piv1/2, j+1/2%ir1/2, j+1/2 ~ Pit1y2, j+1/2 Yit1/2, j+1/2
T

. n n 2 _ ...n n 2
1 Tz+1pi+1’j+1/2(ui+1,j+1/2) rlpi,j+1/2(ui,j+1/2)

Tit1/2 ha

n n n . n n n
Pit1/2,j+1%i+1/2, j+1Wit1/2, 541 ~ Pit1/2, j%iv1/2, jWit1/2, j

ho
n n
2 #i+17j+1/2ui+l,j+l/2_“i7j+1/2ui,j+1/2+
3rit1/2 hi
n _an n __ 'y —_
2pig1/2, 54172 | Yirn a2 T Y2 Yiryzger T Wiy | Pivagre T Pigiye ()
)

3ri1 /2 hy ha h1
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n+1/2 n+1/2 _on n
Piv1/2, j+1/2%Wit1/2, j+1/2 — Piv1/2, j+1/2 Witr1/2, j41/2

T

. n n n o n n
1 Tit1Pia j1/2%it1, j+1/2Wit, j+1/2 — Tili j+1/2%, j+1/2Wi, j+1/2
Tit1/2 hy

n n 2 n n 2
pi+1/2,j+1<wz‘+1/2,j+1) ~ Piviy2, j(wi+1/2, j)
ha

2 Hig1)2,5+1% 099 g1 Hit1/2,5%41)2,

3ri /2 ha

n n
Ditv1/2, 541 ~ Piv1/2,5
ho '

AHAJIOr'MYHO 3allUCHIBAETCH PA3HOCTHLIA aHajor BTOPoro iara cxeMbl Jlakca-Benjapodda.

(10)

Pacuersr IIPOBOJATCA COIVIACHO CJICAYIOIEMY aJITOPUTMY: U3 YPaBHEHUU HEPA3PBIBHOCTU Ha-

n+1/2 n+1/2
XOOUTCA pi+1/2, j-‘rl/Q’ HCIIOJIB3yd KOTOPOE OIIpeaesdeTcd U,

i4+1/2, j+1/2°
n+1/2 n+1/2 il
i+1/2, j+1/2 HaXO0AUTCA wi+1/2, j+1/2' aJiee, B YKa3aHHOM ITOPAIKE BbIYUC/IAIOTCA 3HA-

YJeHusd IIJIOTHOCTU U KOMIIOHEHTOB CKOpOCTefI Ha IIeJIOM BPpEMEHHOM IIare. Ha zakimogurebnom

JTare MoJe JaBAEHHUs ONPEIesIsSieTCs U3 YPABHEHUSI COCTOSTHUST PZ-"TH = p?jl . Tfj*l - R. Urepa-
9, 9, 9

Ucnons3yss maiimennoe

3HAa4YCHUEC U

IlI/IOHHbIﬁ IIponecC 3aBepuIacTCd IIPpU JOCTU2KEHUN SaﬂaHHOfI TOYHOCTH 0:

n+1
max wL j

ij

n
w1 < 0.
YucsieHHOE PelleHne BhIIIEN3/I0KEHHO Pa3HOCTHOM 3a/1a491 IO3BOJIIET IPOrHO3UPOBATD JIH-
HAMUKY M3MEHEHHUSI Ta30BOI M Ta30:KMIKOCTHON CPEIbl, JaBJICHHA M 00beMa Ta30KUIKOCTHOMN
CMeCH B OCECUMMETPUIHON ra3indTHON CKBasKuHe.

4 Pe3yabTaThbl pacdeToB U OOCY2KJIEHUE MO/1eJI

JLtst mpoBepKU MPEJIOXKEHHBIX aJI'OPUTMOB IIPOBEJIEHBI BBIUUCIUTEbHBIE SKCIIepuMeHThI. [lep-
Basl CepHsi pacueToB ObLIa BBIIOJIHEHA IO U3BECTHON OMHOMEPHON! MOJEN, PACCMOTPEHHOI B pas3-
nene 2. Mlcxoable JJaHHBIE, UCIIOJIb30BAHHBIE B BBIYUC/IUTEIBHBIX SKCIEPUMEHTAX, ITPUBEJIEHBI B
Tabsume 1.

Tabsmia 1- Mcexoauble JaHHBIE JIjIsSI PACYETOB 110 OJHOMEPHON MOJIEIN

Benuuuna Jpukenne B|/IBumKkeHune

KOJIBIIEBOM  |B THOIbEM-

MpPOCTPaH-  |HUKE,
CTBe, n=2
n=1

Jlnuna CKBaXXUHBI [, M. 1485

Bpewmsa T, c. 1750

[TnorHOCTH Ta3a U HEeDTH P, KI'/M3 0.717 700.0

Pamaunyc KosbiieBoro mpocrpancTsa u moab-|0,114 0.065

€MHOI TPYObI

Cpennee nasnenne na miacre P, MIla 1,733




Computational Technologies, Vol 20, 2015 The Bulletin of KazNU, Ne 3(86), 2015 255

* Bpeus, t

Puc. 2. lasnenune P(z,t), 0 <z <2l

Bpews, t

Puc. 3. lasnenne P(z,t), 0 <z <2l

Ha pucynkax 2 u 3 npejicrasiensl rpadbuku st gasienust P(x,t) u oobema Q(x,t) B KOJIb-
IIEBOM IIPOCTPAHCTEBE.

Ha pucynkax 4-5 npuBeIeHbl Pe3y/IbTaThl BHIYUCICHAS JTABJICHUSA U 00beMa ra3a B MO beMHHI-
ke. VI3 pucyrka 5 BugHo, uyro P(z,t) n Q(z,t) ymMeHbIIaeTCst, 9T0 HOATBEPXKIAET aJeKBATHOCTh
MOJIEJIH.

Puc. 4. Hasnenne P(z,t), | <x <2l

N3BecTHO, 9TO KOT/a MTOIABAEMBIH T'a3 YBEJIMIUBACTCS JIO ONPEIEIEHHOTO ONTUMAJILHOTO 3Ha~
qeHus, NeOUT YBeJIUINBACTCs, a IOC/Ie ONTUMAJILHOTO 3HAUEHUA 1eONT HAUNHACT yMEHDIIATHCS,
HECMOTPsI HA yBEJUUEHUE MMOABAEMOr0 ra3a B yCThe ra3inTHOTO yCTPOHCTBA.

Bropas cepus pacueToB mpoBejieHa Mo JIBYMEPHOIN MOJeN, MPeIjIozKeHHOoi B pasaesne 3. Boi-
Opana npsiMoyroJibHas ceTka pasmepom 101 x 101 yzjos. Ilar mo Bpemern 6611 BBIOpaH paBHBIM
0,001. ITapameTp € BBIOpaH B CJAEIYIOIIEM BHUJIE:

1, (r, z) € Dy
=1 0.5, (r, ) € Dy
0.7, (r, z) € D3
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Bpens, t

Puc. 5. Jlebur Q(z,t), | <z <2l

[Tone BekTOpa CKOPOCTH IBUXKEHUS Ta3a B mnopobsactsx D;, ¢ = 1, 2, 3 npeicTraBaeHo HA
pucynke 6. B ¢cBs31 ¢ MajbIM COIPOTUBIEHUEM Cpeabl B obsiacti D1, BEKTOP CKOPOCTH HAIPaB-
JIEH TOpU30HTaILHO BHU3. [Ipu BXo/e HarueraeMoro raza B nmopucryio cpeiy (obmacrb Ds), Ha-
PHETAaeMBIl Ta3 cMenuBaeTcs ¢ Hedprhio. OOpa3oBaBIIasiCsi Ta302KUIKOCTHASI CMECh ITOCTYIIAET B
nojibeMHuyto Tpyoy Ds.

Ha pucynke 7 mpejicTaBieHbl pe3y/ibTaThl OlpeeeHus (PyHKIMI TOKA.

1.5

AR — =
i
TR

0.

o]

Puc. 6. Ilose BekTOpa ckopoctu

5 3akJroyeHue

B manmoi pabore ucciie1oBaHa N3BECTHAs OGHOMEPHAs U IIPEIJIOXKEHA IBYMEpPHAst MOIE/Ib JBHYKe-
HUSI Ta3a U Fa30KUIKOCTHON CMeCH B ra3ndTHON CKBaxkKuHe. B OCHOBHOM B OJTHOMEPHOM MOIEN
[IPUMEHSIETCST METOJ MPAMBIX U BapUalmOHHbINH MeTol. OCHOBBIBAsACH HA ITUX HCCIIETOBAHUSX,
B JIaHHOI paboTe paspaboTaHo JByMepHast Mojesib. IIpemioxkentast Mojieib 6ojiee OAPOOHO 1
JeTaIbHO OMUCHIBAET (PUINIECKUI Mporece B HePTIHOM IacTe. B 3Toit pabore mpesamaraercst
eJInHAasl JIByMEpHas MOJIEJIb JIBUKEHUsI 'a3a U Fa30yKUIKOCTHON CMEeCH B ra3/IM(pTHHIX CKBasKMHAX
¢ oMoInko ypapaernit Hapbe-CToKca [IJIsT C2KIMAEMOT0 T'a3a B OCECUMMETPUIHBIX KOOPAMHATAX.



Computational Technologies, Vol 20, 2015 The Bulletin of KazNU, Ne 3(86), 2015 257

1.75
1.5

1.25

el
LT

!
LLLALIRtIere
EELAILILEL S
1O 1

0.75

0.5

0.25

—
I L L L L L L L
I | I I I I 1 I 1

Puc. 7. Ilosie BekTOpa cKOpocTu u (PYHKIIUU TOKA

[Ipennaraercs 3¢pHeKTUBHBIN aJIrOPUTM YHUCIEHHOIO PEIleHrsI JaHHON 3aJa491, OCHOBAHHBIN Ha
nsyxmarosoit cxeme Jlakca-Bernapodda. Ha MomenbHoit 3amade ¢ moMoIbo rpadruKoB ULIIO-
CTPUPYETCS aJeKBATHOCTD IIPEJIOKEHHON JIBYMEPHON MOJIEIH.
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YucsenHoe MoaeInpoBaHe pa3MbIBa I'PYHTa Y OCHOBAHUS
m1aT(OPM IrpaBUTAIIMOHHOIO THUIIA

FO.H. Baxapos, H.A. Teiinapos u K.C. sanos

KemepoBcknit rocymapcrBennblii yausepcuret, Kemeposo, Poccust
zaxarovyn@rambler.ru, geidarovn@gmail.com, topspin83@mail.ru

Awnnoranusi. B Hacrosiiiiee BpeMsi aKTUBHO HCIOJIb3YIOTCS MPUOPEKHBIE METKOBOIHBIE YaCTH MO-
peit B mporiecce Ho0brYM HedTH U ra3a, [Jid 9ero MPUMEHSIOTCH MIaT(OPMBI I'DABUTAIIMOHHOTO
THUIA, KOTOPBIE YCTAaHABIUBAIOTCS HA JTHO BOJIOEMA. IIpu MpOEKTHPOBAHUU U IKCILIyaTAIlMH TAKUX
m1aTdOopM OFHON M3 OCHOBHBIX 3aJad sABJsieTCs obecniedenne ycroianBocTu. [loTepst ycroitanBocTn
11aTHOPMBI MOZKET IIPOUCXOIUTD U3-33 PA3MbIBa I'PYHTA ¥ €€ OCHOBAHUS IIOJT IeWCTBUEM NIPUIOHHO-
ro Tedenus.B mporiecce pelenus 3a1a9u O pa3MbIBe I'PYHTa MIPU OOTEKaHUM MI1aT(OpMbI Hanbosee
BaKHBIM TAIIOM SIBJISIETCST MOJEJTUPOBAHNE U TIOCIEIY 0NN pacdeT BOSHUKAKOIINX TedeHnii. B man-
HOI1 paboTe MPOBEIEHBI YNUCIEHHBIE PACYETHI JIBUKEHUS KUJIKOCTHA BOIU3U IIATHOPM JIBYX TUIIOB,
a TaK2Ke pacyeThl pa3MbIBa JIOHHOTO MaTepraJia y ee OCHOBAHUSI.

KuaroueBsbie ciioBa: pasmbiB rpyHTa, ypasHenus: Hapbe-CTokca, mepemnas 1aBjieHns

1 Bsegenue

B macrosiee BpeMst ak THBHO UCIIOJIB3YIOTCS TPUOPEZKHBIE MEJIKOBOIHBIE TACTH MOPEi B ITPOIECCe
H06prYn HepTH U rasa. JJist 9T0ro NpuMeHsIIoTCs I1aT(OPMbl I'PABUTAIIMOHHOTO THIIA, KOTOPBIE
YCTAHABJIUBAIOTCSI HEITOCPEJICTBEHHO Ha JTHO BOJOEMA.

[Tpu npoekTUpoBaHUU U IKCILIYATAIIUM TAKUX ILJIAT(OPM OIHON M3 OCHOBHBIX 3aJ1a4 SIBJISI-
ercs obecnedenne ycroituusocTu. Iloreps ycroiiunBocTy ma1aTdOPMbI MOXKET IPOUCXOAUTH U3-3a
pa3MbIBa prHTa y €€ OCHOBaHUdA ITOJ ,ZLefICTBHe]VI IIPUIOHHOIO Te4YeHUsd, ITOCTOAHHOI'O MJIN BO3-
HUKAIOIIEro BO BpeMd mropMa. OmpeseeHne BeJIMIUHBI pa3MbIlBa IPYHTa BOJIU3M OMOPHBIX OC-
HOBaHUI YCTAaHOBOK IIPEJICTABJsIET CODOI aKTyaJabHYIO MpobJieMy, KOTOpasl B HACTOSIIEE BpeMs
JaJieKa OT CBOEro PelIeHns] BCIEICTBIE CJIOXKHOCTH IIPOIECCOB B3aMMOIEHCTBYS IPUIOHHBIX BOJI-
HOBBIX U IIOCTOSIHHBIX TE€YEHU C JOHHBIM MaTEPUAJIOM M IPEISTCTBUSIMA B BUJIE YCTAHOBICHHBIX
COOPY2KEHUIA, a TaK¥Ke C OTCYTCTBHEM JOCTATOYHOIO KOJMIECTBA SKCIIEPUMEHTAIbHBIX JTAHHBIX.

B mportecce pemtenus 3amadu 0 pa3MbiBe IPyHTa Ipu 00TeKaHun I1aTGOPMBI HanboJIee BarK-
HBIM 9TaIlOM SBJISIETCS MOJEJIUPOBAHUE U ITOCIEAYIONN pacdeT BOSHUKAIONUX TedeHui. B man-
HOIl paboTe MPOBE/ICHBI YUCAEHHDBIE PACUYEThI JIBUXKEHUS KUJAKOCTH BOIN3U 1LIaT(OPM JIBYX TH-
IIOB, & TaKKe PacdeThl Pa3MbIBa JIOHHOI'O MaTepHaJia y €€ OCHOBaHUSI.

2 TI'mapomamHamMukKa

B pabote paccmarpuBaioTcs MaTeMaTUUeCKUE MOJEIN [ JJAMUHAPHBIX U TYPOyJIeHTHBIX Tede-
HU, TIpejcTaBIIsAonue coboil cucremy HectanmoHapHbix ypasHeruit Hasre-Crokca.
2.1 JlamunapHoe TedyeHue

OcHOBHBIE ypaBHEHHs], OIKUCLIBAIOIINAE IPOCTPAHCTBEHHOE TedeHUe BA3KOIl OJHOPOIHON HEeC:KH-
MaeMoil KUJIKOCTH B Ge3pa3sMepHOM BHJIe UMEIoT cieiytomuii su (em. [1]):
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ov 1
L (VV)V =-VP+—A 1
5+ (V-V)V = VP4 AV, (1)

divV =0, (2)

rje V — BekTop ckopoctH, P — ckajsipuas dyuknus gasienus, Re — aucio Peitnosbica. Teyenne
JKHUJIKOCTH [IPOUCXO T B obactu G ¢ rpanuneil 0G Ha BpemerHoM npomexkyTke [0, 7.

Bes orpanndenust obmuiHocTH 6y/1eM CIMTATD, 9TO B HAYATBHBIIT MOMEHT BPEMEHU JKUTKOCTH
HOKOUTCsI, T.€. jyjisi cucteMbl (1), (2) craBsiTcst OJIHOPOJIHBIE HAYAJIbHBIE YCIOBUS JIJIsT KOMIIOHEHT
BEKTOPA CKOPOCTH U faBierus. | pannria OG mpencrapisger coboit 00beInHeHne IByX THIIOB Ipa-
Hull: TBepble crenku ([7) u yuactku nporekanusi (I5). Ha I 3amatorest ycaoBus IpUIMIaHWsT
U HENPOHUIIAHUSA JJIST KOMIIOHEHT BEKTOPa CKOPOCTH, YCJIOBUS JIJISA JABJICHUS HA, TBEPJABIX CTEH-
Kax orcyrcTBytor. Ha Iy 160 3a/1aHbl YCIOBUST JIJIsT KOMIIOHEHT BEKTOPA CKOPOCTHU MEPBOTO MJIN
BTOPOro pozia (IIOCTAHOBKA 33/[a4i B CKOPOCTSIX ), JIMOO N3BECTHBI 3HAYEHUs] (DYHKIUN JIABJIEHHS
(mocTaHOBKA 3a/[a9U B JABJICHUSIX ).

s aucieHHOrO MHTErpHpoBaHMsI 110 BpeMeHH cucTeMbl (1), (2) mcmosnb3yercs cxema pac-
merutennst o pusndeckuM daxropam [2]:

AP = v (V), (4)
VnJrl V* .
& =-VP t (5)

Mg muckpernsanuu cucreMbl (1),(2) 1o HpocTpaHCTBEHHBIM [IEPEMEHHBIM UCIIOIb3YEeTC sl Me-
TOJI KOHEUHBIX Pa3HOCTel Ha NMPAMOYTOJBHONH HEpaBHOMEDHOI CeTKe ¢ MIaXMATHBIM PaCIOJIO-
JKeHneM y3JoB (cM. [3]): 1aBieHue u JMBEPreHIMs CKOPOCTH OIIPEJEJISIIOTCS B IEHTPaX sdeek
CETKH, a KOMIIOHEHTBI BEKTOPa CKOPOCTHU — Ha TPaHUNAxX fdeeK. IIpuMeHenne pasHeceHHol CeTKu
[I03BOJISIET CBSI3aTh 3HAUEHMsI CKOPOCTU U JIABJIEHHsI B COCEJIHUX y3JIaX U M30EKATH MOSIBJICHUSI
OCIIMJUTAIAN B PEIEHNH, KOTOPBIE BO3HUKAIOT IPH UCIIOIL30BAHUN IEHTPAJBHBIX PAa3HOCTE Ha
COBMeIIEHHOH ceTke. Takke IMaxMaTHOE PACIIOJIOKEHHE Y3JI0B II03BOJISIET aBTOMATHYECKH Y10
BJIETBOPHUTD JMCKPETHOMY [IPE/ICTABICHUIO yPABHEHNsI HEPA3PhIBHOCTH (2), KOTOPOE SIBHO HE BXO-
qut B cxemy (3)-(5).

Yucrennas peasmsanust cxeMsbl (3)-(5) cocront n3 3-x sranoB. CHavaa 110 U3BECTHBIM 3Ha-
YEHUSAM CKOPOCTH C IIPEJbIILYIIEr0 BpEMEHHOIO CJIOS HAXOAUTCS IIPOMEXKYTOTHOE T10JI€ CKOPOCTH.
JIJ1s1 9TOro YMCJIEHHO pelaercsi JUCKpeTHast cucreMa (3) ¢ IPUMEHEHHeM CXeMbl CTabUIIn3upy-
tomeii monpasku [4]. Ha Bropom srame omnpejessiercss HoBoe moJie jaBjienusi. st 9ucieHHOro
pellleHns JIMCKPETHOM cucTeMbl (4) UCIOIB3yeTcst MeTol, GUCONPSIKeHHBIX IpauenTos [5]. 1 Ha
HOCJIEIHEM STAIle BOCCTAHABIMBACTCA OKOHYATEIBHOE TI0JI€ BEKTOPa CKOPOCTH 10 ABHBIM (hOpMY-
aaMm (5), y/I0BIETBOPSIONIEe JUCKPETHOMY YCJIOBUIO COJIEHOMIATBHOCTH.

2.2 TypbysneHTHOE TedyeHUE

st yaera TypOyJIEHTHOrO peKMMa TEYEHUsT YKUJIKOCTH ucnoJib3yercs Meroguka LES (em. [6],
[7], [8]), B pe3ysibrare npuMmeHeHust KOTOPOil OTGUIBTPOBAHHBIE YDABHEHUSI JBUKEHUST 1 HEPa3-
PBIBHOCTU IIPUHUMAIOT BHU/I:

ou; n 8(@@) . 10p 0 (0ul> 87—;

o " ow, ~ pom Vow; \oz;) " 0ay (©)
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ou;
690]-
rae u;, p — d)HHprOBaHHbIe KOMIIOHEHTBI BEKTOPa CKOPOCTU U JJaBJICHUE, T’L'j — TE€H30pP OCTaTO4-

HBIX HampsizkeHuit. it MomeimpoBanus MOICETOYHON TyPOYJIEHTHOCTU KCIIOJIb3YeTCs MOJIE/Ib
CmorapuHCKOro:

=0, (7)

- (TZJ - %W(Sij) = 2vsas (Sij — $Skkdij)

2 (8 8
vsas = lg|S] = (CsA)?[S],

rje k" — ocrarouHas KHHUTHYECKas SHeprus, Vgs — M0JICeTOIHAA BA3ZKOCTD, S — PUILTPOBAHHBII
TeH30p ckopocreil pedopmaruit, A — Beanuuna duibrpa, Cs — KoHcTanTa CMOrapuHCKOIO.

3 Mogens pa3mbiBa

3BeCTHO HECKOJIBKO TIOIYJISIPHBIX IOJIXO/IOB K pacdeTy pa3MblBa rpyHTa Ha JHe. B [9] Tpanciopr
IPYHTa PACCUUTBIBACTCA JJId KarKJI0H A4elKU BbIYUCIUTE/ILHON CETKU UCXO/s U3 BIUAHUSA CUJIbI
TSIZKECTHU, TPEHUsI U CJIBUTOBOI CHJIbI, BBI3BAHHOI JiBHzKeHUeM cpesibl. Ipyrue asropsr (cm. [10],
[11]) ocHOBBIBAIOT BBIYUCJICHUS Ha 3HAYEHWSIX CJBUIOBBIX HAIPSKEHUI HA MOBEPXHOCTH JIHA.
[Tpumensiemasi B HacTosIeill pabore MOJIe/Ib pa3MbiBa TPYHTa OCHOBaHA Ha MCHOJb3yemoii B [10].
B pamkax manHOU YHCIEHHON MOIEIN NBUKEHUE TACTHI] IPOUCXOIUT BCIEICTBUE BO3ICHCTBUSI
Ha HUX [TOTOKA TEYEHUs XKUJIKOCTH ¥ 0Opa3yIoNnuxcs HepoBHocTeil qua (puc. 1).

Mpodnni.
CxOPOCTH TENOHNA

Bonuomkie
opBuranmee
cropocTH

ass
CABNTORLIE HANPRREHHA
nag RoIAeHCTRMEM

BONHEHNA,
TouEHMR

Puc. 1. O6o6miernasa cxemMa TPAHCIIOPTa HAHOCOB B mpubpexkuoii 3ome (Soulsby R., Dynamics of marine sands,
Thomas Telford Publications, London, 1997).

Ha kakmoMm cjioe cHadasia BBIUUC/ISIOTCS CABUTOBBIC HAIPSXKEHUs Ha JHE, 3aTEM ITPOU3BO-
JIUTCS PACYeT JIBUKEHUsI YaCTHIl HA [TOBEPXHOCTHU JHA U PEIIAeTCs ypaBHeHUe OajiaHca MacC.

Ha noBepxHOCTH JiHA BBOAUTCs JIByMEpHasi CHCTeMa KoopauHAT (I1,x2). st BbraucieHus
BEKTOPAa HAIIPSIXKEHUSI Tp HAXOJIUTCSI IPOU3BE/IEHNE TE€H30pa HANPsXKEeHUil 1 HOpMaJiid K IOBEPX-
HOCTH, 3aTeM ITOJIYUYeHHBIHI BEKTOP IPOENUpPyeTcs Ha MOBEPXHOCTDL. [lajiee HAXOMUTCS BEKTOD
TPaHCIIOPpTa JOHHOTO MaTepuaJia B €IUHUILYy BPEMEHU W HA €IWHUILY JIJIUHBI, - KOMIIOHEHTa
KOTOPOT'O HAXOJIUTCs 110 PopMyJie

T 8
qi = QO?b - QOcﬂ' (9)

)
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31ech mepBoe ciaraeMoe IPEeICTaB/IsgeT COCTABJIISIONIYIO TPAHCIIOPTA, BBI3BAHHYIO TE€UCHUEM
B BOJIOEME, a BTOPOE CJIaraeMoe — IIePEHOC I'PYyHTa, BOSHUKAIONINI 13-3a HEPOBHOCTEl JHa. MHo-
KUTEJb

12 s—1)d3O(O0 — 6,.), 0 > O,
0, O < O

ABJIAETCS BEJIUIMHON TPAHCIOPTAa 110 TOPU30HTAJIHLHOMY JHY, PABHOI HYJIIO B Cc/Iydae, KOrja Ia-
pamerp Ilnib/ica He NPEBOCXOAUT KPUTHUIECKOrO 3HaueHusdA O.. s pacuera usMeHeHUI JHa,
BOBHUKAIOIINX BCJIEICTBHE IIEPEHOCA IPYHTA, JaJjiee PEIlaeTcsl ypaBHeHne DaIaHca Mace

oh 1 8qi
= 11
ot 1—c¢ ; 81‘@’ ( )

3alliCaHHOE OTHOCUTEJILHO (byHKIH/II/I BBICOTBI JTHA h, 31€eCh € - IIOPUCTOCTHL JOHHOI'O MaTepuaJia.

4 Pe3ynbTaThl pacyeToB

Jlist TecTUpoBaHUS W anpobaIuy IPUMEHsSIeMbIX B Pab0Te MaTeEMaTHIECKUX MOJIe/IeH OBLIN TPO-
BeJIeHbI YHCJIEeHHBIE PACYETHI pa3MbIBa JTHA B PE3YJIbTaTe JIeUCTBUS BHYTPEHHUX TE€UEHUH, & TaKKe
COBMECTHOTO BJIMAHUS BHYTPEHHUX TE€UYEHUI U BOJIHEHUH Ha MOBEPXHOCTU Bojoema. Kpome Toro
ObLIN TPOBEJEHBI TOJTHOMACIITAOHBIE YUCJIEHHBIE SKCIEPUMEHTHI.

4.1 Pa3MbIB B pe3yJjibTaTe BHYTPEHHUX TeUYeHUIA

[TpuseneM pesyabTaTbl pacueToOB B CIydae ydeTa BJIMSHHUA Ha Pa3MbIB I'PYHTA JIUIIb BHYTPEH-
Hux Tedenuii. [lepBasi cepusi pacyeToB CBsI3aHA € MCCJIEIOBAHUEM TeUeHWi BOJIM3Y I1aT(HOPMBI
«IIpupasnomuasi» (puc. 2).

1.684

0.174
o
(o]
o

0185

o side view at the model
o .
(all measures — in m)

0.602

0.334

view from above
(all measures — in m)

2.100

0.083

2.100
3
\
|
[
|
|
+
|
|

0.05

)
052

0.174

Puc. 2. [Tlmardopma "llpupasmomuas".

Ha puc. 3, npencraBieHbl MIHOBEHHBIE JIMTHUU TOKA TEUYEHUs KUIKOCTHU, 8 TaKXKe KOHTYPBI
GYHKIINN TaBJIEHUS Ha [TOBEPXHOCTHU JHa. PacdeTr mpoBogujca B 00JIACTH, JUIMHA U MIHPUHA KO-
TOpoit cocransiior 6.3M., a BeicoTa 0.3M. [yist cpaBHEHUs1 ¢ J1aO0OPATOPHBIM SKCIIEPUMEHTOM OBLT
YCTAHOBJIEH II€PEITa JTaBJICHIS TAKUM 00pa30M, YTOOBI CpeIHsis 110 IIyOnHe CKOPOCTh OKA3a/1ach
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Puc. 3. Jlunuu Toka TedyeHus u KOHTYPbI d)yHKIJ;I/II/I JaBJICHUA Ha IIOBEPXHOCTHU JHA.

pasnoii 0.352 m/c. Pacuer nposoguiicst B redenue 540 ThIC. CI0EB 110 BpEMEHH, YTO COOTBETCTBYET

1.5 vacam pacdeTHOTO BpeMeHU.
Ha pucynke 4 npuBejieHbl pe3yJIbTaThl SKCIIEPUMEHTOB, & TaK>Ke YUCJIEHHBIX PacdeToB pa3-

MBIBa I'PYHTa BOJIU3U ILJIATHOPMBI

Puc. 4. Conocrasiienne 9uC/JI€HHOrO U HATYPHOI'O IKCIEPUMEHTA: KAPTUHA PA3MbIBa.

st 6osiee JieTaIbHOrO CpaBHEHUsI OBLIO BBIOPAHO HECKOJIBKO TOUEK Ha IIOBEPXHOCTH JiHA (PHUC.
5). PesyabraTe! cpaBHenus npusejieHsl B Tabsmie 1. B Toukax Nel u Ne2 6pura 3adukcupoBana

MaKCHUMaJIbHasd 1 MUHUMaJIbHasd I‘J'[y6I/IHa pa3MbIBa.

Tabsna 1. ComnocraBiieHue UHUCICHHOIO W HATYPHOI'O 9KCIIEPUMEHTA: PE3yJIbTaThl CDABHEHUS

JanHble dkcnepuMenT, MM.|Pacaer, MM.
Touka 1: MmakcumasibHas TJIyOMHA Pa3MbIBa -77.75 -75.84
Touka 2: MmakcnMaJIbHas BBICOTA HAHOCA 74.64 71.81
Touka 3 31.39 33.09
Touka 4 -34.42 -31.19
Touka 5 10.21 11.17
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Puc. 5. Comnocrasjenne 9ucaeHHOIO 1 HAaTYyPHOI'O 3KCII€pUMEHTa: BLI60p TOYEK.

OTMeTHM XOpOIIiee COBMAJEHNE PE3YILTATOB YUCIEHHOTO U JabOPATOPHOTO IKCIEPUMEHTA!
TOYHOCTD COCTABJIAET TOPsiIKa H5%.

Ha pucynkax HuKe mpeicTaB/eHbl Pe3y/IbTaThl PA3MbIBA JHA MPU OOTEKAHUU IIPEISITCTBUML
turna «Bapxkay (puc. 6) npu pasInIHOM UX PACIOJIOKEHUH — BJIOJIb OTOKA JIMOO MOIEPEK MOTOKA
(TeyeHme BO BCEX CJlydasiX HAIIPABJIEHO CJIeBa HAIPaBo). PacueTsl HpOBOAMINCH B 6€3pa3MEPHbBIX
BeJINYNHAX.
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Puc. 6. ITnardopma tuna "Bapxa".

Jl1st KapTUHBI pa3MBbIBa, MOKA3aHHON Ha PUCYHKE 7, HMepenaj JaBjienusa cocrapiser 2. Jlms
pucynka 8 nepenat jgasienus pasen 10. Ha pucynke 9 miardopma pacrosiokeHa momnepexk rede-
Hsl, iepena) gasienus 1. B ciydae nepenasa qasienust 2 (puc. 7) 0CHOBHBIE 00JIACTH Pa3MbIBa
PAaCIIOJIOXKEHBI BOJIN3U YIJIOB, & HAMBIB — CPa3y 3a KOPMOii. Pa3MbIB IPOMCXOIUT MMEHHO B TOM
MecTe, e Tedenne, orubas «bBapxkyy, umeer 6ojiee BBICOKYIO CKOPOCTH TEUCHUSI U HAMBIB BO3-
HUKAET B TOM MECTe, I'Jle TeUeHNEe UMeeT MUHUMAJIBHYIO CKOPOCTh, T.€. Cpa3y 3a KOPMOI.

Ecnu e yBesumunth repenaJ gasiaeHus: 10 10 1 TeM caMbIM yYBEJMIUTb CKOPOCTH JIBUKEHUST
JKHUJKOCTH, TO KapTHHA DPa3MblBa CYIIECTBEHHO MeHseTcs (cM. puc. 8). Bbausu upensrerBus
BO3HUKAET BOJHOOOpA3HOE T€UEHUE, KOTOPOE IMEPEHOCUT I'PYHT HE TOJIBKO 32 00JIaCTh Pa3MbIBa,
yrioB «Bapxkwuy, HO um 3a kopmy. Ilpm sTOM, Kak riiyOmHa pa3MbiBa, TaK W BEJIUYIHMHA HAMDLIBA
GoJibllle YeM B ciaydae 6oJiee MeJJIEHHOTO TedeHus! ([eperast JaBjieHust 2).

Ananoruunas KapTuHa HaOJIIONAETCS U IIPU PACIOJIOXKEHNN IpensTcTBus «baprkay monepék
noToka (cM. puc. 9). 3jech TakxkKe pasMbIB IPOUCXOJUT B Te€X 00JIACTSX, e CKOPOCTH MOTOKA
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15 2
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Puc. 7. Ilnardopma tuna «Bapxkay. Paconoxxenune Broias noroka. Ilepenan nasienus 2.

25
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Puc. 8. ITlnardpopma tuna «bapxkas. Pacnonoxkenne Bnos noroka. Ilepenas nasienust 10.

JIOCTATOYHO OOJIbIIAsl JIJIsl [IepeHOca YacTUll rpyHTa (Ha mepejHeM (GpoHTe BOJIU3U YIJIOB) U
HAMBIB — B TeX 00JIACTSIX, TJle CKOPOCTDb MOTOKA IajiaeT (B TeHeBoil qactu «bBapxkmn»).

Puc. 9. Ilnardopma tuna «Bapxkas. Pacnomoxkenune nonepek moroka. [lepenan masienust 1.
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4.2 Pa3mbIB B pe3yjbTaTe BOJHEHHUI HA ITOBEPXHOCTHU

IIpuBenem pe3ybTaThl pacueToB B CAydae yUeTa COBMECTHOI'O BJIUSHUS HA PA3MbIB I'PYHTA KaK
BHYTPEHHUX TeYeHUil, TaK W BOJHEHUs Ha MOBEPXHOCTU BomoeMa. Ha pucyHke HIKe MOKa3aHO
paccunTaHHOE TeueHHe IPU HAJMYUHM BOJH Ha nosepxHocru. Pacuer (puc. 10) mpoBommiics ¢
rmapamMeTpaMu, COOTBETCTBYIONUMH JTa00PATOPHOMY SKCIEPUMEHTY: B IPAMOYTOJbHON 00JacTh
6.3M.x6.3M., TiybmHa Boabl Ha pabodeM ydacrke 0.33M. Bbul ycraHoBJIeH mepenaj 1aBJICHHSI
TaKUM 00pa30oM, 4TOOBI Cpe/Hssl [0 [JIyOMHE CKOpOCTh OKaszasach pasHoii 0.067 m/c. Bwicora
BosiH coctasiistia 0.095 M., a iepuoy 1.8 cexyn. Pacder npopomuiicss B Tedenue 540 ThIC. CJIOEB
110 BpEMEHU, YTO COOTBETCTBYyeT 1.5 4acaM pacdYeTHOI'O BPEMEHU.

z

Puc. 10. JIunuu TOKa Te€YeHUs U KOHTYPBI (DYHKIMK JABJICHUs] HA [IOBEPXHOCTH JIHA.

Ha pucynke 11 npescraBiieHbl pe3yJibTaThl JJaDOPATOPHOTO OIIbITA, MOJCIMPYIONIETO TeUCHIE
C BOJIHAMU, & TaKK€ UUCJIEHHOI'O SKCIEPUMEHTa, COOTBETCTBYIOIIETO JaHHOMY OmnbITy. [lo Bcemy
[IEPUMETPY OCHOBaHUS IIATMOPMbBI PACIIOJIATAIOTCA 30HBI HAHOCOB, a BO/IM3U (DPOHTAIBHON da-
¢ty WIaT(OPMBI 110 [EHTPY PACIOJIAraeTcsi 30Ha, pasMbiBa. OTMETHM XOpOoIliee KadeCTBEHHOE U
KOJINYECTBEHHOE COBIIa/IeHUE Pe3Y/IbTaTOB.
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Puc. 11. ITnardopma "Ilpupaszimomuas". Boicora Boin 0.095 m., nepuoz 1.8 cek. ComocraBiieHne pe3yJbraToB
YUCJIEHHOTO Y HATYPHOI'O IKCIIEPUMEHTOB.

Hanee (puc. 12) npejcraBienbl pe3y/IbTaThl Ja00PATOPHOTO OIBITa ¢ G0JIee BHICOKUME U a-
CTBIMU BOJTHAMHE, 8 TAK>Ke YUCJIEHHOTO KCIEPUMEHTA, COOTBETCTBYIOINIErO JAHHOMY OIBITY. 3716Ch
BbICOTa BOJIH cocTaBisaa 0.11 m., a mepuoy 1.3 ceKyHI.
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Puc. 12. [Inardopma "Ilpupaszmomuas". Beicora Bomu 0.11 m., mepuog 1.3 cek. CorocrasiieHue pe3yJibTaToB
YUCJIEHHOTO ¥ HATYPHOI'O 3KCIIEPUMEHTOB.

4.3 lloaHopaszmMepHass MOJEJIb

HecmoTps Ha oYeBHMIHBIE TPYIHOCTH B MIPOBEIEHUN HATYPHOI'O SKCIEPUMEHTa HEIOCPEICTBEH-
HO ¢ miardopmoii «IlpupasziomHasty, YUCIEHHDBI SKCIEPUMEHT IIO3BOJISET IIPOBEJIECHUE IIOJIHO-
pa3MepHOro pacdera. BbLI BBIIOJHEH PACcdeT, MOJCIUPYIONNY PeaJbHyI0 CUTYAIlNiO: OCHOBAaHIE
mw1ardOopMbl — KBaJIpaT ¢ 0Ope3aHHLIME yIJIaMH, CTOPOHA KOToporo cocrtapiser 120 meTpos, a
TeYeHne pacCMaTPUBAJIOCH B KBaAPATHON 00/1acTu co cropoHoit 320 meTpos. Beii 3aman mepemnat
JIABJIEHNUsI, COOTBETCTBYIOIINI cpejHeil ckopocTu Haberawiero noroka 10 m/c.

Puc. 13. ITnardopma "Ilpupasznomuasn". [losHOpasMepHass MOIEb.

311ech TakKe 00pa3yTCs 30HbI PA3MbIBA BOJIU3H yIJIOB IIEPeIHEH CTEHKHU IIaT(OPMBI, PIIOM
C HUMU BO3HUKAIOT HAHOCHI. Takrke HAHOCHI BOSHUKAIOT IIPU yIJIaX 3aJHell CTEHKU I11aT(OPMBI.
MaxkcumaabHas BeJIMIMHA Pa3MbIBa COCTaBIgeT 1.4M.

5 3akJirodeHue

B pabore paccmorpena 3aiatia padMbiBa JIHA Yy OCHOBaHUs ILIAT(MOPMBI I'DABUTAIMOHHOTO THU-
I1a, PacIIOJIOXKEHHON Ha MEeJIKOBOIbE. [IpUBOASITCS NCIOMb3yeMble THAPOIANHAMIYECKAsT MOJAECIb 1
MOJIEJIb PAa3MbIBa JTHA, 8 TAKXKe Pe3yJIbTAaThl YUCJEHHBIX IKCIEPUMEHTOB. [IpaBUIbHOCTD TOJIY-
JaeMbIX B pe3y/ibraTe OOTEeKAHUs MPENSTCTBUS TeUeHUH IOATBEPXKIeHa MHOTOUYUCIEHHBIME Te-
CTOBBIMHU pacyeTaMi. XapaKTePUCTUKU Pa3MbIBa JHA, ITOJyYEHHbIE YHCICHHO, COIIOCTABJIEHBI C
pe3yabraTaMu JabopaTOPHBIX IKCIEPUMEHTOB. B cilydae BJIMSHUS BHYTPEHHUX TEUYEHUH, MOXKHO
OTMETHUTBb XOPOIllee KOJIMIeCTBEHHOE COBIIAJIEHUE PEe3yJIbTaTOB. B 60jiee CI02KHOM CJlydae MoBepX-
HOCTHBIX BOJIH IIOJIyYaeTCsl XOpollee KauecTBeHHOe cooTBeTcTBre. OTMETHM, ITO MAKCUMAaJIbHAS
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[JIyOHHA Pa3MbIBa BO3PACTAET C YBEINIEHHEM CKOPOCTU IIOTOKA, IIPH 3TOM TAaKXKe M3MEHSIeTCs U
KapTHUHA pa3MbIBa. BOJIHBI TaKxKe CYyIIECTBEHHO MEHSIIOT KAPTUHY Pa3MbIBa: MOABJISIIOTCA HAHOCKHI
y DOKOBBIX CTEHOK, Pa3MbIBBI M HAHOCHI BOJIM3Y HEHTPAIBLHOM YaCTH Iepe Hell CTeHKHU m1aTdop-
MEL.

PaGora BeinosiHeHa B paMkax rocyapcrsenHoro sajganust Ne 1.630.2014/k — «Mogenuposa-
HUE TeYEHUH C IePEMEHHON IIJIOTHOCTBIO U BS3KOCTHIO IIPH PEIIeHUH MPUKJIAIHBIX 3aiad».llo
pesyJbraraM paboThl ObLI MOATNOTOBJIEH U 3apErMCTPUPOBAH IIPOrPAMMHBIN KoMILIeke [12].
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Awnnoranusi. [IpuBojsTcss pe3y/IbTaThl SKCIIEPUMEHTOB W PACUYETOB MPOIECCa 3ATBEPIAEBAHUS TEP-
MOIIJIACTUYHOTO IIJINKEPA OKCUIA OepM/LINsA B KPUCTAJJIN3ATOPE YCTAHOBKHU TOPSYEro JIUThs B 3a-
BUCHUMOCTH OT PEXXUMHBIX ITapaMeTpoB. TeMrepaTypHoe IoJie yCTaHABIUBAET IEPEXO/T IMIJITUKEPHO
MAaCChI U3 COCTOSTHUS YKUJKOTO B TBEPAOILIACTHYHOE. TepMOIIACTUIHBIN MIIMKED TPEICTABISIET CO-
0011 BHICOKOKOHIIEHTPHPOBAHHYIO CTPYKTYPUPOBAHHYIO CPELy, Ille MHHepaJbHasA (a3a — IIOPOIIOK
okcuza Gepuiuus, KuKast paza — opraHndeckasi cBssKa (napaduH, OJIeNHOBas KUCIOTa U II9esIH-
HBI BOCK). Termora (a3oBoro mepexosia ONpesesseTcs METOIOM KaxKyIehcsl TeraoeMkocTn. Pac-
YeTHbBIE JaHHBIE TEMIIEPATYPHI NJINKEPa B 30He (DA30BOT0 MIEPEXO/a MIJINKEPA HAXOISATCS B COTJIACHH
C pe3yJIbTaTaMU dKCIEPUMEHTOB.

KuaroueBble cJjioBa: TepMOILUIATUYHBIN IMIJIMKED, 3aTBEP/EBAaHUE, BA3KOIIACTUYIHOE COCTOSHUE,
TBEP/IOIJIACTUIHOE COCTOSHUE, TEIIOTa (PAa30BOr0 MIEPEXOTA

1 Bsegenue

Pasputre HOBBIX obJsiacTeil HAYKM W HAIPABJIEHUI TEXHWKM BBIJIBUIAET IOBBIIIEHHBIE TPebOBa-
HUs K YPOBHIO CBOMCTB M Ka4eCTBY KepaMUYeCKuX nu3jeynii. Bce B 60IbIeii cTerreHn CTaHOBSITCSI
BOCTPEOOBAHHBIME U3JIEJIUsI CJIOXKHOM KOHMUIYpAIUU U3 HOBBIX (BBICOKOTEIIONPOBOIHBIX, Oec-
KHCJIOPOJIHBIX, CBEPXIPOBOJSIIUX M JIP.) HeMmeTajumdeckux Marepuajos [1-3]. Ocobyio ciox-
HOCTBH IIpe/icTaBjIsdeT HO.HyLIeHI/Ie METOJO0M T'OpAYero JIMTbhbd KepaMUYIeCKUX I/IB,ZLGJII/IIZ n3 gucriepc-
HBIX MaTEPHAJIOB C AHOMAJIbHBIMIA (DU3NIECKUMHU CBOMCTBAMU, TaKUX Kak OoKcu bepuyutus BeO
[4,5]. TpyaHOCTH HOJIyUeHNsT KaueCTBEHHBIX U3/l B JJAHHOM CJIydae BbI3BAHBI B IEPBYIO Ote-
penb TertopusndeckuMu cBolictBamMu BeO, B 4aCTHOCTH, €ro yHUKAJIBHON TEILIONPOBOIHOCTHIO
[4,5]. CoBepiileHHO OYEBUHO, YTO YCTPAHUTH UMEIOIME TEXHOJIOTUUECKIe OrPAHNYEHHs] U IIPO-
6J1eMBbl HEBO3MOXKHO 0e3 pa3BUTHUs Ha Ha3e BCEro HAKOILIEHHOIO OIBITA U 3HAHUI TeOpeTHIeCKIX
[IPEJICTABICHUI O 3aKOHOMEPHOCTSAX M MEXaHU3MAaX PEryJIMPOBAHKS TEILIOBOI'O PEXKUMAa, JINThsI Ha,
mporiece (hopMoOOPA30OBAHNUST OTIUBKH.

2 OmnpITHBIE JAaHHBIE ITPOIlECCa 3aTBEPAeBaHUS IIJINKePa OKCUAa Oepusins

OubitHast duabepa (puc. 1) mo KOHCTPYKIMU GJIM3Ka K MPOM3BOJICTBEHHBIM aHAJIOTaM ¥ IIPeJi-
Ha3HAYEHA, [JIs JINThs KPYIJIOi TPYOKHU ¢ HapyKHBIM jguamerpom 20 MM, BHYTpeHHUM — 12 MM
[4]. Hopu n xkpucrammusarop 6butn u3rotoBieHsl u3 craiau Mapku X18H10T. Tommuba crenkn
kpucrajmsaropa coctapuaa 0,003 m. OOIast BbICOTA MUJIMHIPUIECKONR YACTH KOJIBIIEBOM TOJIO-
cru 6bL1a paBHa H = 0,028 M, BoicoTa ropsueit 30ubI mosoct — b1 = 0,008 M, BbICOTa XOJIOAHO
30HBI — ho= 0,020 M.

B Bepxunii (ropstanii) KOHTYp KPUCTAJIN3ATOPa MMoaBaIach Bojga ¢ Temmeparypoit T, = 60-
80 °C, B HuKHUit (X0JI0/HBII) KOHTYD — Bojia ¢ Temueparypoit T, = 15-20 °C'. MakcumasibHast
IPOIYCKHAsI CIIOCOOHOCTH KOHTYPOB KPHUCTALIA3aTOpa 1o Boje cocrasmiaa 1500 j1/9ac.
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BxomHas koHmYecKast 9aCThb (PUILEPHI COEIMHSIETCS ¢ paboInM OAKOM YCTAHOBKU JIUThS, TJIE
HAXOJIUTCs MITnKepHast Macca. Llnkep okcuma Gepuinst siBsieTcs BBICOKOKOHIIEHTPUPOBAHHOIM
cpenoii, rome MUHEpaJbHON (ha30il SBIISIETCsT TMOPOIIOK OKCUIa OepWInst, a KUIKOoW ¢dasoif —
opraHuyeckas cBsi3ka (napaduH, oJleMHOBasi KMCJIOTa U TUe/nHbIi BocK ). [Ilnnkep ¢ Hava bHOM
Temueparypoii to= 80 °C' BeITeKaeT u3 pabodero 6aka BO BXOJHYI0 KOHMIECKYIO YaCTh (DUIbEPHI,
U 110 Mepe JIBUKEHUsT B KOJIBIIEBOM ITOJIOCTH KPUCTAIN3aTOPa OXJIAXKIACTCS U 3aTBEPICBAET.

IIpormecc 3aTBepAeBaHNs N3YTAJICS ITIOCPEICTBOM 3aMepa TEMIIEPATYPHI IIIJTUKEPA C TOMOIIIHIO
TepMoIIap, YCTAHOBJIEHHBIX Ha PA3JIMYHBIX YPOBHSIX IO BbICOTe Kpucrajumsaropa (puc. 1). Ha
OCHOBE ITOJIYYE€HHBIX JJAHHBIX CTPOUJINCH 3aBUCUMOCTH ITOJIOZKCHUA I'PAHUIBI 3aTBEPACBaHNAS ILIH-
Kepa OT pa3JIndHbIX HapaMeTpoB JuThsd. Dopma KPUBOIl TOBEPXHOCTH 3aTBEP/ICBAHUS, B 3aBUCH-
MOCTH OT IIapaMeTPOB JINThbd, ONPEAEIAIaCh C yIeTOM JOIYIIEHUS O TOM, YTO TeMIepaTypa II0
BBICOTE U PaJNyCy KPUCTAIN3ATOPa Ha KOPOTKHUX ydaCTKax U3MeHsieTcsl JIUHEHO.

B skcniepumenTax ObLIO ONpEIe/IeHO BIUSHUE CKOPOCTH JINThs Ha TEIJIOBOM PEXKUM PEeryJiu-
poBanus oTyiuBKU. B Tabsmiie 1 npuBeieHb! JJAHHBIE 110 PACXO/LY U TEMIIEpATyPE BOJIbI B KOHTYPaX
OXJIaXKJIeHUsl. B ombITax cKOPOCTh JinThbst usMeHsiach ot 20 10 100 mm/mun. Ha pucynke 2 noka-
3aHbI [TOJIOZKEHUsT 30HBI OTBEPAEBAHU NMIJIMKEpa B 3aBUCHMOCTH OT CKOPOCTH JINTbs. 30TepMma

«comuuyca» AB coorsercrByer Temmeparype 54 °C', a nuzorepma «commaycas CD — remmneparype
40 °C (puc. 2).
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nc. 1. Cxema mporecca OTBEPAECBAHUAS OTJIABKH W uc. 2. [lonoxxenne 30HbI OTBEPICBAHNUS B 3aBUCHMO-
P 1. C porx P Puc. 2. 11 P

YCTAHOBKM TepMonap B dbuibepe: 1 — IIIMKEP B TBEp-  CTH OT CKOpocTu JuThs: AB — mzorepma «commmyca»
JIONJIACTHYHOM COCTOSIHUM, 2 — JNOpH, 3 — Tepmonapa, (54 °C), CD — uzorepma «commgyca» (40 °C), 11O —
4 — KpUCTAJLIU3ATOP, b — XKUJKUAN IIMKep, 6 — 30HA MOBEPXHOCTH (puabepsl, I1/] — moBepXxHOCTH JOPHA.
3aTBepJeBaHMNS.

Ta6.r1nua 1. PexXuMBI OIIBITOB B 3aBUCUMOCTH OT CKOPOCTHU JINTbA

Ne muarpammbt 1 2 3 4 5
Pexxum  |Pacxop ropsiueit BoJibl, J1/9ac 500 (500 (500 [500 (500
sutha  |Pacxom xomomHO# BOgpL, J1/9ac 1500 |1500 (1500 1500 {1500
CKOpOCTD JIUThs1, MM/ MHH 20 |40 |60 |80 100
Temmneparypa ropsiueii Bogsr, °C' |80 (80 (80 |80 |80
Temmeparypa xonomsoit Boger, °C' 20 |20 (20 |20 |20
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Kak Buano m3 pucynka 2, yBeJndeHHe CKOPOCTHU JINTbS HPUBOIUT K PACIIHPEHUIO 30HDLI 3a-
TBEPJIEHNUS M €€ IEPEMEINEHUIO B 00JIaCTh TEILIOCheMa XOJOJLHONO KOHTYPa. JTO OObICHSIETCs
TeM, UYTO C POCTOM CKOPOCTH JINThsl TEIJIOChEM Ha CTEHKaX KOJIBIIEBOM ITOJIOCTH HE yCIEBaeT
OXJIQJIUTH TIJINKEP, U 30HA 3aTBEPJIEBAHUS BBITATUBACTCS U CMEIAETCs BHU3 110 HAITPABJICHUIO
CKOPOCTHU JIUThSI.

Taxum 006pa3oM, ONBITHLIE JTaHHBIE MOKA3BIBAIOT, YTO IIPOIECC OTBEPAEBAHUS ITPOUCXOIUT B
30HE Iepexo/ia, e TeMIeparypa nuimkepa okcuiga depuininst u3mensiercs: ot 54 o 40 °C.

3 MaremaTudeckasi MOo/eJIb IIpoIllecca 3aTBep/eBaHusl MIJINKepa OKCHa
oepuiLIng

Kak 6bu10 I0Ka3aHO B OIBITaX, 3aTBEP/IEBAHUE TIJTUKEPA OKCUA OEPUILIINS TPOUCKXOIUT B HHTED-
Bajie TemiepaTtyp ot 54 o 40 °C. DTo CBsI3aHO € TEeM, UTO HAXOJSINASACT B aMOP(PHOM COCTO-
SHNU IIJIUKEPHAs CBA3Ka B 30HE 3aTBEPJEBAHUS IEPEXOJUT U3 YKUJKOIO aMOP(MHOI0 COCTOSHUS
B TBepoe amopduoe [4-7]. Obiee KOJIMIECTBO TeILIa, BBIIEJSIONIEECs] B IIPOIECCE 3aTBEPIeBa-
HUST €/TMHUTBI MAaCCHI TIJTHKePa, OnpeiesseTcs n3menennem surannpimu AH B mepexomaoit 3ome. B
9TO 30HEe U3MEHSIETCS TEIIOEMKOCT IIJINKEPA, U YBEJIUUEHIE SHTAIBINN ITPU (DA30BOM IIEPEXOJIE
MOZKeT OBITH OIIpe/IeIeHa METOOM KaKyleics: TemioeMkoctn [8-13].

B sTrom MmeTo/1e CKpbITast TEIIOTa YIUTHIBAETCS 38 CUET yBEJIUUEHUS TEIIOEMKOCTH B MHTED-
BaJie TeMIeparyp usMenenusi ¢aswl nummkepa [8-10]:

Cs, t <ts — — B TBepuoil dase;
Cp =1 Cin, ts<t<1t —— B HepexoJHoil 30He; (1)
a, t > t; — — B XKuUIKoit dasze.

t
rhe Cp, = (/ c(t)dt+H1_>2) / (ti —ts), Hi2 — ynenbHas sHTAIbIONS (DA30BOrO IE€PEXo/a
ts

HITHKepa OKCHIa OepUILIHs HAXOIUTCs 10 OIBITHBIM JIAaHHBIM, U paBHa Hi_,0=7800 /Ix/kr [14].
B paborax [11,12] cuurasi, 910 B 30He IEpexoja TeMIepaTypa U3MeHsIeTCsl JMHEHHBIM 00pa-
30M, BBIPasKE€HUE TEILJIOEMKOCTH OIIPEJIE/IsieTCsl B BUJIE:

dfs
cp = c(t) + H1—>2% (2)

rje dyHKus $as30BoOro mnepexoja fg JUHEHHO 3aBUCUT OT TEMIIEPATYPHI:

0, t <ty — — B TBepaOil dase;
fa = ttl:ttss, ts <t <t — — B IIepexXoJHOIl 30HE; (3)
1, t >t — — B xKujkoit dase.

B mardopme COMSOL Multiphysics [13] mjist yaera remiorst (ha3oBOro mnepexoja BBOJAUTCS
byukuus «t) B 30H€ MEPEX0/1a, M U3MEHEHNE TEIIOEMKOCTHU IIJINKEPA BBIPAXKAETCSA B BHJIE:

da
cp= s (L—a(l)) +a-a) + Hise (4)
TIe Cs — TeINIOEMKOCTDH IMIJIMKEpa B TBEPJAOM COCTOAHMH, C; — TEIJIOEMKOCTL IIJIMKEpa B 2KHJ/I-
koM cocrostuun, «(t)=0 a1 mmkepa B TBepaoM coctosiauu u «(t)=1 s mmKepa B KUIKOM

cocrostHuu, t— GespasMepHas TeMIllepaTypa ILIHKepa.
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ITo onbITHBIM JJAHHBIM IJIMKEPA OKCHIA OEPUILIHS ¢ MACCOBOI joJieit cBasku w=0,117 dyuk-
st ot) umeer Bug «(t) = 5.714 - t — 2.857.

YKa3aHHbIe BADUAHTHI METO/IA KaxKyieiics TerioeMkocTu (1)—(4) M03BOIAI0T yIUTHIBATE TEll-
JIOTY (haz0BOrO MEpPExXojia B MATEMATHIECKOW MOJIEIN, U YIOOHBI JJIs IPOBEJICHUS PACIETOB, TaK
KaK IIOJIOXKEeHNe 30HBI IIepexo/ia 3apaHee HEM3BECTHO U OIIPEIEISIETCSI B Pe3yJIbTaTe PacieToB.

Peostorndeckue cBoiicTBa nUIMKepa OKCUIa OEPUILINS ¢ MAaCCOBOH moseit cBsasku w = 0,117
3aBHUCST OT TEMIIEPATYDbI, 1 BBIPAXKAIOTCs SMIpuaeckuMu (opmysnamu [4, 15]:

w(t) = 293,6259 - exp (—0,05816 - ), Ila-c (5)

To(t) = 11,4 + 11,41 - exp (—(t — 70,05)/5,47), Tla (6)

[I10THOCTD TEPMOILJIACTUYIHOIO NMIJIMKEPa OIPEIesIsieTcss KOHIIEHTPAIUSIMU TTOPOIITKa OKCHJIA
OepusLIns U CBA3YIONIErO BEIeCTBA:

P = Pmb - pcb/((l - w)pcb +w- pmb)a F/CM3 (7)

TIE Pmb — IUIOTHOCTH OKCHJIA OEPUIIUS, Pcp — IJIOTHOCTb CBA3KHU, W — OTHOCUTEILHOE MACCOBOE
coJlepzKaHme CBI3KU B JIOJISIX €IIMHUIIEL.
ILnorHOCTD CcBsizku pu w = 0,117 onpegensiercst o opmyie:

pep(t) = 0,852 + 0,0725 - cos (0, 05612 - (¢ + 273,15) — 16,7361), /e’ (8)

[I10THOCTL OKCHa GepMLINA COCTaBIACT pnp— 3,02 T/cM®. B amamazome Temmeparyp
8040 °C maorHOCTD cBaA3KE H3Mensierca ot 0,7797 1o 0,9010 r/cM3, n o Mepe oTBepeBaHus
IJIOTHOCTD NIJIMKepa Bo3pacTaer ot 2,2457 no 2,3553 r/ cM3 IS TaHHOTO COJIepKaHUS CBSI3KU.

TerIonpoBOAHOCTD IIJIMKEPa 3aBUCHT OT TeMieparTypsl, u st w—0,117 umeer By [14]:

= 1,64 4,8 exp(—0,017-¢), Br/(x-C) (9)

Bajaua ucciemyercsd B IUIKHAPUYECKON cucTeMe KoopAauHaT ¢ ocamu z u r. Och Z Hampas-
JeHa 110 ocu dbuibepsl (puc. 1), a ocb OR — paguanbHo K Hefi (1] — pajuyc JopHa, T9 — PaJUyC
dbubepsr, (19 — 1) — ToIIIMHA KOJIBIEBOIT m010¢TH ). CKOPOCTH JINThSI HAIIPABJIEHA BEPTHKAIHLHO
BHU3 110 OCHU OZ ﬂBH}KeHI/Ie OIJINKepa CIUTaeTCd yCTaHOBHBLHI/H\/ICH, n 1J1d ero I/I3yquHH NCIIOJIb-
3YIOTCSI ypaBHEHUsl JIBMXKCHUsI HEHLIOTOHOBCKOIl KUJKOCTH ¢ IpuBjedenueM mogesau IlIsenosa-
Bunrama [15]:

ou Ou dp 10 ou 10
Pt =TT <T’u6r) - ;E(TTO) (10)
Opu  10rpv
oz Trar 0 1D

B ormmune ot ypasuenust nsuzkenust (10) 1o Mepe oTBepieBaHus MIJIMKePa IIEPEHOC TeIlIa 32
CYeT TEIJIOIPOBOIHOCTH OYAET CyIeCTBEeHHLIM. I109TOMY ypaBHeHNEe SHEPTUH J1j1sI CTAIIMOHAPHOIO
nporiecca (pOPMOBAHUS C UCIOJB30BAHIEM BBIPAKEHUS JIJIs TEIJIOEMKOCTH (3) 3aImchiBaeTCs B

Buie |12, 13]:
ot ot 0 ot 10 ot
pucy - +veg =5 (Aa> o (’“W) 12)

B ypasuenusix (10)—(12) npunsars! ciemyomue 0603HAYEHHs: 2, I — OCeBasi U PaJuajbHasi
KOODJMHATHI; U, U — KOMIIOHEHTBI BEKTOPa CKOPOCTH; P, p, t, Ty, Cp, [, A — JaBJI€HHUE, ILIOT-
HOCTB, TeMIIepaTypa, KacarTeJbHOE HAIPsKEHNE CIBUra, KO3hMUIMEHTH! KayKyIIeics TerioeM-
KOCTH, BSI3KOCTH ¥ TEIJIOIPOBOJHOCTH IIJTHKEPA, COOTBETCTBEHHO.
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st yioberBa cpaBHEHHs! ¢ OUBITHBIME JTAHHBIMI TeMIlepaTypa B ypasHeHnu (12) paccauTsi-
BaeTcs 1o mKaJje [lenbcusi.

YesoBue coxXpaHeHnst MacCOBOTO PACXO/ia OIPEIE/IsAeT IPAUEHT JABJICHI JJ1sl BbIIABINBAHAS
IIJTHKepa U3 KOJIbIEBOH mostoctu |16]:

T2
27T/ purdr = w(r3 — %) poug (13)
T

1
rJe 71, T2 — PAJUyChl JOPHA U (PUIILEPDI, COOTBETCTBEHHO.

Pacupeesiennsi CKOpocT U TeMIepaTypbl Ha BXOJIe B KOJIBIIEBYIO TI0JIOCTH [IPUHUMAIOTCS [0~
CTOSIHHBIMH 110 CE€YEHNIO, COOTBETCTBEHHO, Oy/IyT MOCTOSIHHBIMA BCE TEIIOPU3NIECKIE CBOICTBA
IIJTUKepa:

npu z=0: wu=wuy, v=0, t=tp (14)

Ha crenkax moJiocTn B 006J1aCTH KUJKOI'O IJIMKePpa JJigd CKOPOCTHU CTaBUTCHA YyCJIOBUE ITPUJINA-
ITaHuAg:

upu z>0, r=r;: w,=v1=0, 1=1,2 (15)
a B O6HaCTI/I TBEPAOIIACTUIHOI'O COCTOAHUSA IMIJINKEPpa — yCJIOBI/IH HEeIIpoTeKaHnsd M CKOJIbZKeHUA:
ou ,
mpu z>0, r=r;: v =0, 8—:0,121,2 (16)
r

Cunraercs, 4TO IIOTOK TeILJIa OT FOPAYero MIINKepa Ilepe/1aeTcs K CTeHKaM JOPHA U (DHIIbEPHI.
Torya Ha CTEHKE JOpHA CTaBUTCS ycJoBue TerroobMmena [17]:

t
upu z >0, 7=r, )\grzad(tc_td) (17)

e g — KOd(PUINEHT TEIIo00MeHa MeXKIy NIINKEPOM W CTEHKOH JopHa, t. — CPeIHsis TeM-
meparypa ILJIHKepa Ha IIONEePEeYHOM CEYEHUU IIOJIOCTH, ty — TeMIeparypa NIIINKepa Ha CTEHKE
JIopHa.

Terutoneperada Ha BHEITHEN CTEHKE IIPOUCXOANT B 3aBUCUMOCTH OT TEMIIEPATYPbI BOILI B KOH-
Tyan OXJIazKJIeHUA ITOJIOCTH. O603Haqa${ TeMHepaTypy BOJBI B ropdgYeM M XOJIOJHOM KOHTyan
qepes t1 u to, MOJIYIUM I'PAHUYHBIE YCJIOBHA JJI TEMIIEPaTypPhl Ha CTEHKE (DUJILEPHI:

t
npu z >0, r=r, —)\g:k(t—ti), i=1,2 (18)
r

rie k — k03 DUIMeHT Teruionepeiadn Ha CTeHKe (PUIbephI.
Ha BBIXOIHOM CeYeHUN TMOJIOCTH JIJTsT TEMIIEPATYPhl HAKJIAILIBAETCS YCIOBHE:

npn  z =1, zzo (19)

Hns ynobersa perennst cucrema ypasaenuit (10)—(13) u rpannunbie yeaosust (14)—(19) upu-
BOJISATCS K Oe3pa3MepHBIM IlepeMeHHbIM. KoopiuHaThl z u r 1easaTcs Ha 71, KOMIOHEHTBI CKOPO-
CTH U W U Ha Ug, JlaBJleHNe P Ha JUHAMUYECKHUIl HaIop poug, TeMIepaTypa t Ha tg, INIOTHOCTD,
peJiesl TeKy9ecTu, Ko3hMUIUEHTHl TEII0eMKOCTH, BI3KOCTH, TEIIONPOBOJIHOCTH Ha 3HAYEHUS
9TUX BEJIMYUH IIpu TeMieparype tg. B 6e3pa3smepHbIX epeMeHHBIX CUCTEMY YpPaBHEHUI BXOIAT
kputepun Peitnonbaca Re u I[Ipanarosa Pr.

Cucrema ypasrennii (10)—(13) ¢ rpanuusbivm yestousimu (14)—(19) pemmaercss qucaeHHbIM
merozioM [16]. PacemarpuBaemas obsiactb pa3buBaeTcst Ha J€MeHTapHbIe T9efiKu CO CTOPOHAMUI
Az;, Arj. Paznocrrele anajorn ypasHennii qsuzkenns (10) u saepruu (12) moydeHsl 10 cxeme
Kpanka-Hukosbcona, a pasanoctaslit anasor ypasaenus (11) — AByXcIoiiHOi cxeMoii BTOpOro mo-
psizika Tounoctu [16]. I'pajuenT nasienus: onpeiesisieTcst MeToJoM paciierienust 16| u3 yciobust
coxpaHeHHsI MaccoBoro pacxoja (13).
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4 Onpenesienne ko3dunmueHTa Temjionepesadyu Ha CTeHKaxX I0JIOCTHA

Omnpenenienne K03hOUIUEHTOB TEIJI000MEHA U TeIIonepeadn Ha CTEHKAX MOJIOCTH MPEeICTaB-
JIgeT 3HaYnTEebHbIe TpyaHocTH. KosddumumenTsr TenmmoodMena oy Ha CTEHKE JOPHA U TeIIo-
nepegadu k Ha cTeHKe (puIbepbl ObLIM OIpEJeeHbl IIyTeM CPaBHEHHsI OIBITHLIX U PACYETHBIX
naubix (puc. 3). O60OIIEHNE ONBITHBIX U PACIETHBIX JAHHBIX JTA€T BO3MOXKHOCTH OIIPE/IEINTD
3aBUCUMOCTDH KO3(MDPUIINEHTOB TEILIONEPeIadn U TEII00OMEHa OT CKOPOCTH JINThH.

3
<&
2,5

N
1,5 \
N T

20 40 60 80 100

u,, MM/MUH

Puc. 3. Basucumocts k03dduimeHToB Temionepesadn Ha creske (uibepsl (1) u remoobMeHa Ha CTEHKe JIOPHA
(2) oT ckopoCTH JINTBSI LUIXKEDPA

Kosddunument rertonepemadn nHa crenke Guabepbl k MPU MajbIX CKOPOCTHAX JIUThS HMEET
6oJIbIIINE 3HAYMEHUS], & C POCTOM CKOPOCTH JIUThbs CHUKAETCH M CTPEMUTCS K HPEJIETbHOMY 3HA-
qennio. Kosddunment TermoodbMena Ha CTEHKE TOPHA vy UMEET HECKOJIbKO MEHbIee 3HAYeHUE
[0 CPABHEHUIO C TeIJIonepeatieil Ha cTeHke (DUIbEPDI, U TAKXKE CHUXKAETCH ¢ POCTOM CKOPOCTH
Jautbst (puc. 3).

5 Pe3y.TII:)TaTbI pacdeToB U CpaBHeHUue€ C JaHHbIMU 3KCIIEPpUMEHTOB

PacueTbl mpoBouINCh MPU TEX 2Ke PEKUMHBIX IapaMeTpax U yCJIOBUAX ITPOBEJICHUS BbIIIECKa-
3aHHBIX KcriepuMenToB. Ha pucynke 4 npencTaBjeHbl pacdeTHbIE JaHHBIE IO PACIPEICICHUIO
TeMIIepaTyPbl B KOJILIIEBOU MTOJIOCTA B COOTBETCTBUM C YCJIOBUSIMU IIEPBOIT CEPUM IKCIIEPUMEHTOB
(taba. 1). Kak ormevasioch Bblile, B IIEPBO CEpUM IKCIIEPUMEHTOB ObLIO MCC/IE0OBAHO BIIUSIHUE
CKOPOCTH JINTh Ha IOJIOYKEHNEe 30HbI (PA30BOr0 Imepexoa. JdumarpaMMbl peIcTaBIeHbl B TOM Ke
MOpsIJIKe, KaK JIaHHBIE SKCIIEPUMEHTOB Ha PUCYHKE 2.

Ha Bxose B MUINHAPUIECKYIO YACTh KOJIBIIEBOH ITOJIOCTU TeMIIlepaTypa IInKepa ObLaa Io-
crosinHoOl 1 paBHsiack tg = 80 °C. B obsiacTu ropsivero KOHTypa U30JIMHUN TeMIiepaTypbl (130-
TEPMBbI) TOKA3BIBAJIN OOJACTH MOCTOSHHBIX 3HAUCHHUN TEeMIIEPATYPBl U [AapaMeTpPOB MIINKEPHOM
MacCChl, HAXOJSIIEHCT B XKUIKOM COCTOSHUM. B 3TO#l 4acTu MOJIOCTH TeMIepaTyphl NMUINKepa U
ropsiaeil BOJAbI OJIMHAKOBBIE, U Ha CTEHKe (PUIbEPhl TEILIONMEPEHOCA TPAKTUIECKH HE ITPOUCXOIUT.

B obiacTu x0JI0MHOrO KOHTYpa HAUUHAETCS OXJIaXKIeHre MIJINKePHOI Macchl. Bo BTOpoM KOH-
Type OXJIaXKJIEHUSI Pa3HOCTh TEMIIEPATyP NMIJIMKEPHOII MACChl U XOJIOTHOI BOJBI IPUBOJIUT K WH-
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TEHCUBHOM TEILIoNepeiade, CHIXKEHIIO TEMIIEPATYPhI 1 U3MEHEHHUIO PEOTOTTIECKUX CBOMCTB ILIN-
KEepHOIT Macchl. B Hagajie BToporo KOHTypa UMeeTCs Iepexo iHast 00/IaCTh, TJIe MOJIe TeMIIEPaTy Phl
[epeMeHHo U ee 3HavueHne n3Mensiercst ot 80 mo 54 °C.

Nzorepma AB ¢ Temmneparypoii 54 °C' BhIpazkaeT BEPXHIOI I'DAHUILY 30HBI 3aTBEDIEBAHIUS
nuinkepHoit macchl, a uzorepma CD 40 °C' — HukHO0 TpaHuily. B 30He 3aTBepieBaHust MEXKTy
uzorepmamu 54 u 40 °C' numKep NepexoauT U3 JKUJKOIO COCTOSHUSA B TBepoiiacTudnoe. Ha
BCEX PUCYHKaX PacUYeTHDLIE U30JIMHUU COIIOCTABJIEHBI C SKCIEPUMEHTAJIbHBIMY JTaHHBIME U30TEPM
«cosmnitycoB» AB u CD (nyHkTupHble jinHuK). MOXKHO OTMETHTD COIVIACHE PACIETHBIX U OIBITHBIX
JIAHHBIX mostoxkenuit nzorepm AB u CD.

244

28

Puc. 4. CpaBHeHne pacueTHBIX U ONBITHBIX JAHHBIX PACHPEIEJIEHUs TEMIIEPATYPBI B 3aBUCUMOCTH OT CKOPOCTH
JUThs HNIIIKEPa

ITpu ckopoctu JuThbst wy = 20 MM/MHUH [OJIO’KEHUE 30HBI MEPeX0/ia MIKKEPa U3 YKUJIKOTO
COCTOSIHUSI B TBEPJIOILJIACTUIHOE PACIIOJIOXKEHO OJIMKe K HAavaly XOJIOMHOTro KoHTypa. C pocTom
ckopoctu suThst or 40 mo 100 MM/MUH MOJIOXKEHHE 30HBI MEPeX0o/ia HAYMHAECT MEPEMEINaThCst
BHU3 110 HAIIPABJICHUIO JIBUXKEHUSI OTJIMBKU U 3aHUMAET 0oJiee OOMIMpHBIE 00J1aCTH. DTO 0ObIAC-
HSIETCS TE€M, 9TO C yBEJUUEHHEM CKOPOCTH JINThbs KOHBEKTHBHOE COCTABJISIONIEE MOTOKA TETLIA
IIJIMKEPHON MacChl TaKKe MOBbIaeTcs. [1osioskenne 30HbI Iepexojia IMOCTENEeHHO PACTITUBACTCS,
U OXBATBHIBAET BCIO JUIMHY (bOPMOBOUHOIL 1Tos10cTH (pHC. 4).

PacuerHble TaHHBIE PACIPEIEIEHUST TEMIIEPATYPbI IIJTMKEPHOIT MACChI, MOy YeHHBIE 110 YCJIO-
BUSIM BTOPOIi cepuu 3KCrepuMenToB (Tabj1. 2) NpeJICTaBIeHbl Ha PUCYHKE 5.

B sT0il cepum pacdeToB CKOPOCTL JINThs BO BCEX SKCIEPUMEHTaX HOJIepKuBagach npu 20
MM/MUH, U IIPOBOJIUJIOCH U3YY€HHe BIIHMsIHUE PACXOJa U TeMIePaTyPbl ropsiueii BOIbl B KOHTYDE
OXJIAZKIEHHs Ha TTOJIO?KEHNE 30HbI OTBEP/ICBAHUA OTJINBKH.

OubITHBIE JaHHBIE BTOPOH CEpUM IOKA3BIBAIM, UTO IIPU TeMmIeparype ropsdeir Bogasr 60 °C
u MasbIX pacxogax (125 ui/wac) Bepxuuii (ropstumii) KOHTYp paboTaeT Kak 30HA OXJIAXKJICHUSL.
Hawano msorepmer AB mepBoro pexwnma, nzorepm AB u CD weTBepTOoro M msiTOro pesknMOB
HAXOJSATCA B 30HE TOPSYero KOHTypa. B 9TUX CaydasiX TEeIIOCheM OT XOJIOAHOTO KOHTyPa ObLI
60J1ee MHTEHCUBHBIM, TO MOBJIUAJIO HA OXJIazK/IeHUe IIIJTMKEPHOIT MACCHI B 30HE TOPSIETr0 KOHTYPA.
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Tabmauna 2. PexxuMbl ONBITOB B 3aBUCHMOCTH OT PACXOa M TEMIIEPATYPBI TOPSAYeil BOIBI

Ne nmarpammbr 1 2 3 4 5
Pexxum  |Pacxop ropsiaeit Bojpl, Jji1/49ac 125 (250 |500 |500 [500
JguThsi  |Pacxoj| X0JI0MHON BOIBI, J1/9ac 1500 {1500 {1500 (1500 {100
CKOpOCTb JINThsI, MM /MUH 20 |20 |20 |20 |20
Temmneparypa ropstaeit Bogpl, °C 80 |80 (80 |60 |60
Temmeparypa xogoaHo Bogel, °C' |20 20 |20 |20 20

C pocrom pacxona ropstaeii Bogabt ot 250 10 500 J1/49ac TeronepeHoca 0T X0JI0IHOIO KOHTYPa
K TopsiieMy He IIPOUCXOJIUT, IO ITON MPUYNHE OXJIAXK/IEHWE U 3aTBEPJeBaHNe IIJIUKEPHON MacChl
IMeeT MeCTO B 30HE XOJIOIHOrO KOHTypa (puc. 5).

r, mm
6 7 8 9 10
0

28

Puc. 5. CpaBHeHune pacueTHBIX U ONBITHBIX JAHHBIX PACIIPEIEICHU TEMIIEPATYPbl B 3aBUCUMOCTU OT PacXoja 1
TeMIIEPATypPbl ropsiueil BoJIbl

Kaxk 6b110 ykazaHo Bbile, KO3 MUIMEHTHI TEIIOOOMEHa W TEIJIONEPeIadl Ha CTEHKAX I10-
JI0CTU OBLIN OIPEJIeJIeHbl B 3aBUCUMOCTH OT CKOPOCTH JinThs (puc. 3). PacuerHble jJaHHbIe 30HBI
nepexo/ia, onpeensiembie n3orepmamu AB (54 °C') u CD (40 °C'), HaxosATCst B CONIACHY C PE3YJIb-
TaTaMU SKCIIEPUMEHTOB JIJIS IIEPBBIX TPEX PEKUMOB. B 4eTBEPTOM U MSITOM PEsKHMaX PacueTHbBIE
JIAHHBIE KAYECTBEHHO COIVIACYIOTCS C ONBITHBIMU JaHHBbIME (puc. 5). PacyerHbie naHHble, TaKkKe
KaK W pe3yJIbTaThl SKCIIEPUMEHTOB, ITOKA3bIBAIOT BO3MOXKHOCTH YIIPABJIEHUs IIPOIECCOM (DOpPMO-
BaHUs TEPMOILIACTHIHOrO IIJIUKEePa OKCHIA OepUILINAS IyTeM I0A00pa Pacxola U TeMIepaTyphbl
ropsiueil BOJIbl.

B Tperbeil cepun KcrepuMeHTOB OBIIO UCCJIEIOBAHO BJIMSAHUE TEMIEPATYPhl U PACcX0jia XO-
JIOJHOI BOZBI Ha TEILIOBOI PEXKUM 3aTBEPAEBAHUS OTJIUBKH. B Tabiniie 3 IpuBeIeHbl PEXKUMHBIE
napamMeTphbl JJAHHOM Cepur: pacxojl U TeMIepaTypa ropsadeil 1 XOJ0HON BOJbI, CKOPOCTh JINThSI
orsmBKH. Bo Beex omblTax TpeTeil cepur CKOpoCTh JuThs Oblta 20 MM/ MuH. Pacxos u remmepary-
pa ropsiveii Bojibl Toxke He usMmensuch: H00 j1/uac u 80 °C'. Pacxo x0101HOM BO/IbI BADLUPOBAJICS
or 250 10 1500 J1/9ac, a remneparypa — or 15 g0 20 °C.
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Tabmaua 3. PexxuMbl ONBITOB B 3aBUCHMOCTH OT PACXO/a M TEMIIEPATYPBI XOJIOTHOM BOIBI

Ne nmarpammbr 1 2 3 4 5
Pexxum  |Pacxon ropsiueii Bompl, J1/49ac 500 [500 (500 (500 [500
auTbst  (Pacxon xosomHO# BozpL, J1/9ac 1000 |500 {250 |1500 |250
CKOpOCTb JINThsI, MM /MUH 20 |20 |20 |20 |20
Temmneparypa ropstaeit Bogpl, °C 80 |80 (80 |80 |80
Temmeparypa xogoaHo Bogel, °C' |15 15 15 20 20

Ha pucynke 6 mokasaHbl pacuyeTHBIE JAHHBIE PACIPEJIEJECHUS TeMIIepPaTypPbl U IOJIOYKEHUS
30HBI [IEPEX0/Ia OTJUBKU, OrpaHUYeHHbIe n30TepMaMu «coJmaycoB> AB u CD.

r, mm

Puc. 6. CpaBHeHue pacyeTHBIX W OIBITHLIX JAHHBIX PACIHPEIC/ICHUs TeMIepaTyPhl B 3aBUCUMOCTH OT PACXoJa U
TEeMIIEPATYPbI XOJOAHON BObI (Tabur. 3)

B 1mepBBIX Tpex ciiydasix TeMIepaTypa X0JI0IHO# Bomsl Oblia papHa 15 °C, a ee pacxos usme-
uswicst o1 1000 o 250 J1/uac. CHUKeHHE TeMIepaTypbl XOJIO[HON BOJBI IIPUBEJIO K HOBBIIIEHHIO
MHTEHCUBHOCTH TEIIOChEMa, & CHUYKEHHE PacXoja XOJIOJHOM BOJbI, HAOOOPOT, 3aMeJII IIPO-
necc Tersiocbema. IloBbitenne TeMiiepaTypbl xoJ10HON BojbI j10 20 °C', TakKe KaK U CHUXKEHUE
ee pacxojia MPUBEJIO K YMEHBIIEHUIO TEILJIOChEMA.

PacuerHble M30IMHAM TEMIEPATYDBI, MOJIyYeHHbIE MyTeM HCIOAb30BaHUsA KOd(MMUIIEeHTOB
TerI000MeHa Ha IIOBEPXHOCTH JIOPHA U Telulolepejadn Ha (puiibepe, CONIACYIOTCs C pe3y/ibTaTa-
MM 9KCIEPUMEHTOB (puc. 6).

Taxum 06pa3oM, pacdeTsl 110 BBIMIEIPUBEIEHHON MATEMATHICCKON MOJIE/IN TIO3BOJISIIOT OIIpe-
J1eJITH KO3 DUIMEHTDI TEIIO0OMEHA U TEIUIONEePeIadl Ha CTEHKAX KOJILIIEBOH MOJIOCTH, IIPOBe-
¢t 000DITEHNE ONBITHBIX JAHHBIX, U HANTH PEXKUMHBIE TTADAMETPHI JIJIsI PEryJIUPOBAHUS TEILIO0-
obMmena 1pu GOPMOBAHUU HMIJTUKEPHON MACCHI METOJOM T'OPSYETO JIUThS.
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6 3axkJiroyeHne

B XO/ie Tpex CepI/IfI 9QKCIIEPpUMEHTOB I10 UCCJIEJOBaAHUIO BJINAHNA PEKUMOB JINThsA Ha TeMIlepaTyp-
HOe€ T10JIe B 30HE 3aTBEpAeBaHUA OTJIMBKH ObLII OIIpeIeJICHbI:

— II0JIO’KEHHUsl 30HBI 3aTBePeBaHUs MINKEPHOI Macchl B (OpMOOOpa3yomleil IOJI0CTH TP U3-
MeHeHHN CKOpocTn JuThst oT 20 70 100 MM/ MuH.

— TIOJIOZKEHUSI 30HBbI 3aTBEP/IeBaHUs MINKEPHOI Macchl B (popmMooOpasyromieil IOJI0CTH B 3aBU-
CHMOCTH OT PacXofa U TeMIIEPATypPhl BOABL B IOpsideM KOHTYyDe.

— TIOJIOZKEeHNUsI 30HBI 3aTBEP/IeBaHus MINKEPHOil Macchl B (popMoobpasyromnieil IOJIOCTH B 3aBU-
CHMOCTH OT PacxXoia U TeMIIEPaTypPhl BOABL B XOJOJHOM KOHTYDE.

BepxHsisi rpaHuiia 30HbI 3aTBepjeBaHus OblIa OleHeHa M30TepMoil «commycay (54 °C), a
HUKHsIsl [PAaHUIa — U30TepMoii «cosmuycay (40 °C').

YcTaHOB/IEHHBIE B XOJI€ 9KCIIEPUMEHTOB PACIpPeIeseHns] TeMIepaTyphl NINKepa B POpPMO-
obpasyroieil 1mojocT (PUILEPHl B 3aBUCUMOCTH OT CKOPOCTHU JINThs, YCJIOBUII TEILIOCHEMa Ha,
CTEHKAX KOJIBIEBOI IOJIOCTH ITO3BOJISIOT OIPEIEUTh MEPEXOJ IIJINKEPa OT BI3KOILIACTHIHOIO
COCTOSIHHS B TBEP/IOILIACTUIHOE.

PesynbraThl 9KCIIepUMEHTOB OBLIH TPOAHAIN3NPOBAHDBI U 0O0OIIEHDI ¢ UCIIOIL30BAHNEM MaTe-
MaTHYECKON MOJIEJIN IIPOIECCa 3aTBEPAEBAHMSI TEPMOILIACTUIHOrO Inkepa. CrucreMa ypaBHEHMt
3aKOHOB COXpaHEHUsT MACChl, IMILYJIbCA U SHEPTUNA HEHBIOTOHOBCKOM »KUIKOCTH PACCMATPUBAETCSI
COBMECTHO C peoJjiormdeckoir mojenbio [Isemosa-Bunrama. Peosiornyeckne n remiodpusndaeckue
CBOIiCTBa H_U'II/IKepa 6bIHI/I HaI‘/’IILeHbI Ha OCHOBE€ OIIBITHBIX IL&HHI)IX7 n Bpra)KaIOT 3aBUCHUMOCTU OT
Temireparypbl. KoadduimenTs! TermaoodMeHa U TEILIONepeIadn Ha CTeHKaX KOJIBIEBOM ITOJIOCTH
6bI.HI/I OHpeﬂeﬂeHbI B OIITHUMU3aIIMOHHBIX pacquaX, HpOBe,[[eHHI)IX B COOTBETCTBUU C yCJIOBI/ISI-
MU 9KCIIEPUMEHTOB. B pacuerax IOJIyYeHBI [OJIsSI TEMIEPATYPhI NIJIUKEPHOHR MacChl B BSI3KOILIA-
CTUYECKOM ()KI/I,[LKOI\/I) nu TBep,ZLOH.HaCTI/ILIeCKOM COCTOHHI/IS{X7 OHpe,ZLe.HeHbI IIOJIOZKEHU A I/ISOTepM,
BbIpaXKalollie BEPXHIO U HUXKHIOI I'PAHUIBI 30HBI 3arBepaeBanus. [loaydeHnble B pacderax
KO3(bPUIUEHTHI TEIIOOOMEHa M TEIIONEePEIadd IO3BOJIMIN OIPEIEIUTh YCIOBUS TEIJIO0OMEHa,
MEZK/1y IIJTIKEPOM OKCHUJIa OEPUJIIUS U OXJIaKIaI0IIell BOJIOM, HAllTH pesKUMHbBIE TapaMeTPhl J1JIs
peryJIMpOBaHMsl TEIJIO0OMEHA OTJIMBKU B (POPMOBOYHOMN ITOJIOCTH.

PesyabraThl pacdeToB HAXOHATCA B COTJIACUM C JAHHBIMUA 3KCIEPUMEHTOB, M IOKA3BIBAIOT
duznIecKyo 000CHOBAHHOCTD IIPEJIOKEHHON MaTeMaTHIeCKON MOJIEIH IIPOIIECCa 3aTBEPICBAHMS
TEPMOILIACTUYHOIO HIJINKEPa, OKCUJIA OEPUILIINSA.
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Awnnoranusi. PaccmaTtpuBaercs: 3a/1a9a ompeeieHus HAIPSIXKEHHOTO Je(pOPMUAPYEMOTO COCTOSHIS
Pa3HOOPUEHTUPOBAHHOTO CTBOJIA TOPU30HTAJIBHON CKBaKUHBI IPU (PUIIBTPAINN K HeHl KUIKOCTUA B
AHU30TPOITHOM, B YACTHOCTH TPAHCBEPCAIBHO-U30TPOITHOM ItacTe. [Ipu ompenenennn qebura ropu-
30HTAJIBHON CKBAXKWHBI YIUTHIBAIOTCS (DUILTPAIMOHHBIE M YIPYTHE XapPAKTEPUCTUKNA AHU30TPOI-
HOI'O IJIACTA.

Kiarodesbie cioBa: cDI/I.HpraI_U/H?I, CKBaKHHa, ,Hed)OpMa,LH/IH, MeTO/J[ KOHCYHBIX 3JIEMEHTOB, I'OpHU-
30HTaJIbHasdA CKBaKHWHa.

1 Bsegenue

B nacrosiee Bpems paszpaboTka HEDTAHBIX MECTOPOXKIEHUI CO CJI0KHBIM T'€0TIOTTIECKUM CTPOE-
HUEeM U (PU3UKO-MEXAHUIECKUMK CBOHCTBAMU (DJIIONJIOB, HACBIIIEHHBIX B IIPOJLYKTUBHBIX KOJLIEK-
TOpax, OCYIIECTBJISIETCST C MPUMEHEHNEM aKTHBHBIX METO/0OB BHYTPHKOHTYPHOTO BO3JEHCTBUS,
TAKUMH KaK OJIOKOBOI'O, 0YaroBOro, ILIOIIAIHOIO, CTyIeH4YaToro u purypHoro sasomneruii. C
IIOMOIIBIO yKa3aHHBIX METOJOB YCIIEITHO BeIeTcsl 0TOOD 3amacoB HeTH, HO, TeM He MeHee, CO
BPEMEHEM BBISIBJISIIOTCS OTJ/IeJIbHbIE YIACTKU € TPYHOU3BJIEKAEMbIMU 3amacaMu [1-7].

N3zy4enne sapienus gedopMalini KOJUIEKTOPOB B IPOIEcCe Pa3spabOTKu HEeDTIAHBIX MECTO-
POXKIEHUIT MMeeT BarKHeillee MpaKTHIeCKoe 3HadeHne. B 9TOM HaIpaBjeHN HapaslieIbHO C
TeOpEeTUIeCKNMU UCCJICJOBAHUAMM BeJCTCA U3yvdeHrue C IIOMOIIBIO (bI/ISI/I‘{eCKOI‘O MOJC/JINPOBAHUA.
OHAKO 9TH MOIXOALI HE MOTYT aJIeKBATHO OXapaKTEePHU30BaTh PeaJIbHbBIE ITPOIECChI, NMEIOINe
MECTO B ILTACTOBBIX YCJIOBUSIX.

OcHOBHOII 3a/1a1ell TOPU3OHTAJIBHON CKBasKUHBI SBJISIETCS YBEJINUYEHIE [TOBEPXHOCTH KOHTAK-
Ta C IJIACTOM C YYETOM HaIPSZKeHHO-1e(OPMHUPYEMOI0 COCTOSIHUS, TAKIM 00Pa30M, HOBBIIIECHMUST
ee MMPOU3BOUTEILHOCTU. B OOJILIMMHCTBE CJIyIaeB CTBOJIBI TOPU30HTAJILHON CKBAXKUHBI OypsIT-
csI MapaJiIebHO IJIOCKOCTH HAIIACTOBAHUS KOJIIEKTOpa. AHaJIOrHYHas 3aJada B TPEXMEPHO
[IOCTAHOBKE JIJIsl yIIPYTIO-1epOPMUPYEMOro U30TPOIHOIO IJIACTa PacCMOTpeHa B paborax [8-11].

B 1estom, HecMOTpPs Ha yCIeXu, JOCTUTHYTBbIE B MEXAHHKE HACHIIEHHBIX TPEITHHOBATHIX I10-
PUCTBIX CPEJI, TIOUCK HOBBIX IOIXOI0B 3/I6Ch OCTAETCs aKTyaJbHBIM. B pabore, paccMaTpuBaeTCs
MaTeMaTUIeCKre MOJEIN (DUIbTPAINN KUIKOCTH K CKBakKuHe B JedopMupyeMoil n Hemxedop-
MHUPYEMOIl aHU30TPOIHBIX IIacTax. V3ydenusa sienus nedopMaliuy KOJJIEKTOPOB UMEET BayK-
HeHIe MpaKTHIeCKne 3HAIeHns, 100 MOTYT MMETh YXYIIIEeHNEe MPOILYKTUBHBIX XapPaKTEePUCTHK
KOJIEKTOPOB. [losTOMy HEOOXOAMMO pacCMOTPETh MaTeMaTUIeCKUe MOMEN (DUIBTPAIIUN YKUJI-
KOCTH K MHOT'OCTBOJIBHOM ropus3oHTaabHoil ckBazkuae (MI'C) B aHH30TpOIHBIX /1ehOPMUPYEMBIX
cpelax.

2 IlocTaHoBKa 3amadun

B ciydae sKCILIyaTalyu Npo/lyKTUBHOIO IJIACTA Y€Pe3 MHOIOCTBOJIbHYIO FOPU30HTAIbHYIO CKBa~
xuny (I'C), neGurer crBosioB, KoTopbix {Q;(t;)}i, u 3aboiinbie mapaenue {p;(t;)}."; B MOMeHT
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BpeMeHH tj mpemnosaraercs n3pecTHbIM (puc.l). IIpm srom cucrema ypasnennmit duabrpanum
JKUJIKOCTHU B J1e(DOPMUPYEMOIL Cpejie UMeeT BHJL

Pu; o~ 0 (ki Op
Zataxi _”Z,_:I('“)xl < 1 8333) —Ws, (1)
’ Oij / 310 .
Z S+ (W'py + (L= n)pa) Fy = 5=, i =1,2,3; (2)

3
oij = Z dijkiER (3)

k=1
1 /0w  Ouy
o A
z<axﬁami (4)
2 [
W = %?(1—%>7 e < re, |yl <lyk=1,m,
07 TE > Te.

Buecy p = p(x,y,2,t) - JaBjIeHHe XKUJKOCTHU; U; - KOMIIOHEHTBI IIepeMeleHIst {uvw}; kij
- KO3 PUIUEHTH TPOHUIAEMOCTH; (i - BA3KOCTb YKUJIKOCTH; 0j; - KOMIOHEHTBI HAIIPAKCHUSA
{ax Oy Oz Tay Taz Tyz }; €4 - KOMIIOHEHTbI JepopMaluu {61« Ey €z Yoy Yoz Vyz }; dijr - d1€MeH-
TBI MATPUIEI KO3bdunmenTos gedopmanun; n’ - TOPUCTOCTD; pf, Ps - IIOTHOCTH JKUIKOCTH 1
ckesiera (TBepOit haspl); F; - KOMIIOHEHTBI BEKTOPA IIJIOTHOCTUH MACCOBBIX CHJI;

re =@ — @) + (2 - 2)

Bnech 1. - paguyc ckBaxkuubl; 2l, - mmmaa crBosioB I'C; Q(t) - nebur k-it ckBaxKuHBI;, M -
KOJIMUECTBO CKBAXKWH;
HaqaﬂbeIe u I'PpaHUIHbIE yCﬂOBI/IH

Ui(fﬂay,Zy O) = UO(%?L Z)) (5)

(oijnj —pni)lp, = fit),  wilp, =0, (6)
_ Ip | _

i =er®). G| =0 U

plps, =pe(t), k=Tm (8)

rjie f; - KOMIIOHEHTBI BEKTOPa MOBEPXHOCTHOMN IJIOTHOCTH BHENTHUX CHJI, 70 - €UHUIHBI BEKTOD
BHelTHell HopMmaJsu K rpanune 0f2. 02 = I1 U Iy = I35 U Iy, T.e. TpaHUIIA COCTOUT U3 IBYX
HE3aBUCUMBIX pa3OneHMIA.

OcobennocTn pacrpejie/ieHnst HAIPszKeHn B J1eOPMIPYEMOM AHU30TPOITHOM METKOCTION-
CTOM C KECTKOCIICIIJICHHBIMU HAKJIOHHBIMU K TOPU30HTAJIBHON IIJIOCKOCTH TIOJ MTPOU3BOIHHBIM
YIJIOM TLTacTe BOJU3W TOPU30OHTATHHON CKBAYKUHBI MCCIETOBAHBI HA OCHOBE MEXAHUIECKOTO €0
MOJIEJIMPOBAHNS TPAHCBEPCAIBHO-U30TPOIHBIM (TPAHCTPOIIHBIM) TEJIOM C IJIOCKOCTHIO U30TPO-
MU, COBIAJIAIONIEl € IIJIOCKOCTBIO HAILIaCTOBaHusI cyioes [12-17].
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Puc. 1. Cxema pasnoopuentuposantoii I'C B HAKJIOHHOM TPaHCTPOIHOI cpefe. a) pacueTHas 06sacTb; 0) eau-
HUYHas JnHa crBosia ['C.

3 Yucaennas peanusanus

JLyist aucIeHHOM peau3aliuy MIPUMEHSIETCS MEeTO I KOHEUHbIX 3/1eMeHToB. He ocranasiuBasich ne-
TAJILHO Ha TEOPETUIECKMX OCODeHHOCTAX mccienoBannsg MKD, ykaxkeM KOpOTKO HEKOTOPBIE €TI0
OTJIMIUTEJILHBIE CBOWCTBA.

B coorsercreun ¢ MK9 pacuernast obacTs pazbupaercs Ha HEKOTOPOE KOJUIECTBO MO001a~
creiil — KOHEUHBIX 971eMeHTOB [18-20]. dasiee KaK/Iblil KOHEUIHBII 9JIeMEHT OCHAIIAETCST CHCTEMOTH
6asucHbx dyukuumii (bynkueit popmbr). [IpubamzkenHoe perenne UCXOHON 3a/1a91 UINETC B
BUJIE JIMHEHHOM KOMOMHAINE TaKUX 0a3UCHBIX (DYHKINN U3 YCI0BUM, (POPMAILHO COBITAIAIOITIX
¢ ypaBHeHusiMu MeTosa [anepkuna win Pura.

UcnonpzoBanne dyHkimeit hoOpMbl, TOJyICHHON TOYHBIM PEIIEHHEM pPAacCMaTPUBAEMOil CH-
CTEeMBI YpaBHEHUI, sIBJisieTcst TyiaBHbIM oryimaremM MKD or apyrux 9uc/IeHHBIX METOJOB C TOYKH
3pEHMs ero MPOrpaMMHON pean3aluy 1 IpuMeHeHus. [[pubanzkeHHoe pereHne uIeTcst Kak Jini-
HelftHas 060J10UKa HEKOTOPOi cucTeMbl 6asucHbX dyHKnuit. Koneanomepnas 3asjada (cucrema
JIMHEHBIX aarebpandecKuX ypaBHEHU JJisi y3JI0BBIX 3HAUYEHHUN KOHEUHBIX 3JIEMEHTOB) BO BCEX
ciydasx popMaJIbHO TOJIYYAeTCd U3 YCJIOBUS OPTOTOHAJLHOCTU HEBI3KU TPUOIUYKEHHOTO pPerlre-
HUST HEKOTOPOMY KOHEIHOMEPHOMY IOIIPOCTPAHCTBY.

[Tpu umciieHHON peann3aliui UCCJIEIOBAHO YIPYToe CTATHYECKOE HAIPSKEHHOE U JIePOPMU-
pyeMoe COCTOsTHUE pa3HOOPUEHTUPOBAHHOTO cTBoJa I'C B TpaHCTPOITHOM IJIaCTE€ B 3aBUCHUMOCTH
OT YIPYTOil aHU30TPOIINH, B TOM YUCJIE€ OT CTEIIEHN HECILIONTHOCTHU CIEIJIEHUEM MEJIKUX HAKJ/IOH-
HBIX CJIOEB TIOJI YIJIOM (, KOTJIa IIPOJOJIBHBIE OCH ITOJIOCTEH COCTABJISIIOT ITPOU3BOJIBHBIN YTOJI ) C
JIMHUEH IIPOCTUPaHUsT IIJIOCKOCTH u3oTponnu (Tadu.l).

4 3akJjrmoudyeHue

Ha ocuoBe TeopeTntvecKux COOTHOIIEHUN U METOJOB IOJIYUYEHBI OCHOBHBIE (DOPMYJIBI JIJIsi OIpe-
JIeJIeHusT TPOYKTUBHOCTH CKBAXKUH B YIIPYTOAePOPMHUPYEMON HEOIHOPOIHON cpejie, pa3paboTaH
AJITOPUTM U MAKET MPUKJIAITHBIX TporpaMm. VccaeaoBana cXOIUMOCTh BRIYUCIEHUT METOIOM KO-
HEYHBIX 3JIEMEHTOB, & TaKKe JOCTOBEPHOCTDH ITOJIyIEeHHBIX PE3yAbTATOB ITPOBEPKOI Ha TECTOBBIX
3a/1a9aX.

Hanpstizkenno-nebopMupoBaHHOE COCTOSIHUE PA3HOOPUEHTHPOBAHHON CKBAaXKUHBI CyIIECTBEH-
HO 3aBUCUT OT (PUBUKO-MEXaHUIECKNX U (PUIBTPAIIMOHHBIX CBONCTB ILIACTA. YCTAHOBJIEHO, ITO
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Tabnuna 1. smenenue nebura pasnoopuentupoanuoii ['C

¢ (rpan)
y | K Ik,
0 30 45 60 90
0.1 2537 1.564 1.626 2.468 4.158
= 0.5 1.912 1.955 2.188 2.604 3.205
o 1 2.912 2912 2.912 2.912 2.912
5 25.152 14.700 8.903 6.620 8.089
10 62.723 31392 16472 11.774 18.575
0.1 2.537 1.677 1.701 2.290 3.355
0 0.5 1912 1.985 2.206 2.559 3.036
= 1 2.912 2.912 2912 2.912 2.912
3 25.152 15673 9.416 5.960 5.731
10 62.723 34.538 17.975 9.888 12.076
0.1 2.537 1.795 1.813 2.260 3.012
= 0.5 1.912 2.017 2235 2.548 2.945
“ 1 2912 2042 2912 2.912 2.812
5 25.152 16.904 10.445 5.889 3.824
10 62.723 38.872 21.283 9.659 6.288

[IPU yBEJINYIEHUN OTONPAEMOI YKUJIKOCTH Yepe3 TOPU30OHTAIBHYIO CKBAXKIHY 3HAYEHUs JeduTa Cy-
IEeCTBEHHO YMEHbBINAIOTCs. MOXKHO OTMETUTD CJIEIYIONIYIO0 XapAKTEPHYIO OCOOEHHOCTD, YBEIUIe-
Hue J1ebuTa, C POCTOM PA3HOCTU MEXKJIy YIVIOM IaJIeHUs U YIVIOM HAKJIOHA IJIOCKOCTU U30TPOINH
IJIaCTA.

Ha ocHoBe 4mncI0BBIX PE3YJILTATOB IIPOBEIEHHBIX PAcYeTOB 0O0CHOBAH U pa3zpadoTaH crocod
UCCJIe0BaHUs 0CODEHHOCTEN (DUIHTPAIIMOHHBIX TIOJIEH U HAIIPSYKEHHOT'O COCTOSHUS B HEOIHOPO/I-
HOM ILJIACTE C TOPU3OHTAJIbHBIMU CKBasKMHAMU. lloydeHHble PE3yJIbTAThl U CO3JAHHBLIN IAaKeT
MPUKJIQIHBIX TPOrPAMM MOT'YT ObITH IIPUMEHEHBI JIjIs OIEHKU MPOJIYKTUBHOCTU HEPTEra3oBbIX
IJIACTOB U OIPE/IEJIEHUS HAIIPABJICHUI OypEHUs] CKBAXKWH.
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